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AJIEKCAHZIP SIKOBJIEBUY XUH YHH

b. B. I'uedenxo

(Mocxkea)

18 Houdpst 1959 rona COBETCKAasi HayKa noHecna TAWETYI0 yTpaTy —
noce LINTeAbHON 6One3Hy ckoHvyancs 3aMCUATENbHBIH MATEMATHK W ne-
naror Asnekcanap Slkosiesny Xunuvd. B nawsitu T€X, KTO paboraa ps-
DOM € HHUM, YUHICH y Hero wiam we NOJb30BaAACSH €ro COBETAMH, HaBceria
OCTAaHETC O6GasTeAbHBIH} 06pa3z  4eaoseka, NpCAaHHOro Hayke W gHeay,
KOTOPOMY OH MOCBATHI CBOIO WH3HL. Ckpomuniit B 0Gpauesnn ¢ JHOMBMH,
OH He moGMBancsd ind ce6s NPEUMYLIECTB, a COBEPLIEHHO OGecKoprIcTHO
Or1dBajl 3HaHMs, WAEW, Muic.m TEM, B KOM OH 3avMecuan HCKpeHHee yBIe-
feHNe Haykol W cTpemsenHe HacTOHuMBO PaGoTaTh Hag HepeleHHb
upoGiaemamn. O ymen aeamkatho MOTIPABHTE  yYCHHMKA, MOMOYL emy
BLIBHTB €ro 3abiywmeHns, HanpaBNTL €ro MuCAb Ha TakKoi nyTh, KO-
TOpuift Cyauil yenex. UM sto menanocs TaK, YTOOH HC MOMEMIATh CaMo-
CTOATEAbHOCTH APYroro Juna, Pa3BHTHIO €ro TBOPYCCKO HHANBHAYAID-
HoctH.  OJHOBPEMEHHO OH Goiq MCKIIOMATENbHO cTpor K cebe, K rowmy,
4r0 OH Nleaan, mucad, rosopua. On ne AOMyCKaa B CBOMX KaK yCTHRIX,
TAK W THCBMEHHWX BHLICTYILIGHHSIX HH  TeHn YNPOLUEHUYECTBA, HCKAWEHHS
CYWECTBA fAena pajv AOKHOrO IOMyJISIPA3aTOPCTBA M NMPH 3TOM  AOBH-
BAJICS 1OPA3uTENbHON SICHOCTH M OTTOYEHHOCTH W3A0WEHHS.

Must A, 1. Xunynng NPOYHO BOIIO B HCTOPHIO COBETCKOH MaTewa-
THKA. M 3TO BH3BAHO He Tonbko TE€M, HYTO UM MOJy4YeH psiad B BbICUICH
CTEMEHH 3aMEYATENbHBIX PE3yIbTaTOB BO MHOFMX pasgenax HAyKH, HO
W TEM, YTO OH SIBHICS CO3MATENEM HOBDLIX HanpamiaeHuii KccaenoBanuii,
BOCIMHTAA Golibuioe ‘tucng YHCHHUKOB, CO3Ma/] NPEBOCXOAHHIE YueOHUKH
1 monorpadmu. Ero cobcreenio MAaTEMdTHUECKHE DPA0OTH OTHOCSTCH K
TEOPHH QYHKUMH Aeiic TBUTeabHOrO IEPEMEHHOro, TEOPHM uuCes, TeopuH
BCPOSATIOCTEH M CTATHCTHUCCKOR Mexanuke. B kawpoir m3 stux crosm
PA3MYHBIX MO XapakTepy o6nacTtel MATEMATHKN OH JIOCTHI NOPA3NUTEAbHRIX
N0 OOUIHOCTH Pe3ynsTatos u HAlEN ry6oKHe OGBEAMHSIONME HX CBSI3M.
B Teopun sepositHoctefs 0 BCEOGLUEMY NPU3HAHHIO OH OHA OLHHM u3
TeX YuYeHHX, 4bH MCCICLOBAHYS, HIEH M HAYMHARNY 3HANEHOBANM HOBbI it
9Tan B €€ pasBUTHH.
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Anexcanp SIkosaeBny XuHums 6bin He TOJBKO BBLIAAIOUIUMCH  MaTe-
MAaTHAKOM, HO M 3ameyaTenbHLIM nemaroroM. On 06anan HCKIOYHTElb-
HbIM J4pOM HE TOJIBKO MOHATHO W3jaraTh MATEPHAd, HO u BCKPBLIBATH
{IpH 3TOM CYyUIECTBO Iena, rayGuHy Tex HpoGieM, o KOTOPLIX 1UJia peyb.
K kawuomy cBoemy YCTHOMY BBICTYMJICHWO OH TIMATEJNBHO TOTOBWICH H
BCeraa jo6uBancst TOro, 4TO BCE, uTO OH pacckasniBaj, M314rajoch
MCKJIOUHTEIBHO SIDKHM M BHEYATISIOLIMM 06pa3oM. Buisio HEBO3MOXHO,
IDOC/YLIAB JaXe ero J0oKAad O CHNeLMAAbHbIX HCCNeJ0BaHMAX, YHTH, He
fIOHB BO BCEX NETamX MAEI0 PaboThl, MECTO pe3yapTata B HayKe W €ro
SHAUeHWEe sl najbHeHUIero nporpecca COOTBETCTBYyiOUIEH 06JacTH ma-
TeMaTukH. Ero jekuun BbICOKO pacueHMBainch crynentamu. OHK Bupesn,
4TO A. $. XWHUMH CTpPeMHTCS IOHECTH A0 HHX He TONBKO H He CTOABKO
(opMaAbHLIH aNmapart, He OLHM aHANHTHYECKIE BbIKJAJIKH, a AyllY npeji-
MeTa, ero uneiHoe copepwanne. Ha 3THx gekuusix onm BOCIUTLIBAJN B
cebe yMEeHHEe YeTKO M JAKOHHYHO pacCyxnath, 3a netajsaMH BbIYNACACHUH
IIOCTOHHHO BHAETL mpeAaMeT paccyxiednit, Bce 3TM kauecTra COxpansi-
JIACH B CrO CTAaThX M wHurax. OMAHAKO OHM B JIAMEKO He MOJHON mepe
HEPENAIOT O4YAPOBAHHE IKHUBLIX, O06pa3HLIX, JUTEPATYPHO W JIOTHYECKH
COBEPIIEHHBIX YCTHBIX aekuuit A. $. Xunumna.

[Tenarornueckne npoGieynl Cpe/iHeit LIKOiL BCEPbE3 3auHTEpPECcOBANM
A. Sl. Xnnunna B 1938 roay, worma om Gbin npuraauwen B Hayuno-nc-
C1C0BATENLCKIA MHCTHTYT WIKOJ ISl 3aBEJOBAHMSI KAOMHETOM MATCMA-
TvkH. OH cpasy BKounacst B KUBYI0O H MHOrooGpasuyio pabotTy: noce-
Laa HIKOJIL, J1aBajd COBEThI COTPYIAHMKAM, BhICTYNAaa ¢ NOKAanaMH nepej
VIELarornyeckoil  061UeCTBEHHOCTbIO, TO/BEpT TILATEAbHOMY aHaiH3y Te
HEIOCTATKH, KOTOPbHIE OLIJIM CBOHCTBEHHK COBETCKOM CpellHel UIKoJe
Toro Bpemenn. Ilpomens Takoit 4HaJn3, OH BHICTYNWI C psjgoM CTaTeH,
TIOCBALICHHBIX TNIABHEIM O0PasoM oOuMM Npo6JaeMaM NPenofaBaHds MaTe-
MAaTHKM B CpeAHEH LIKoJe.

OcHoBHbie megarornueckue wuHTepecs A. S1. Xunumna Kacajlucp He
npoGaeM YacTHOH METOAHKH, He Pa3apaGOTKN KaHCHOB M3JIOWEHHS Tex Hin
HHBLIX 4acTe#l UIKOABHOrO Kypca MaTemaTWKH. 3Jech OH NPHIEPWHUBATNCS
TOTO MHEHHS, UTO CTPOroe PEraaMeHTHPOBAHWE NMOBEAEHHS MEXArora, na-
BH3LIBAHUE €My CHUCTEMbl W MOPH/IKA M3JOKEHHS MOXET TOJBKO CKOBATH
HHULMATHBY y4YHTENd, JHIUNTBL yPOKH BAOXHOBEHHS, YHHYTOWHTb HEMOB-
TOpHMYIO LHEHHOCTDb HHAHBHAYAJIbHOCTH npenoAaioLero. KOHe‘IHO, 3Ty
TOYKY 3pDEHHSi OH HE JIOBOAWA 10 KPaHHOCTH, W OHA COBCEM He O3Ha-
Hana, 9T0 He CJACLYeT WCKAaTh YAauHplX MeTOAMYECKHX PEIeHHil 1 06-
fCrHCHIsl M yAyuleHHs CHCTEMbl H3JIOWEHVS, M JOCTHKEHWS yyilux
ycnexoe B mpouecce o6yueHns HanGOJee 3IKOHOMHBIME cpeacTBamu. Ox
CuHTaj], 49TO HEOOXOAMMO NPOBOAMTH TaKMe NOHCKH CHCTEMATHYECKH H
1I00UWIPATE CaMbldl IIMPOKKME OOMEH ONBLITOM MEJArOTHYECKOro MacTepcTBa.
Ho oH 6Hi1 SpOCTHBIM NMPOTHBHHKOM METOAMYECKOroO [ITaMa, npH KOTO-
POM -JHILb OJIHA E€IMHCTBEHHAs CHCTEMA W3JNOWEHHH FPHU3HAETCH NpaBHib-
HOl H 3aKOHHOH, a BCE OCTAJbHBIE CYHTAIOTCH OLIMGOYHLIME W BPEAHBIMH,
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Jlaxe npekpacHbie nejarornueckue 0Gpasubl, MOBTOPeHHbIE IPYTHM JH-
goM 6e3nymio, 6e3 yueta CroxHeied MICUXOJOTHYECKOH OCOOEHHOCTH
JAHHOTO KJacca, KAK npasuao, obpeuensl Ha mposai. [legarornueckas
paboTa B 3HAYNTE/BHON CTeneHH sIBASETCS HCKYyCCTBOM H IIOTOMy HE MO-
weT repneTh wabGnona. Jas A. $1. Xuxunsa ycrex [enarornieckoro
npolecca COCTOMT HE B TOM, K4K TOUHO C/AEAYET yYNTEah METOLNYIECKHM
IMChMaM, H HE B HHCAE XOPOWMX M OT/AHYHBIX OUEHOK, BBICTABACHHBLIX
fpenoflaBaTeaeM B KOHiE roxa, a B TOM, Kak riayboKO MOHHTH _yYaly-
MHCS HIeH MATEMaTHYe CKOro MeTO1a, KaK [1aj1eKo NPOJBHHYIOCH BOCNHUTAHKE
HABBIKOB MPABHbHEIX JOTHYECKNX PACCyWAEHHH, HACKOIBKO OHH {IPHBHIKIU
yAaBANBATH JINCCOHAHC JIOTHYECKHX MEPECKOKOB B pACCYHACHHUIX, HACKOJIbKO
CaMOCTOSITEIbHO OHK HAYYHJINCh NOAXOAMTH K aHaJH3y H PCLICHHIO 3aiadd.

A. §. Xunund 6nia y6ex;ied, 4TO OJHHM K3 CaMbIX THKKUX HELY-
OB M4TEMATHUeCKOro OOGpa30BaHMS B CpejHed IIKOJE §BASCTCH ¢opma-
IW3M 3MAHMI, MPH KOTOPOM YHCTO BHEIIHEE YCBOGHME MareMaTHHeCKHX
(OHSITHH ¥ Pe3y/AbTaTOB 3aCJOHAET OCHOBHOE MX COMAEpPKAHHE. [Tockoabky
yClelHoe MPHMEHEHHE MaTeMaTHUeCKUX 3HAHUH MOWeT O6a3npoBaTbCs
TONbKO HA OTUYET/JMBOM NOHMMAHMM CYTH MAaTEMATHYECKMX MOHSTHH M Me-
TO0OB, a He Ha OE3[YIUIHOM 3ay4MBAaHWH MPOTPAMMHOTO MaTepHaad, To
GoppBy C (OpPMATM3MOM B MPENOiaBaHUH MaTEMaTHKH A. $. XwuHupe
cuuTaj] ONHOH M3 OCHOBHHX 3afa4 COBETCKOW ULIKOJbI.

B npepocxonHofi Gpounope «OCHOBHBIE NOHATH MATEMATHKH M marte-
MaTHUECKHEe onpejeneHus B cpenueit mkone» (1940) A. $. XuHupn oT-
MeTHA fBa I[pPHHIMANE, KOTOPbIX MOMKHO INPHILEPWUBATHCH B MIKO/NLHOM
ApernoiaBaHul MaTeMaTHKH:

1) YueT BO3pacTHBIX 0cOGEHHOCTEH YyalMXCcsl MOXET MPHBOAWTL K
HEeOBXO0MMMOCTH yNPOUWLEHHON TPaKTOBKH [OHSITHII 10 CPABHEHUIO C TOM, Ka-
kasi npUHsiTa B coBpemeHHoil Hayke. ONHAKO «HM B ONHOM Cy4ae iuKo.a
He AOMKHA B LEJHX yIpOLIEHMsS HCKawaTh HayuHYlO TPAKTOBKY MOHATHH,
NPUAABATH €My 4epThl, NPOTHBOpEYAUe HAyYHOMY €ro MOHHMAHMIO...».

2) «3ameHa OTYETJMBbIX M TOUHBIX onpeneieHnii, GopMyIUpOBOK H
PACCYXICHHH PACIABIBYATHIMH, HE HMEIOUMMHM TOYHOrO CMbICAd, H npy
HOC/IC0BATEAbHOM HCIOAL30BAHIH  HEH30EXHO NPHBOLSALIMMH K JOrHue-
CKHM HEYBSI3KaM, HH B KOEM CJyHae HE MOXeT cnocobeTBOBAaTL OOJerie-
HHIO NOHMMAHWSI, 4, HANPOTHB, BO BCEX CJy4asiX 3aTPYyNHHAET €ro; MbICJIUTh
PACIIHBYATO HE MOXET ObITh AeNoM 60Jee JErKuM, YeM MHCAHTE 4YETKOY.

Cam A. §. XuUHuUMH TnpUAEPKUBAJCS OYeHb CTPOro 3THX MNPOCThHIX
IPHHUMIOB B CBOEH MpaKTH4eCKOH paGore. bonee TOro, HEUETKOCTH H
pACNAHBUATOCTD B PacCyikjpeHusx eMy Obiia OpraHumuecky Hynda. Arta
yepTa €ro XapakTepa Haija OTPAWEHHE IpH nepepaboTKe HM3BECTHOTO
yue6Huka apudmernkn A. I1. Kucesnesa. B pesyabTaTe BMENIATE/BCTBA
A. §l. Xununna u3 ydebnuka Obla HM3rHan psia nousiTHH, COXPaHABLINXCS
B IUKOMbHHIX y4yeOHHKAX JHIb B CHAy CJeno#t Tpanuumd. Ot 3aroro
KHUra BLIACPAd CPa3y 1o MeHbuleil Mepe B ABYX OTHOLIEHMsIX: OHA CTaja
Hay4Hee W ONHOBPEMEHHO Oonee NOCTYMHOU Uil MOHMMaHKs. Henapou
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cam A. I Kucenen nocne sasepuiennst A. SI. XHHUMHBIM yKa3aHHO# ne-
PepaGoOTKH MPHCIAA €My IHCbMO C BBIPAXEHHEM CaMoil HCKpeHHel 6Oina-
TOA4PHOCTH 33 CYIUECTBEHHOE yJy4qileHHe KHHru. B tecuoil cpsian ¢ pa-
Goro#t nan yueGnnkom apupmetnkn A. I1. Kucenesa maxonntes HeGomb-
mwast 3ametka A. §I. XuHumna «O NOHSTHH OTHOMIEHMS JIBYX uMncen».
Ceituac spemst y6eaurensho nokasano, kadx Gour mpaB A. 1. XuHumm,
KOrlla 3dHeC pyKy Ha MOHATHE, abCOMIOTHO HE HYWHOE MATeMaTHuyeCKON
Hayke. Ho B 1y nopy orcrosts sty TOUKY 3PEHHS CTONIO0 GOJIbIINX yCHIHE,

Cratest A. Sl. Xunuwna «O BocnuTaTensHOM 3(deKTe ypOKOB MaTe-
MATUKH», Npefsaraemast (C HEKOTOPBLIMM COKPAILEHHSIMH) YHTATEsIM HACTO-
fiero cGophuka, Oputa Hamucana M ewe B 1947 rOAy B JETHEE KAHU-
kyasipoe spems. [lpu pas6Gope Oymar BnoBa mnokoitnoro H. A. Xuuupna
HAlll1a STy PYKOMHWCH, TILATENBHO MEPENHCAHHYIO Ka/iIrpaguyeckyM no-
YEepKOM aBTOpa. B uem coctomT npuumsa Ttoro, uTo aBTOp He mnepejapan
B TCUCHUE NBEHAAUATH fIET PYKONWCh B Ne4YaTh, HEH3BECTHO. Ilo-Bmim-
MOMYy, OH HCHBITHIBAJ KAaKYIO-TO HEYIOBAETBOPEHHOCTH HAMMCANHBIM.

B pykonnucH noaHMMaloTes Bacbie BONPOCH MATEMATHYECKOrO Mpo-
cBewiennst V). Oun NPHOGPETAIOT OCOBHIH MHTEepeC B CBU3W ¢ TOH
CEePbE3HON  MEPECTPOIiKOI, KOTOPYIO HWCIBITHIBAET celyac Hama HIKOMA.

3acayKHBaeT OBITb OTMEYEHHBIM TO 00CTOATENbCTBO, 4YTO aBTOP
AB&X(ILI yNOMHHAET B PYKONHCH O 3alyMaHHOil MM pa6OTe, NCCBSIEHHOM
BONPOCAM MPENONABAHNST B CPeiHe# IUKOJE SAEMEHTOB MAaTeMaTHYECKOro
anammza. Ceituac paspa6oTka aTux BONPOCOB HCKIIOYMTEBHO aKTyaNbHa, H
MOXHO TOJBKO 1I0WaJjeTh, YTO Mbl HUIYETO HE 3HAEM O Tex coobpaxeHusix,
KOTOpHE ObIH Ha 9TOT cuer y A. §. Xunumna. Beas on 3aCHYWEHHO
CUNTANCH OJHKM M3 Jy4YiIMX COBPEMEHHLIX JEKTOPOB M B TEUEHHE MHOMHX
JIET YHTAN 3TOT KypPC ¥ B YHHUBEPCHTETE, U B MENArOrHYCCKUX HHCTUTYTAX.

Bropast neuataemas 3mech crates A. SI. Xunumma «O Tak Hazwl-
BaeMHX ,3anauax Ha coofpamenne® B Kypce APUPMETHKN» HHUCLE He
Oblia Hanedatana. Pykomice ylanoce HAATH MpH pa3bope OMHOH W3 Manox
¢ Gymaramu nokoitHoro. ITockoabky st BOnpocel vHTepecosaan A. H. Xuu-
unna B 1938—1939 rr., MOXHO cuMTaTh HOCTATOUHO OINPENEsIeHHbIM,
UTO MMEHHO TOrIAa 3Ta CTAaThd W OblAa HanucaHa.

"} He Bcerna ux tpaktoBka sBisercs GeccriopHoit. MHe, nanpumep, Kamercs,
YTO B Iaparpage, Ha3BaHHOM «UeCTHOCTb M NPABAMBOCTbY, HECKOABKO Hejoone-
HHBAIOTCH BO3MOMHOCTH CYGBEKTHBHBIX OUCHOK M BHYTPH CaMoil MaTeMaTHKAL. Jas
NPHMEPA VKXY, 4TO HEPeMKO BaWHOCTb OAHOH W TOH e 06JacTH MaTeMaTHku
PasaMiHble ee NPeACTABHTENH OUCHMBAIOT PA3NHYHO. TOYHO TaK e B 3AKMOUH-
TenbHOH wacTun naparpada «HacTolumsocTh u MYMECTBO», Ha MOH B3arian, me-
CKUJLKO TIPEYMEHLIICHO TBOPYECKOE [avalo B pasoTe Yu€HHKa B HeMaTemaTHye-
CKUX 00nacTsx 3ualmus.




O BOCIIUTATEJBHOM 3¢$EKTE YPOKOB MATEMATUKHY
A. S. Xunuun

(Mocksa)

MartemaTvka, B OTJHYME OT OOJBIIMHCTBA OPYrHX MPENOJaBaeMblX
B HIKOJE NHCUMILJIHH, HMEET MPEAMETOM CBOEro H3y4YeHHWsl He HENOCPEencT-
BEHHO BEIIH, COCTABJAAOUME OKPYXAIOWME HAC BHEUIHWH MWD, a Kosu-
yeCcmBeHHble OMHOEHUST I NPOCMpaHcmeeHHble Dopibl, CBOHCTBEHELIC
5THM BelaM. JTOH OCOOEHHOCTHIO MAaTEMAaTHUYECKON HAayKH B NEpBYl0 O4Ye-
peny OOGDBACHSIOTCH T€ XOPOLIO M3BECTHbIE METOAHYECKHE TPYnHOCTH, KO-
TOphie HEH30E€KHO BCTAIOT MEpPEen NPENnojaBaTejJeM MaTEMaTHKH H KOTOPhIX
fI0YTH HE 3HAIOT MpenojaBaTen IPYrHX HAayK: NEpen YYHWTENeM MaTeMma-
THKH CTOHT HEJErkass 3alava — MpeojosieTh B CO3HAHWM YUYECHHKOB BO3-
AUKAloulee €O CTHXHHHOH Hen3BexmHOCTHIO NpPeACTaBAGHHE O «CyXOCTH»,
¢opMaIBHOM XapakTepe, OTOPBAHHOCTH 3TOW HAYKH OT MH3HHU H NPAKTHKH.
O6 3TOM HaNMCaHO MHOrO UEHHOTO M INOJAE3HOrO0, M Mbl XOPOWIO 3HAEM,
KAK CIpaBIsIOTCS ¢ 3TOH 3apaveil ayyimine mMacTepa HaleH ILKOJbL.

Ho artoit we 0COGEHHOCTBIO MATEMaTHUYECKON HAyKH B 3HAYHMTENbHOMH
mepe oODBsICHSIeTCS H creundHka 3anay, BCTAlOUHX MEPEA yuHuTeaeMm Ma-
TEMATHKH, KOTOPbIEI XO4eT HCIOAB30BATH MpernojgaBaHle CBOEH HayKH
8 BocnumamesHblx essix. $ICHO, uTO W 3jlech CTOsLUAsl MEPeid HHUM 3a-
Iada TpylHee, ueM B Cjyuyae OOJBIIMHCTBA APYyrux Hayk. W60 HayuHas
IHCIMNNHA, 3aHSTasi H3yYeHHEeM He caMuX BeuleH, a JWILb OTHOLIEHHWH
MEWJLY HHMH, H [OTOMY HEOOXOAMMO TpeOyioulasi NOAHSTHH HA HEKOTOPYIO
CTylleHb abCTPaKUMH,— Takash JAWCLMILVIMHA, OYEBHAHO, JHUb B PEAKHX
cJayyasix CrnocobHa JlapaTb YYHMTENO MOBOJA K 3(¢GeKTHBHOMY BO3NEHCT-
BHIO HAa ¢opMHpOBaHHe XapaKTepa W MHPOBO33PEHMS y4auwMxCs, Ha pery-
JIMPOBAHWE WX TMOBEHeHHsl. IJTHM, HECOMHEHHO, OODSCHAECTCS TO, 4TO B
HCCNEIOBaHNX, MOCBSALLEHHLIX BONPOCAM BOCIUTATENbHOR (PYHKUMH UIKOJb-
HOro o0y4denHs, 00 ypOKaX MATEMAaTHKH OObLIYHO BOBCE HE TrOBOPHTCS
AN FOBOPHTCH OYEHb MaJo.

To uwemHoroe, 4TO HanKUCaHo MO 3STOMY I[OBOAY, B OCHOBHOM HE BbLI-
3biBaeT Bo3paweHuii. [lego cBoautcsds O6GLIYHO K JBYM pbludram BOCHHTA-
TEJbHOrO BO3IEHACTBHsi: € OONHOH CTOPOHBI, TOBOPHTCS, 4TO crewnpuie-
cKasl Il MaTeMaTHKH JOrH4Yeckas CTporocTb M CTPOHHOCTL YMO3dKJIO-
4yeHW#l MpH3BaHa BOCMHUTHLIBATH B yvamuxcs oOLLYIO JOTHYECKYIO KYJAbTypy
MGLILLIIEHHS; € JAPYroll — yKa3bBaeTcsl, 4TO MPEIMETHO-COAEPHATENbHOE
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OCHAWICHHE MAaTEMATHYECKHX 3aJay NPH HALIeNAUeM ero BHOOpe Jaet
HUPOKUA MPOCTOP IJist COOOBLLEHHsI unudp U DAHHBIX, CHOCOGHLIX 3HAYM-
TEJABHO PACUIMPHTE KPYro3op y4qauuxcs, NOAHSTH UX OOLMH KyabTypublik
yPOBEHb.

Bcé sto Geccnopro BepHo. NyMal, O[HAKO, 4YTO 3TO J4JeKO He
Bceé. Ilpewne Bcero, 3mech coOBepiIEHHO HE 3aTParuBalOTCsl BakHeilude
3d1d41 MOpPAJBHOrO BOCIHTAHMS, I KOTOPBIX, KaK MHE KAWeTCs, YPOKH
MATEMATHKHM NAIOT BECbMa OILYTHTEbHBIE BO3MOXKHOCTH. Jlanee, Bawuan
3ajllaya BOCIHUTAHNS NOTMYECKON KyjabTyphl MBIULIGHHS,, KOTOpPO# OGbIuHO
yACASIETCsSl MHOrO BHUMAHHSI, TEM HE MEHEe TPAKTYeTCsl B GOJbLUMHCTBE
cilyyaeB TpadapeTHO, NOBEPXHOCTHO H HELOCTATOUYHO PAaCusIEHEHHO; MPHBO-
AHMBIC MPHMEPLl H4CTO HE BBHIXOAAT 3d PAMKH ByJbrapHoro niaiaoHa w
NOTOMy O4YeHb Majno 3¢p¢exTusHnl. HaxoHen, BocnuThiBawouwee BozmeiicT-
BHC TaHHLIX, TNPHBOINMBIX B «TEKCTOBBIX» 3amauyax, XOTS M HO/HHO, KO-
HEYHO, BCEMEPHO ObITh HCMONB3OBAHO, HO C MaTeMaTH4YeCKHM CO-
ACPAHHCM ypOKa CBAi3aHO, OYEBH/HO, JMIUb BeCbMa BHEIMIHMM O6GpasoM;
FICHO, YTO 34eCh BOCIHHTHLIBAIOUIEE BJMSIHHE MNPU3BAHA OKA3bLIBATH HE Cama
MATEMAaTHKA, HE €€ 3aKOHBl M €€ CTWIb, a T€ NPUBHI3aHHLIE K HEH YNCTO
BHEIIIHMM 00pasoMm JIaHHLe, KOTOPHE OOPaMISIIOT COBOK) «TEKCTOBBIEY
3aja4n H KOTOpbie Ge3 BCAKOTO HM3MEHEHHs] MATEMATHYECKOrO COLEpIKa-
HHSL 3a[aU¥ MOrAH Obl OhITh 3aMEHEHbl JIOOHIMM JDYFHMHM  aHAJOTHYHBIMH
IDAHALIMA. $ICHO MOSTOMY, YTO 3TOT pHIYAT BOCHUTHIBAIOWICrO BO3MLEHCT-
BHs, OyNyYd BaHbIM W JEHCTBEHHLIM, HC MOYET CYHTATHCS B npsiMoM
CMBIC/IE NpHHAAACWALUM caMOH npernomaBaeMofi B LUKOJAe MaTeMaTHuecKoii
HayKe.

Bce npusenentbie coo6paxeHus NOKa3kBaIOT, YTO BONPOC O BOCIH-
TATCJbHOM 3HAYEHHM yPOKOB MaTEeMaTHKH Y HacC pa3paboTaH eule majnexo
Hemoctato4Ho. Ilpennaraemast ¢TaTesi CTAaBHT LEABIO HECKOMBKO PO JIBK-
HYTb 3TOT Bonpoc. Ilasg sT10ro ¢ B naabueHileM KpaTko PaccMoTpIO P
MOMEHTOB, KOTOpbLI€, HACKOJIBKO fi MOTYy CYAWTb, NPH H3BICKAHHH BO3MO-
HOCTEH BOCIHTATEABHOrO BAWSIHUS YPOKOB MAaTeMaTHKH IO CHX Mop JHGO
COBCEM OCTAaBISNNCHL 0€3 BHHMaHMd, NHMOO PacCMaTPHBAINCH NHMIb BECbMA
NOBEPXHOCTHO.

I. KYJBTYPA MBICJIH

1. TlpaBusibHOCTH MBILJIEHMs. POib H 3HaucHHe MaTEMATHKH B BOC-
TIHTAHUN HABLIKOB 3aKOHOMEPHOrOo M 6E30MHGOYHOr0 MBILICHHST B TaKOl
MEPE BCEMM MPH3HAHA, 4TO HEPENKO MNPUXONUTCH BCTPEHATHCH € yTBEp-
WIACHUAMHU, OYATO NPUyyYEHHE K CTPOCOMY B JIOCHUYECKOM OTHOLUEHHM X0y
MBIC/ICH €CTb nepBasi ¥ CCHOBHasl 3ajlaua yuwWTels MaTeMaTHKH, TaK 4TO
B CPABHCHHN € HEI0 Jawe O3HAKOMJICHWE yYalHXCH ¢ CaMAM COJAEpHaHHeM
MaTeMaTHUCCKOH HayKH OTOLBAraeTcsl Ha BTOPOH NaaH (4TO HECOMHEHHO
CACLYeT NPU3HATL ywe BpednnM mnepernbom). Onnako kak pas 1I0TOMY,
1TO STa BOCMUTATENbHAS (YHKUMS YPOKOB MAaTeMaTHKH fpHOGpeaa Xapak-
Tep 0aHANBLHOCTH, MMEHHO B 9TOM HANPABJEHMH Mbl CABUUUM MHOLO Bhi.
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CKa3bIBaHMiA, NPHBOAMMBLIX MO T[OTOBOMY Tpadgapery, 6e3 H0CTaTOYHOrO
obnymbiBanns. B pesysnbTate BHUMAaHHE COCPEMOTOYMBAETCS HA HEGOBLIOM
YyHCie TPHBLIYHLIX (a4 nojyac U HaGMBIINX OCKOMHHY), XOTSl W BaWHhIX,
HO N0 CBOEMY 3HAauYeHHI0 YacTHBIX M Y3KHX BONPOCOB, BPOIE, HAalpUMEp,
yiKe NPeCHOBYTOrO PA3JIMUEHHS MEWY NPAMBIMA M OOPaTHBIMM TEOPEMaMH.
Mexay TeMm OCTaBASIOTCS B TEHH BONPOCH ropasno Gosee o6LIEro MpHH-
{IMITHAIBHOTO 3HAYEHHS.

$1 nymaio, uTO OCHOBHBIM OOLIHM MOMEHTOM BOCMUTATENABHOH (PyHKUMA
MATEMATHYECKOrO0 OOpPa30BaHMd — MOMEHTOM, KOTOPhIH B 3HAUMTEALHOH
cTeneHn o6ycaoBaInBaeT co6O0 BCE OCTAaAbHOE,— CJAYKHT NpUyHeHne BoC-
MIATHIBAEMbIX K OAHOUEHHOCMU QpZyMeHmalU.

B OGHILEHHOH WH3HHM, Lawe B «IIOOHTEIbCKHX» (HE CTPOrO Hay4HBIX)
NPHHUMNNAJABHBIX CHOPaxX, Mbl, 3aliHwast Kakoe-anGo yTBEpKieHue, J10-
BOJALCTBYEMCS OOBIYHO ONHHMM-IBYMSl apryMEHTaMH, TCOBOPSUMMH B €ro
nonb3y. IIpoTHBHMK MOXeET NPHBECTH B OTBET HECKOJBKO AapryMEHTOB,
rOBOPSILIMX MPOTHB Hawero yTBepwaenns. Omnako O6GBYHO WU Ta, HH
Opyras apryMeHTausst He ObIRAET HCUYEPNbIBAIOuIeH; NPOTHBHHKH MNPOMO-
WAIOT N3BLICKHBATH HOBLIC APryMEHTH, Kawjblfl B MOJb3y CBOEH TOYKH
3pEHHs, H CHOp MPOLOMKAETCS.

[pHUMepHO TaK e MpPOTEKAaldT W HayyHBLIE AUCKYCCHHM B TeX obmactax
3HAHWA, KOTOPbIE HE BXOAST B YHCJIO TAK HA3bIBAEMBIX «TOYHBIX» HAYK;
KOHEYHO, apryMeHTalmsl 3nech ObIBAeT YWe, KaK npapuso, 6osee MNONHOH,
yeM B OOGBIJEHHBIX CIOpax; HO MOUTH HHUKOrAA HE yjaercsl cnenath ee
YICUEPNBIBAIOLIEH, HE JONMyCKAIOLICH 1HKAKHX BO3PAWEHHH, H TeMm CaMbiM
JIMKBHAMpYIOULeH caMyio IHCKYCCHIO.

Vnaue OOGCTOMT fe40 B MaTeMaTHKE. 31ech aprymMeHtauws, He obia-
nalolasl XapakTepoM noianofi, abcoaTHOR HCUEPNAaHHOCTH, OCTaB/sIIOUlaH
x0T 6B Majeillyl0 BO3MOKHOCTH OGOCHOBAHHOTO BO3pawenwus, Gecio-
UAAHO MPH3HAETCs OUIMGOYHON M OTOPacHBAGTCH, KAaK JIMIIEHHAS KAKOMH
Obl TO HH OBIO CcWabl. B maTtemaTHke HeT M He MOXeT ObnlThb «HAamoJo-
BUHY JIOKA3aHHBIX» H «IIOYTH JIOKA3AHHHX» yTBEPHIEHMi: Anbo  1osHo-
1EHHOCTh AdPryMeHTallHl TAKOBAa, 4YTO HHKAKWE CNOPHl O MNPaBHAbHOCTH
JIOKa3LIBAEMOrO yTBEPHAEHHst (0Jiee HEBO3MOXHbI, JMOO aprymMeHTaumns
poodule MOJHOCTBIO OTCYTCTBYET.

Mayuas MateMaTHKy, UWIKOABHIK BOEPBBIC B CBOGH H3HKM BCTpEuaeT
CTOAbL BHICOKYID TPeGOBaTENBHOCTH K  IIOJHOUEHHOCTH aprymMeHTaiuu.
Buauane owma ynWBasieT, OTTA/NKUBAET, MYraeT €ro, Kawercs emy H3/HLl-
Heit, csepxmepHoil, nepantuunoi. Ho mnocrenenno, HNeHb 3a JHEM, OH
K He#l npuBbikaeT. XOpOuUIMi yuWuTeJb MHOCO MOXET Caenath AaAsd Toro,
4TOOLl 3TOT NPOUECC NPOTeKas N OncTpee, N NPOLYKTHBHEE. Ox npuyunt
CBONX YUEHMKOB K B3aHUMHOH KPHTHKE; KOLJa ONMH H3 HHX YTO-MMOO I0-
KasblBaeT WM pellaeT Kakylo-Aubo 3ajavy rnepel BCeM KaaccoM, BCe
OCTaAbHbIE NOMKHL HAMPHIKEHHO HCKATh BO3MOXHBIX BO3pawEHHid W He-
MEIUJIEHHO WX BHICKA3LIBATb. Y YE€HHK, KOTOPHIH «OTOOBETCH» OT BCEX Ta-
KWX BO3pameHuH, 3aCTABHT YMOAKHYTb BCEX CBOMX KPHTHKOB, HEH30GEKHO
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HCIBLITAeT 3aKOHHYIO PafocTh noGein. BmecTe ¢ TeM OH #CHO moOuyBCT-
Bye€T, YTO HMEHHO JIOTHYECKasl MOJHOLEHHOCTh AapryMEeHTauuM Obljia TeM
Opy3¥HeMm, KOTOpoe /a0 emy 3Ty nobGely. A pa3 No4yBCTBOBAB 5TO, OH
HEN30EXHO HAaYYNTCsl YBAXKATL 3TO OPYHHE, NOCTAPACTCS, YTOGH OHO BCErna
Obtno nmpy Hem. M, KOHEUHO, HE TOABKO B MareMaTHYECKHX, HO H B JIO-
OHX JIPYrvX JIHCKYCCHSIX OH BC& Goablle W HACTOfuMBee Oynetr cTpe-
MHTBCSI K TOJHOUEHHOCTH aprymenraund. Kawnbit pas mepes num Gynet
BCTaBaThb 3aAaqa — IO BO3MOWHOCTH OOE30PYKHTh CBOHX NPOTHBHHKOB,
B MOJHOH MEpe HCNOJb3ys BECh 3aMac apryMeHTOB, KaKHe BOOGLIE BO3-
MOWIbLl B JAHHOH CHTYaru.

ITOT BOCHUTHIBAIOUWI NPOLECC HMEET PEUIAIOULee 3HAYEHHE IS J10-
THYECKOH KyABTYPLI MBILWIEHHS, B OCOGEHHOCTH €CJH y4ecTb, HTO yua-
UMACSE 1IPHBBLIKACT ObITh GECHOmAanio TpeGOBATEAbHMM K MO/HOLEHHOCTH
apryMeHTanyn He TOJBKO B CHOPE, HO U B CBOEM OIHWHOKOM MbIULIEHHM.
[lponece 3TOT npoTEKAeT MOBCENHEBHO HA HAIIMX [AA34X y MHOFHX Thi-
ci WIKOABNHKOB. On Hen3GewHO BO3HHKAET M MUET CBOMM MNyTem 6e3
HAUIEro CHEINAJbHOrO BMEIIATEAbCTBA, HO 3TO HE 3HAYHT, KOHEYHO, 4TO
MBI BlpaBe MNPENOCTaBHTL €ro TAKOMYy CaMmMOTEeKy; B Hauleih Br1acTu che-
nath ero ¥ Gonee OnCTPLIM KU GoJiee MOAHBIM 110 GOraTCTBY W MPOYHOCTH
HOCTKEHHH; a pa3 Mbl MOXEM, TO Mbl, OYEBHAHO, H NOMKHH 3TO Je-
JlaTh; BONPOC O TOM, KakKUMH @pHeMaMH Hanbo.1ee 3(PHEKTHBHO MOWCHO
DOGUTBCS 3THX ueseil, ecTh yXe MeTroaHyeckast 3anaya, KOTOPYIO MbI HE
MOXeM 3[eCh HEeTajIbHO paccMaTpPHUBATh.

O6umit nmpunLMn GOpE6L 33 MOMHOUEHHOCTD apryMeHTauMH nojayyaet
B XON€ MHTE/JEKTYaJbHOTO PAa3BHTHSl y4Hallerocss uesbl psil THIRYHBLIX
1o cBoeil ¢opMe KOHKPETHBhIX Pa3HOBHAHOCTEH, BawHeHmNe U3 KOTOPbIX
Mbl TENEPb MEePeUYNCINM.

1) bopp6a npoTms He3akoHHHX 0600uwennii. Harypa-
JMCT, fOIMETHB HAJMYHE KaKoro-/in6o cBO#cTBa (NpH3HakKa) y psiia oco-
Oell 1aHHOro BUAA, C YUCTON HAYYHOH COBECTBHIO OGBMBAAET ITOT npu3-
HaK OOUIMM [ BCErO paccMaTPHBAEMOrO BHAA; H HUKTO HE YIpPEKHET
€ro 3a 9T0,— TAKOr0 POJla HHAYKTHUBHBIE 3aAKTIOMEHHUS MPEACTABISIIOT CO-
G010 O/MH N3 OCHOBHLIX METOLOJIOTHUECKUMX CTEPMHHEH ECTECTREHHEIX
Hayk. KoHeuno, W B8 9TuX HayKax KOOPAMHUDYIOWAST K OCMBICIHBAIOULAS
TCOpETHYEeCKas MbICAb BO3MOMHA W HEOOXOAMMA; HO KaK HCXOMHbIM [IYHK-
TOM, TaK W pelllaiouied NPOBEPKOH BCAKOrO 3aKAlOueHWs 3Jech BCerna
OCTaiOrcst HaGil0feHHe WAH ONBIT, OCYIIECTBASEMbie HAal OT/IeIbHRIMH
SK3eMIIISIPAMH.

B maTesmaTnke 110 OGCTOMT MNPHHUMAHANBHO HHauye. Bcaum bl 1po-
BEPWIH, YTO HECKOJbKO JEeCHTKOB (MM XxOTsi Gbl W HECKOAbBKO MHAJIMO-
HOB) Hayllauyy BLIOPaHHBIX HAMM TPEYrOJBHHKOB 004a/ai0T KaKHM-HHGYLb
CBOHCTBOM, Mbl €lle HE BIPaBe NPU3HATH 3TO CBOHCTRO [IPHHALIEKA-
uM BCeM TpeyrosbHHKam. Takoe 3awmiouene Guli0 6 He 10 KOHIA
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OGOCHOBAHHEIM, @ B MaTeMaTH4YeCKOH Hayke BC&, UYTO He OOOCHOBAHO JIO
KOHIIA, pacueHnBaeTcs Kak abcomoTHO HeoGocHoBaHHOe. ToNbKO ucUep-
npiBaiouee obGuiee A0Ka3aTeNibCTBO MOXET JaTh YBEPEHHOCTH
B TOM, YTO JAHHBLIH NPH3HAK NEeHCTBHTENbHO SIBASETCH OOUIMM CBOHCTBOM
BCEX TPEYTrOJbHUKOB.

Yemy ke MOWET U JIOMKHA HayuynTh IIKONBHMKA Ta CYypoBad KPHTHKA
Mo ajpecy He BrosHe OGOCHOBaHHLIX OOOOLIEHHH, € Kakolo OH BCTpe-
yaeTcs B maTemaTHke? Konedno, OH He JOMKEH CTAPAThCH MEPEHOCHTDH
TAKOTO pojia TpeGOBAHUS HAa BHBOJAM JIPYTHX Hayk M, TeMm Oonee, Ha
UPAKTHYCCKHE WH3HeHHbe caTyaunu. TpeGoBaHHe a6COMOTHON MONHOTH
MHAYKUHA  crenddHYHO Ins MaTeMaTHYeCcKoro MeTolda W COBEepUICHHO
HEBHIIOJHHMO HH B €CTECTBEHHLIX HayKaX, HH B MPAKTHYECKOH MHIHK.
Ho npuBbluka ¢ KpHTHYECKOH TIIATENABHOCTBIO MNPOBEPATb 3aKOHHOCTH
RCAKOTO 0GoOLLennsi, MPHUBLIYKA TBepAO MOMHHTB, UTO 3ameuyeHHOe BO
MHOTHX CAy4asX elle He 00si3aHO TeM CaMbiM HMETh MECTO BO BCEX
CAyYasX 1l YTO 3aKOHOMEPHOCTH, YCTAHOBJAEHHLIC Ha OCHOBE (XOTs Oul
H MHOTHMX) e/MHHYHLIX HabmoAcHWE W ONHTOB, TpeOyioT mostomy Bcé
HOBOM H HOBOH MPOBEpPKH,— BCE 3ITH BaxHeHIIME MeTOJAOJOTHYECKHe Ha-
BHIKI, HEOOXOAMMBIE B /1000f1 Hayunoil H NPaKTHUECKOH NEeATENbHOCTH,
B 3HAYUTENBHOU CTeleHHM BOCIHTHIBAIOTCH H YKPENIAKTCs BMecTe ¢ 1o-
BLUIIEHHEM MaTEMaTHYECKOH KYAbTYPpH.

3To — npoilecc, KOTOPHH Mb KaXIOAHCBHO BHJIUM IMPOHCXOLSIINM
Ha HAILUMX TAd3aX.

2) Boppr6a npoTHB Heo6OCHOBAHHHX aHANOTH UK. 3akmo-
YEHHS] [0 aHAJOTUM CAYXKAT OOBYHBIM W 3dKOHHBLIM MPHEMOM yCTaHOBle-
HH$ HOBBIX 3aKOHOMEpDHOCTEH KaK B HMIMPHUECKMX HAYKax, TaKk B B OObI-
NenHoil wn3HK. Ecnn, pomycTHM, eCTECTBOMCHBITaTE/Nh MOMHHT, YTO BCe
BCTpPEUABIIHECH €My JIO CHX NOp BHb, oOGnajaBline mpustiakamt A u B,
o6namanu Takke u npuatakom C, H eCiM OH Halwiesl HOBHE BHI, Y KO-
Toporo oGHapywens npu3Hakd A W B, TO OH, eCTeCTBEHHO, 3aKM4YHT,
yTO 9TOT HOBMWE BuA o6namaeT Takwe u npusnakom C. Taxoe 3aknioue-
HHE [0 AHAJOTHH 3HAYUTENBHO BLIUIPLIBAET B YOEIAMTENBHOCTH, €C/iH
K UHCTO SMIMPUYECKHM JIAHHBIM, ONHCAHHBIM  Bbilie, [PHCOENNHSIOTCH,
Kak 3T0 uacTo OueaeT, Kakue-nbo TeopeThHueckne cooOpawenus, 3a-
CTARASIOLUIE 1IPE/UIOAraTh, YTO COBMECTHOE HajnMune mnpusHakos A, B
n C spaseTcss He cny4yaHyuiM, a OOGOCHORAHO TEeMH HIH JPYTHMH OGLIMME
UPHHLHIHANBILIME cooOpanennsMi. Ho Tonpko B MaTemaTiike BO3MOXHO —
H BMecTe C TeM COBEpIIEHHO HeOGX0JMMO— TpeboBaTh, UTOOLI 3TH
NPUHLENHANbHBIE COOOpamenusi ObUIM  JIOBEJEHbl JIO CTEleHH HCYEpbiBa-
oiero JokasaTenbcTBa. Jlubo M co Bcefl cTPOrocTeid JOKa-
3anmM, YTO H3 HanMumus OPU3HAKOB A v B ¢ 1en30eXHOCThIO BLITEKAET
11 Haanuue npusznaka C; nAubo, ecan HaM HE YIAnOCh JOKA3aTh 3TOro
C HcYepnuiBaloiledl MOAHOTOM, HAM 3anpellaeTcs JenaTh W3 HalH4HA
1ipu3HakoB A 1 B kakuve On TO HH OBAO BHBOAL OTHOCHTENBHO
npnsnaka C. Ho B nepBoM cayuae (T. e. KOrJa JOKasaHa TeopeMa «H3
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A u B cneayer C») npoctoe npeMeHerHe 3TOH oOlle#t TeopeMbl K KOH-
KPEeTHbIM YaCTHHIM CAYYasAM ywXe Bpsii JH MOXeT OBTh HAa3BABHO «3aKIMI0-
YeHHeM MO aHanoruu». byaer, Takum o0pa3om, NPABHABHO CKa3aTb, 4TO
B MATEMAaTHKE 3aKAIOYEHHS [0 AHANOIHH KaTeropHyecKd 3anpenlens (4Tto
HE JIOMHO, KOHEYHO, YMaisiTh OFPOMHOrO 3BPHCTHYECKOrO 3HAuEHHS
3aKAYEHHE 110 aHANOIKMK), B TO BPEMS KaK B SMOIHPHYECKHX HAayKax R
MPaKTHUYCCKON IeMTEAbHOCTH 3AKMIOYCHHAM [0 aHaNOTHM  TPHHAJIEKHT
[OYeTHass POAb OAHOrO W3 OCHOBHBIX IIPHEMOB EBIBOJA HOBHIX 3aKOHO-
meprocTeil. [loaTomy cHoBa BcTaeT BOMpOC O TOM, 4T We B 3ITOM OT-
HOULIEHHH MOTYT JaTh YPOKH MAaTEMaTHKH I1s BOCIHTaHUs OCILeH Ky!ib-
Typnt MuilieHHsi? M cHoBa npuxonnTcsi OTBETHTH Ha 3TO TO ke, 4YTO M
npexae: MaTeMaTHYeCKas BHINKOMEHHOCTh yMa, MPUBLIKLIETO K TOMy, 4TO
3aKiil0Yernne M0 aHanOTHH MOXET CAYXHTH JHIIb SBPHCTHYECKHM NpHe-
MOM, KOTOpPHi#l caM mo cebe elile He HUMeeT JLOKAa3aTeNbHOU CH/bl, HEH3-
6exHO MpUyvaeT MpoUieJIiero 3Ty LIKOAY YeloBeKa U BO BCeX JIPYIrHUX
06nacTAX MBIITEHHST OTHOCHTHCS K TAKOro pola 3akmoveBdsy ¢ 607b-
OB OCTOPOKHOCTBIO, MAMATYs, YTO BO BCEX TAKHX CAy4asx Hesb3s 6e3
OCBOBATENbHOH NPOBEPKH CYUTATH NOAYYEHHOE 3aK/AO4YeHHe TBEpAO ycTa-
nopnenHbiM. Kawiwiii U3 Hac wcnbitan B CBoe BpeMmss Ha cebe BOCMHTH-
Ballilee BAHAHHE 3TOYl 0COOEHHOCTH MaTEeMaTH4YeCKOro MHILUNeRHs, U
KawIONHEBHO Mbl HaG/omaeM, KAK BAHsAHHE 3TO cojeficTByeT 1OBbiLie-
HUKO MBICAHTEBHOW KYJABTYpn HaIlIMX BOCMUTAHHHKOB. KpuTHueckoe ot-
HOLIEHHE K 3aKJIOYEHHSM [0 aHAHOTHH €CTh OJHH W3 BaXHeHHINX MoKa-
3atenedl, OTAMYAIOLINX TMPABHABHO BOCIHTAHHOE HAYy4YHOE K MPAKTHYECKOEe
MHIILJIEHHE OT [epBOOBLITHOrO, OOLIBATENbCKOrO, W 3aHATHA MaTEMaTHKOMR
BCErfa CAyXaT OJABHM H3 OCHOBHLIX CpEeNCTB BOCIHTAHUS 3TOCO BaXK-
Hefiliero nokasatens.

3y bopbrba 3a nonnoty nu3boeknuil. Korna maremartnx
nOKa3bBaeT Kakoe-nin6o obulee CBOHCTBO BCEX TPEYroJbHUKOB, TO HHOTAa
€My MpHXOJAUTCH NPOBOAHTh JOKA3aTENBCTBO OTAENBHO JUIS OCTPOYTOJib-
HBIX, [PSMOYTOJBHBIX H TYMNOYrONBHHIX TPeyroanHukoB. Masectro, kak
4aCcTO B TaKUX CAyuYasix Ha4YHHAIOUIKE JenaloT OWHKOKH, B 0COOEHHOCTH
B TE€X CNy4asiX, KOILa PacCymJeHHe CONPOBOMKIAAETCH CCHIKOM Ha uvep-
TEX; YEePTHTCH, HANPUMEpP, OCTPOYTOAbHLIH TPEYrOABHHK, W paccymne-
HHE onupaeTcs Ha N00aBOYHHIE MOCTPOEHHS, KOTOpHE AHO0 HEBO3MOKHHI,
60 TepAloT J0Ka3aTenbHYIO CHAY, e€C/id BhIOpanHbi TPeyronbHik uMeeT
Tyno# yron. B matematnke Takoe paccyxIeHHE NPH3HAETCH OMHOOYHBIM,
TaK KaK 3JeCh HAapyLIEHO OCHOBHOe TpeboBanue MONHOTH JIH3BIOHKIHN:
He MPedyCMOTPEHbl BCE€ BO3MOXHLIE PAa3HOBHAHOCTH JAAHHOH CHTyanuu,
OfHa W3 HUX BbIa/ia U3 MOJS 3PEHHs.

B oOuijieHHbIX, He Hay4HLIX paccyw/JeHnsx 31O TpeboBaHHe Hapy-
maeTcst Ha KawaoMm wmary. PaccmorpeB nBe-tpm Bawbonee 4acTo BCTpe-
yawilpecs und Hanbonee Opocalpuipecs B ria3a pasHOBHAHOCTH AaHHONK
cATyauld u yOenMBILNCh, YTO B KAaXIOM K3 3THX CJYy4YaeB Mbl HEH3-
GexHO BCTpeyaeMcl € HEKOTOPHIM CcoOnTHEeM A, Mbl 3akimo4aeM, 4YTO
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53T0 cobuiTHe A COMyTCTBYeT JAAHHOM CHTyalMH BO BCeX Ccay4dasx,
XOTSl Ha C4MOM Jl€NI¢ JIaHHas CHTYallls MOXeT HMeTh, KpoMe JBYX-TpeX
H3yYEHHBIX HaMH, elle JeCHTOK APYrHX pPa3HOBHIHOCTEH, H CPelH ITHX
PA3HOBHAHOCTEH, CKHHYTHIX HAMM €O cYeTa, MOryT OWTh W TakHe, B KO-
TOPHIX HACTyruieHHe coOuiTesi A BoBce He o6sizaTesnbHo. Mbl roBopuM,
HanpHMep, 4TO yuennka MBauwoBa BooOILE Henb3s JHCHHNAHHAPOBATD,
HOTOMY 4TO Ha HEro HCALITABHHM 00pa3oM He NefiCTBYIOT HM ndacKa, HH
yrpo3pl. Mpl 3a6LiBacM mpH 3TOM, HYTO JIaCKoH M yrposamu He HCUepIbl-
BAIOTCA €lile BCE PA3HOBHIHOCTH MPHEMOB JIHCLKIIMHHPYIOIIErO BO3NEH-
CTBHS, YTO CYULECTBYET elile, HANPHUMEpP, METOJ CIOKOMBOro yOewIeHuHs
H 4TO, CTano OwiTh, HAlla JMIBIOHKIMS CTpajaeT HenoJAsoToH. Mel
yacTo HAG/MOIAEM, KAK HAYHHAIOUIKH, PaCCMOTPEB MPH MCCACAOBAHNH KAKOTO-
auOy/b YPAaBHEHMS Cloy4ad, KOrjla HeKOTOpHIH AaHHLiH Ko3(PUUHEHT n0i0-
WHTeNeH, a 3aTeM-— caydai, Koria 3TOT KO3Q@HIUMEHRT OTpHLATENEH,
TeM CaMbiM CYHTaeT, YTO OH MPOBEJ HCCAeNOBaHHE BO BCeX CAyd4asix,
3abuiBasi, YTO M3ydaemblil KO3(Q(HIHEHT MOXET OKa3aThCs PABHBIM HY MO.
SHer TAKXe Mbl BHAMM HENOJHOTY JAH3BIOHKINH, KOTOpasi MOWeET npH-
BecTH M (PAKTHYECKH NMPHUBOAMT K TAXEsHM OWHOKAM B BLIBOJAX.

B npoTHBOMOMOKHOCTD TeM JIBYyM TpeOOBaHHSM, KOTOphLIE Mhl pac-
CMATPHBAAH Bhile, TpeGOBaHHE MONHOTH JANIBIOHKUMH, yueTa BCeX BO3-
MOMXHBIX PA3HOBHAHOCTEl M3y4yaeMOil CHTyalHH, siBAseTCs HeoOXOMHUMOH
NPHHAIIEKHOCTBIO HE TOMABKO MaTeMaTHYeCKOro, HO W BCSKOro MpaBHiib-
HOrO MbiiJIeHHs. ApPrymMeHTainsi, B KOTOPOH He y4TeHH BCE HMeloulHecs
BO3MOXHOCTH, BCErJla OCTaBAseT MeCTO JJfl 33KOHHLIX BO3PAXEHUH H
noToMy He MOweT OHITh NpH3HaHa MonHoueHHoH. BoeHayanbHuk, npen-
NpHHEMas KaKkoH-nHOO MaHeBp, NPH yueTe ero NOC/AEACTBHH mo/mKeH
npesBHAETh B Ce BO3MOXHLIE OTBETH Bpara; NpocMOTP XOTst Obl 0AHOro
H3 HHX MOXeT oOkasaTbcsi rubenbHuiM. HOpuauueckuil KOAEKC B Kawiao#
cTaTbe O6A3aTENBHO JO/MKEH OXBATHIBATH B C € MHICAAMBIC PA3HOBHAHOCTH
JAHHOH CHTyald, HHauye OH CTaBHT CY/AbIO fepen HeoOXOAMMOCTBIO pe-
math Jena Mo CBOEMy MPOH3BOMY.

Ho nuriie tpeGoBanme OGe3yKOPH3HEHHOH YHCTOTH IHIBIOHKIMA He
BHICTABNSETCH TaKk fIBHO W KaTeropM4eckH, Kak B MaTEMATHKE; H HHKTO
He oOpyuIBaeTcs € Takoii 6LCTPOTOH M OCCMOLIANHOCTHIO Ha 3aMEYeHHbIH
MPOCMOTP B JIU3BIHKUHH, KAaK BHIIKOJEHHHH MmaTemaTHk. BoT mouemy
YPOKH MaTEMaTHKH JO/MKHbLI BOCIHTHIBATH M JAEHCTBHTENLHO BOCIHTLIBAKOT
B MBIILJIEHHH YYALHXCH TOT BaXHEHIIME 3aKOH NPAaBANLHOTO PaCCyKIEHUs
B HecpaBHeHHo Oonbuiedl Mepe, YeM 3aHATHS JIPYTHMH [pEAMETaMH.

4) Bopr6a 3a NOAHOTY W BHAEPKAHHOCTH KAACCH-
dukanunn. Knaccupuuppyer He TONBKO yHeHHH-TEOPETHK B CBOEM
KabuneTe; kiaaccuduxanuell NPUXOANTCS OYEHb YacTO 3aHUMAThCs M
npakTHYeckoMy pabOTHHKY: HHXeHepy, Bpauy, YYHTEMO, CTaTHCTHKY,
arporoMy. OO6LIEH3BECTHO, UTO HEBLINIKOJEHHLIH yM CKJAOHEH AONYCKaTh,
NPOU3BOMSA KAACCH(HKAMIO, Psil THIH4YeCKHX ouwnGoK; Hanbonee pacnpo-
CTpaHEHHBIMM M3 TakHX OWMNOOK SBASIIOTCS HapyulleHHe AOAHOMBL Khac-
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CHQUKALMK K HapYIUeHHe e  BLOePHAHHOCIU, eIMRONPARIMIHOCTH.
HapyuieHve nonHoTH KnaccHuKalMu COCTORT B TOM, YTO OCTAIOTCS [10-
HSTHSH, HE BXOJslUME HH B OJHH M3 HA3BAHHBIX KJA4aCCOB, W UTO, CTajl0
OuiTh, Ha3BaHbl He BCe Knaccu. IlpocThie NpUMEpH: HA BOMPOC «KaKHe
TH 3HA€WDb PACTERHSA?» LIKOMBHUK OTBEYaeT «TPaBbl H JiepeBbsi», 3a6hi-
Basi O KYCTa2pHUKAX, JHILAsiX ¥ MHOTHX JIPYrMX THNAX; BOHCKOBHWIE 4acTH
JensiTCsid  Ha CyXONyTHHe, BOJHLIE ¥ BO3JYLIHBE (YNYCKAIOTCH HHTEH-
JABTCKAE, 4YacTH CBA3M W MHOIME IpPYTHe); HATYpaibHbe YHCHAA JEensTCH
Ha TPOCTHIE M COCTaBHble (ynycKaetcst 4ucio 1); BeLleCTBeHHbIE YHCha
JEeNATC HA MOJNOKHTENbHBIE W OTPHUATEABHHE (YIIYCKAETCH HyMb).

TpeGoBanue nonroTH Kaaccudukauny GOPMANBHO AHANOTHUYHO pac-
CMOTPEHHOMY HaMH Boillle TPeOOBAaHMIO MOJHOTH AHIBIOHKIHH, HO, KO-
HEYHO, OT/HYHO OT Hero Mo comepxannio. Tam mina peub 06 06s3a-
TEADHOCTH OXBAaTa BCEX MOryHMIHX BO3HHKHYTL CHTyaumi, 3mech we —
0 HEOOXO/MMOCTH NEPEUHC/ICRNs BCeX Pa3HOBHAHOCTEH HEKOTOPOro MOHf-
ths. Ho 3nece, xak u Tam, $BHO W HeyKoCHHTENbHO TpeGoOBaHHE TMOI-
HOTHl KIACCH(HKALMM [POBO3MAANIAETCSE B MATEMAaTHKE MPEMMYILECTBEHHO
Nepel BCEMM JIDYTAMH HAYKaMH, W MOTOMY YpPOKH MaTeMaTHKH Gonee
BCEX JIpYTHX BOCIHHMTHBAKT B IIKOJAbHHUKE 3TOT 06S3aTesbH 2JeMEHT
HPABHJIBHOrO MbIIJIEHHS.

TpeGoranne BHIepWaHHOCTH KAacCHPUKALMK COCTOMT B TOM, YTOGH
OHA TPOBOMMAACE MO CAHHOMY MPHMHIKMIY, [0 €AHHOMY MPH3HAKy. DTO
1pe6oBanKe, NMPH CTPOrO MPABHABHOM MBILJIEHHH COBEPIIEHHO 06S3aTeNb-
HOE, O4Y€Hb HaCTO HADYHIAETCH HE TONABKO B OOHBATENbCKHX paccymile-
HUSIX, HO W B cepbe3HOll mnpakTtuike. BoT 0pocThie mnpuMeps Takoi He-
BLIICPWAUHON KJIaCCHpHKALMN: CyJa JeNaTcs Ha BeCesbHLIE, NapyCHbie,
MOTOPHBEIC W BOEHIbIE; OUEBHJIHO, KiacCHQUKALMS HA4YaTa [0 MNPHHLHIY
PA3MYHBIX JIBUAKYUHX CH/, W NOCAennsis pyOpHKa STOT NPHHLHAN HApy-
uiaet; Apyro#t npumep: 00yBb NMOAPA3NENsioT Ha KOXKAHYI, O6Pe3eHTOBYIO,
PE3HHOBYIO W MOME/NbHYIO — Ta ke KapThHra. Komeuwo, nonobroro pona
HEPEYNCiaenns He BCErja MPeTEeHNYIOT Ha Posib KAacCH(HKALMH, W B Ta-
KHX C/iyuasix COOMOJNEHHE eMMHOTO MpHHIMNG He 06Si3aTenbHo (HAmpH-
Mep, oObsiBieniie: 3aBOJL NMPHIZamaeT Ha paboTy [MIOTHHKOB, IITYKATY~
POB, WEHIMH H noapocTkoB). Ho BO Bcex cnydasix, Korla TakoMy
MEPEHICACHNI0 NPWIICHIBACTCS  KAaCCHPUUUpYIowas (yHKuns, HeBwbiiep-
WAHHOCTL  Pa3Aensionler0 NPHHINNA BH3BIBAET TAKYI0 HEOTHYETHHBOCTb
BCEH CXeMBl, KOTOPas MOWET NPHBECTH M K TEOPETHYECKHM CMEILICHHSM,
W K MpakTHueckod nyrawmue. [loSTOMY nOTHUeCKH BHILKOJEHHBEH yM
BCErja OLLYIIAeT HENOCTATOK BHIIEPKAHHOCTH KnacCHUKAUMH Kak Cy-
LIECTBEHHLIH niedert paccywienns. M cHoBa HanGonee uyBcTBHTEBHA
K 3TOMY nebeKTy MaTemaTHYeCKas HAYKA, H NOITOMY HMEHHO HA ypoKax
MaTeMaTHKH IIKOJBHHK [PEMMYLIECTBEHHO pa3BuBaeT B cebe 3Ty moOT-
PeGHOCTE BHIETb BCSKYI KAacCH(HKAMIO BLIEPKAHHOMN, M0CTPOEHHOM
Ha €JIHHOM KJIaCCUQUIMPYIONLEM MpPHHIKIE.
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$I nepeuniciin Te MoMeHTHl B Goph0e 33 MPABHABHOCTL MBLULIEHHS
H MONHOLEHHOCTh apryMeHTailli, KOTOphlie MpejlcTaBIsioTc MHe Haubonee
Bawxnbu. Kak ywe ObO CKa3aHo BHIIE, i He MOTY BXOIHTb B 3TOH
cTaThe B OOCYHAEHHC TeX METOMAMYECKHX MPHEMOB, C FOMOLLBX KOTOPHIX
YUATENb MATEMATHKM MOXCT JNOCTHTHYTh HanGo/bifero ycnexa B jene
BOCNHUTAHHSl Y CBOHX YYEHHKOB MepPeuHCJAEHHBX MHOK MOMEHTOB [PaBHJb-
goro MuiuwieHns. Ho f cuHTaio HeoOXOmMMBLIM CAeNaTh MO 3TOMY BOHPOCY
OZHO METOJMYECKOE 3ameyaHne ofuero xapakrepa (st ONLITHOrO y4H-
Tensl, BIIPOYEM, COBEPLICHHO O4YERHIHOE): BCe Te TpeGOBaHUsI [PABHIB-
HOTO MLIIJICHHS, O KOTOPLIX Lia peyb Bhblllie, JO/MKHL BOCHHTHBATHCH
B VYANLIMXCH HCIONABOJNbB, OT CAyvas K CAy4alo, 6e3 H3JHIUHEro nejiann-
pOBanusi; He MOWeT ObiTh H pedH O TOM, UTOOH MOCBAMATH CrHELHaTb-
bl ypok, nanpumep, 6GoppGe ¢ HE3aKOHHLIMH aHANOTHAMM; TaKas Mnocra-
HOBKA JeAa MOKET TOAbKO O6e3HajewHo mnoryGUTh BECh OKHIAeMblit
a¢pext. Hamo, nanpoTnB, BcemepHo usberaTh BO BCeM 3TOom Jelne 00-
LUMX paccywsieHnii n 0OpanlaTh BHEMAHME YU2IIMXCH HA TOT MAN APYroH
JOTHUCCKHE MOMEBT MCKMOMHTENhHO Ha 6aze spko yOejinTeabHOro KOH-
KpeTHOro MaTeMaTHdeckoro Matepuana. [loTpe6uocTs B JOriHYecKo#
NOJIHOILCHHOCTH apryMEHTAldH BOCIHTHLIBAETCA HE MOCTOSHHLIM HAj0€Aal0-
ILHM HANOMHHAHHCM O HeOOXOAHMOCTH 3TOH MOJAHOUEHHOCTH, 4 MNOKaz0M
Ha KOHKPETHHX TpHMepaX (MOBOjib K KOTOPLIM JAaeT MOYTH Kawkibi#
ypok), KAk HecoGaineHHe 3toro TpeGoBawus BeleT K oluudKam #1 He-
yBsi3kam. Hajzo He OTBiedeHHO NMPONOBENOBATH MOAHOLEHHOCTE apryMeH-
TAalMH, 4 PPHYYUTh yyawerocss K TOMYy, YTO Kawaw# npoGen B apry-
MCHTAIMHM HEMEANEHHO BHI3bIBAET MPUANPUYHBLIE BONPOC CO  CTOPOHH
yuHTENs WAK, 4TO MHOTO Jyulle, CO CTOPOHHI TOBAPHLLEH.

$1 Be Oyny roBopMThH 31€Ch O TOM, 4YTO CleAyeT HCMOAb30BATH
YPOKH MATEMAaTHKH L/l MPaBHABHOrO MOHMMAHKSL DPA3iHuus MEKILYy Mpsi-
MBIM B OOpaTHHIM YTREPWAECHUSMH, a TaKKe M piiid JpYyriax AHAJTOTHHHLIX
pasmivyeruit. C onHOM CTOPOHK, 00 9TOM T4K MHOTO yke NHCATOCh, HTO
BpSUL K s cMOr 6nl npHGaBHThL 31ech uUTO-HHOYnb noBoe. C apyro#
CTOpOHLI, MHE MPECTABASETCs, 4YTO 3TOCO POAa MOMEHTH, Oyiyud,
KOHEUHO, 00f3aTeNbHLIME AAS JOCHYeCKH MPAaBHIBHOTO MBILIZIEHHs, BCE
¥e N[O CBOEMY YaCTHOMY, CIEUHaNbHOMY XapaKTepy He HMEKT BHe Ma-
TEMaTHKH CTOJL CYLICCTBEHHOTO 3HAYEHMsl, KAK Te 3Ha4ynTenpHo Oonee
obilre MPHHIKNB, KOTOpble st MepeyHCcan Bhiflie.

2. Cruib Mpimgenusi. [lomumo cueunduiecknx, oco6o CTPOrux Tpe-
60BanHil K NOTHYECKON 1IPABHILHOCTH YMO33aKAOUeHn#, mateMaTiika OT.Ju-
qaeTcss OT NPYTUX MpenofaBaeMbiX B IUKOJE HayK TaKke u  CTH/iEM
cBoero MpnuneHus. CTHab 3TOT XOTs M [peTepileBaeT HAa MPOTHKEHUN
BEKOB, W JlaXe JeCATHAETHH, JOBOJNBHO 3HAYHTENBHLIE H3MeHeHus,
BCE e HMeeT HexkoTopne oOlMe [AAf BCeX 30X Henpexoasine
YepThl, 3aMETHO OTAKRYAIOlMe ero ot CTHAeil, NPHHATHIX B Jpyrnx
HayKax.
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Y TBepAMBIIKICH B TOH WiM ApYrofi HayKe CTHAb MBILUJEHAS HE SiB-
IM€TCs, KaK MOXHO Oblio Ol JyMaTb, TONBKO BHELIHEM H [OTOMY
BTOPOCTENEHHBIM  (PAKTOPOM, HMEIOLIAM JiHIIb 3CTETHYECKYIO LEHHOCTD
W He MOTYUIMM [03TOMY CYLIeCTBEHHO BAMSITH HA pa3BUTHE JaBHOH
Haykn. HanpoTuB, cTuiem MBUUIEHHS B 3HAYHTENBHOM CTeneHd orpeje-
JIFeTCsH OTHYET/NHBOCTh TEOpPeTHYECKHX CBsizel, MnpocTOTa M SICHOCThH Ha-
YUYHBIX KOHCTPYKLHH, HarisilHasi KOHKPETHOCTb NOHATHE W MHOroe Jpy-
roe, oT 4ero B CBOIO O4epesab 3aBHCHAT 3((EKTHBHOCTH, MIOLOTBOPHOCTD
HAYYHBIX JINCKYCCHH M Hay4yHOro npernojaBaHHsi, a BMeCTe ¢ TeM K
TEMIIbl PA3BUTHS HAVKH.

Cpenn Tex o0coGHX 4epT, KOTOPHE NPHCYLIM CTHAK MaTeMaTH4de-
CKOrO MBLILIUTEHHsi, MMEETCH Psifl. TAKUX, KOTOPHLIM CBOHCTBEHHO BeChMa
oflee # IIHMPOKOE 3Ha4yeHHEe; TaKasi uYepTa, €Cnd OHa yCBAHBAETCH
NpeNcTaBUTENEeM KAKOH-HHOYIb JPYrofl HAYKH HAH MPaKTHUECKHM JesiTe-
JIEM, OKAa3blBAET HEPEJKO BEChbMa CYIIECTBEHHHIE YC/YTM KaK €ro cofCt-
BEHHOMY MBIIIJIGHHIO, TdK H YCBOEHHIO €r0 TPYNOB YUYeHHKaMH H [OCjie-
noBaTensiMi. YnTasi COYMHEHHs KOro-nvn6o0 M3 KPYrHeUnnmx KAACCHKOB
B Apyro#t Hayuyso#l o65acTH, MaTEeMaTHK MOJAYAC C HEKOTOPLIM YIIHBIE-
HieM Bockanuaet: «Jla Beb OH MBICIHT COBCEM [Mo-Haulemy!»,— ynmuBne-
HHE€ TPOHCXOJMT OTTOro, 4YTO OOLIYHO B 3TOH HayuyHoil 06GMACTH MPUHST
COBCEM HMHOH CTH/Ib MBIIZIEHHS, MMEIOUMH OYeHb Maso o6llero ¢ mate-
MaTHYECKHM.

Ho ecnan ycBoerme HeKOTOpHIX YepT MaTEeMATHUYECKOro MbIIJIEHNS
Croco6Ho 0ONArOPOAUTh MBICAHTENbHHN CTHAL M B JApPYrHx o6nacTsx
3HAHWA W MpPaKTHYECKO#l pesiTeNbHOCTH, Chaenatb 3TOT CTWwib Oonee
MOLHBIM H MPOJLYKTHBHEIM OPYAHEM MHICJH, TO OY€BHIHO, YTO He ClielyeT
npeHe0peraTb MCIONb30BaHHEM YPOKOB MATEMATHKH JIisi MpHy4YeHHs MO-
JIONBX YMOB K MNOCTENEHHOMY YCBOGHHMIO 3THX 4epT, K TOMY, 4TOObl 3TH
4YepThl CTAn¥ NPOYHBLIMK HABHIKAMH UX MBIIUICHHMS — CHayazna B mnpejenax
MAaTEMAaTHKH, a MOTOM H 3a ee mnpenenamu. Hnsg toro ytobul 3TO OCy-
LIECTBHTb, Hamo B MEpPBYID ouepelb nOCTapaTbCs CO BCeil TUlATENb-
HOCTBIO BLISIBUTH T€ YepThl CTH/S MaTE€MaTH4YECKOM MBICIH, O KOTOPHX
3/1eCh HIET peub.

B ocHoBe KaXJOro npaBHABHO NOCTPOEHHOrO XoAa Mbiciel, He3aBH-
CAMO OT MNPEAMETHOrO COAEPXAHHH ero, JIEWHT Takad (opManbHO-IOrH-
yecKas Cxema, KOTOpasi OLLylldeTcsl BHILKOJEHHHIM YMOM Kak Hekwil
JIOTHYECKNH KOCTHK, CrpoMHBIH M 3akoHOMepHLiH, oOpocmMil TeMm Wik
JPYrUM KOHKPETHBIM cofepxanneM. He3aBUCHMO OT CTHAA  MblLJIEHHS
3Td JIOTHYECKas CXeMa JIOMKHa OHTh 3aKoHOMepHOf, muieHHOH npobe-
JoB,— 6e3 3TOro pacCywJeHle CTAaHOBHTCS HEAOOPOKAUECTBEHHLIM |
JOMKHO ObITb OTBEpPriyTO.

Onsako posib ¥ HONOXEHHE STOFO JIOTHYECKOrO CKesleTa B HaHHOM
XoJe Mbicncd ObIBAlOT BEChMa Pa3/IHYHLE U CyLIECTBEHHBIM 00pa3om 3a-
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BHCST MMEHHO OT CTHAS MbilllzieHus. B OJHHX Ciy4asix JOTHUECKas cxema
CTAHOBHTCS ONPEJIESIOLIM, PYKOBOUSLIMM MOMEHTOM MULIIIEHHS, TaK
YTO MLCAsILEE BCE BpeMsi HMEET ee Mepejl I71a3aMip M Co00pa3Ho ¢ HEw
pLIOHPAaET W HANPAB/SieT MOCAEAOBATENbHLIE STarh paccywienus. B npy-
CHX, HANPOTHE, JOTHYECKH§l KOCTSK OCTaeTCs 3aTYLHEBAHHLIM, MbICIDb
B ropa3no GonblieH CTENeHH HANpaBAifeTcsl 3anpocaMi KOHKPETHOro Co-
JepXanusi, ponb NOTHKH CBOAMTCH K MOCIEAYIOUIEMY KOHTPOZIO, Ja 1
STOT KOHTPOAb B MHCHMEHHOM HAM YCTHOM H3MOXEHHK 4YacTO TOJMBKO
MOPA3yMEBAETCS M SIBHO HE MPOBOAMTCS; JIOTHYECKAas CXema Kak 1enoe
OCTAeTCS BHE IOJs 3pendst muicnsilero. Pasymeercsi, BCTPeualOTCs HeE-
PeJKO W CTH/IM MBILUIEHHs, MPOMEXYTOUHbE MEWJly JBYMsi YKa3aHHLIMH.

Jlns MaTeMaTHKM XapakTepHO JOBeJIeHHO€ 70 npeaena JIOMHHAPOBA-
HHe NOrMYecKoll CXeMbl PACCYNUIGHHS; MaTEMAaTHK, NOTEpsiBUMH, XOTs Obl
BpEMEHHO, M3 BHMAY 3TY CxeMy, BooOlle JIHLIZeTCs! BO3MOXKHOCTH HAyqHO
MLICAUTB. JTa CB0606p83Haﬂ yepTta CTHJS MATEMATHUYECKOro MbIUNACHUSA,
B CTONb MONHOH Mepe He BCTPEYAIOUIAsicsi HH B OJIHOH JPYroH Hayke,
uMeeT B ceGe MHOFO wLewHoro. OUeBHIHO, YTO OHA B MAKCHMA/JbHOH
CTereHy MO3BOASET CJAENUTh 33 NPaBHABHOCTHIO TEUEHHsi MLICAH W rapaH-
THPYET OT OWHOOK; € JPYrodl CTOPOHBI, OHA 32CTABASET MBLICASILETO
NpH KawJoH OMIBIOHKIMM HMMETh Tepejl [/1a3aMM BCIO  COBOKYMHOCTD
YMEIOLNXCH BO3MOXKHOCTEH ¥ 00si3piBaeT €ro y4ecTh Kawaylo M3 BUX,
HE [pOmycKas HH OJHOM (TaKoro pojia MNpoMyCcKH BOOJHE BO3MOXHLI H
daKTHYECKH 4aCTO HAOMORAIOTCst [PH JIPYrHX CTHASX muiuinenns). Tlo-
5TOMY NpHOOpPETEHHblE HAa YPOKaX MaTEeMaTHKH CTHJIHCTHYECKHE HABLIKH,
CBSi3aHBLIE € YKa3aHHofl uepToll, MMEKT CYLIeCTBEHHOE 3daveHue Ju
NOBLIIICHHA 06LeH KyJbTyphl MblUUICHHs Y4alllHXCsi.

QueHh HMHTEPECHBIM H SIPKUM [PHMEPOM MEILIJICHHS B nanexko# ot
MaTeMaTHKH OGNAcTH, ¥ TEM HE MEHee upe3BLuaiiHO HACHILIEHHOro 3STOH
4epTOI0, MOTYT CHYXHTh Npon3Benenns Mapikca. Yuratens, KOTOpHIH
[oCe W3YUYEHHS SKOHOMHYECKHMX TPYNOB JPYrHX YYEHLIX pacKpHIBAET
«KanmuTtan», ¢ MEpBLIX CTPAHMIL [MOpPaMaer enesnas, HENpeKJoRHas Jo-
rHKa ero cTpok. Jlormueckas cxema C €€ HEeyMOJMMBIME  TPeOOBAHHAMU
He TONBKO OMpefensieT XOI MLICAH aBTOpa, HO M HACTOHUMBO y6ewnaeT
yuTaTens, KOTOpHil HE MOWeT yHTH OT €€ Hampap/siollero BIHAHUI-
BToT HEOOLIYHHIE 118 3KOHOMHYECKOro COYHHEHHs CTH/b, MOYTH NpH-
GAMKAIOIMHCSE K MaTeMAaTHYeCKOMY, HCHM3MEHHO BHI3bIBAET B HUTATENE
OLLYIIEHHE TIPOYHOCTH, HAJEWHOCTH, NpeAenbHOH yOennTesbHOCTH 1 B TO
e BpeMsl MHOTO HOMOraeT €My B YCBOGHHH YHTaeMOro.

Bropo#i xapakTepHoil 4epToH MaTemMaTH4eCcKoro CTHNS MLULJACHHH, O
KOTOPOH 3Iech JNOMKHO OLITh yNOMSHYTO, €BASETCS €ro /[akKOHU3M,
CO3BATENbHOE CTPEM/CHHE BCErja HaxomuTh Kparyaiumi BenYLLHiH
K jaHHOH LlenH Jnoruueckuii myTh, Gecnoulagroe oTOpachBanie BCETO,
yro He abcomoTHO HeoOxomnMo mist GeaynpeyHoH  MONHOUCHHOCTH
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aprymMeRTauun. MaTteMaTHieCKOe COYMHEHHE XOpPOLIEro CTHAS He TEPIUT HU-
KaKOH «BOALI», HUKIKHX yKPAlIAIOWMX, OCAAGAAIOUIAX JOTHYECKOe Ha-
NpsHKEHHE  pa3rnarofAbCTBOBAHHH, OTB/EUCHHH B CTOPOHY; OpenenpHas
CKYNOC b, CYPOBasi CTPOrOCTb MbICAH W ee H3NOWEeHHsi COCTAaB.iSOT He-
OTDBEMEMYIO UEpPTY MATEMaTHYECKOro MbliiaeHHs. YepTa 3t1a  uMeert
60BPIIYIO 1IEHHOCTh HE TOMBKO I8 MATEMATHYECKOro, HO U JUis J030ro
OpYroro Cepbe3Horo pacCyy/IEHHs; NAKOHU3M, CTPEMJAEHHC HE NONycKaTb
HHYETO HM3NMHINHETO, 1HOMOTAeT W CaAMOMY MhCAfALEMYy, H ero 4YHTareik)
WAl CAYMIATEMO MOAHOCTHIO COCPENOTOYHTHCH Ha JAaHHOM XOI€ MHICAei,
He OTBMEKAsiCh MOGOYHLIMM TNPEICTABACHHSIMH H HE Tepss HEelOCpeacT-
BEHHOTO KOHTAKTa C OCHOBHOi J/HHMeH pacCyXmeHus.

Kopuden nayin, kak npaBuio, MHCAST W BEPAKAIOTCS JAKOHHYHO
BO BCeX OOMacTAX 3HAHMS, Jawe TOrAa, KOrJa MpiCAb HX cO31aeT
H3naraer npuHUMiManbHO HoBhle Haed. Kaxkoe BenwuyecTBCHHOE BreyaTt-
JieHne MPOH3BOJNUT, HanpHMep, OGNaropofnasi CKYMOCTh MBICAH W peuH
BefHyaliuux TBOpuOB (u3vku: HpioToHa, Dinmreiina, Hunnca bBopa!
Mowxet 6uitb, TPYAHO HaHTH Gonee SipKMl MPHMEp TOCO, KAKOE rny6o-
KOe BO3JEHCTBHE MOWET HMeTb HA Ppa3BUTHE HAyKH HMEHHO CHUAb
MBILLJIEHHS] €€ TBOPLIOR.

Jlns MaTeMaTHKM faKOHM3M MHICAH SIBJSICTCH  HENMpPepeKaeMblM, KaHo-
HU3UPOBAHHLIM BEKaMil 3aKOHOM. Beskas mnonsitka oOpeMeBHTh H3M0We-
HEe He 00A3aTeNbHO HYKHLIME (NYCTh Aawe MpPHSTHBIME H yBJ€KaTeNb-
HBIMH Ui ciyliaTene#) KapTHBaMM, OTBIEYEHHAMH, pa3rnaro.IbCTBOBA-
HUSIMH 3apaHee CTABHTCH [0J 3aKOHHOE IIOLO3PEHHE H ABTOMATHYECKH
BLI3HIBACT KPUTHYECKYK HacTopowenHocTh. W nostomy wumedHo ypoxu
MaTeMAaTHKH TpPU3BAHLl JIaThb Y4YAUIUMCH, NPEANOUTHTENBHO [epei ApY-
TUMH NpeJIMETaMH, HaBLIKH JIAKOHHYECKOro, MPsiMOTO, HEe 3HA[oulero oT-
BrieYEHHUH, He OOPEMEHEeHHOTO HHKAKHMI H3JMILUHEMH 3JeMeBTaMii  Mblili-
JIeHus],

Hanee, nnsi cTHAS MATEMaTHYECKOTO MLULJIEHHS XapaKTepHA Hemras
paciienennocmd xojla paccywnenus. Ecnn, nanpumep, npm gokazatenb-
CTBE KAKOro-H00 Mpenniomenns Mbl JOMKHEL paCCMOTPETh YeTHPEe BO3-
MOXHBIX CAy4as, U3 KOTOPHIX KawIbii MOweT pa3GHBaThcs Ha TO WK
IApYroe 4HHCno Mojciyvaes, TO B KawALH MOMEHT pPacCywleHns maTtema-
TUK J0/DKeH OTYeT/MBO INOMHHTb, B KAKOM Clyyae H MOACIYHa €ro
Mplenb cefiuac ofpeTtaeTcs W Kakue clydal M NOACAYuYaH eMy  ewte
Ocraerca paccMoTpeTh. [lpu BCsKOro posa pasBeTBAEHHLX Mepednc 1e X
MaTeMATHK JIOMKEH B KaXAbll MOMEHT OTAdsaTh cefe OT4YeT B TOM, s
KaKoro pojioBOTO MOHATHS OH [epeyYHC/AseT COCTABAAOIE €ro BHILOBHLIE
HoHATHS. B OOLiIeHHOM, HE HAy4YHOM MBUINMEHHH Mbl BeCbMa 4acTO Ha-
GnonaeM B TAaKHX CAYYasX CMEUICHHS W MEPeCKOKH, MpHBOASLUIE K iy-
Tanuue ¥ owuOKaM B paccywaeHun. YacTo ObiBaeT, 4TO dUelMOBEK Hadal
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nepeyucisTh BHJAb OJHOr0 KakKOro-HHOYAL pojad, a MoTOM He3aMeTHO ML
caywareneit (a 4acto W AAs camoro ce0si), NOAB3YHCh HENOCTATOYHOH
JIOTHYECKOH OTUETAHBOCTBHI) PACCYKJICHHH, MCPECKOYNUA B JAPYrodl pom u
3aKaHuyBaeT 3asiBJleHHeM, 4YTO Ternepb 06a pojia PacKnacCHUIMpPOBAHLI;
a cayliaTenn WA YHTATeNH He 3HAlOT, TAe [pojeraeT TrpaHiua Mewy
BIJLAMH 11€PBOTO M BTOPOrO pOa.

Iasi toro 4tobnl cllenaTh TaKHe CMELICHWs ¥ MEPEeCKOKH HEeBO3MOX-
HLIMH, MATEMOTHKA H3aBHA LIKPOKO HOAb3YIOTCH NPOCTHIMH BHEIUHAMY
npreMamMu HyMepalu# TOHSTHH W CYXJevnd, HHOrAa (HO ropasjo pexe)
TIPHMEHSIEMBIMH ¥ B IPYrUX HaykKax. Te BO3MOXHBE C/Y4aH WIH T€ POJLOBbIE
NOHSTHS, KOTOpPHIE HAJUIEKHT PACCMOTPETb B JAHHOM pAacCyxJeHuH, 3a-
paHee MepeHyMEPOBHBAINOTCS; BRYTPH KawIAOro TAKOro cjydas Te TOn-
fewalnie  paccMOTPEHHIO MOACAYYdH, KOTOPHIE OH CONEPWHT, TaKxke
NEPEHYMEPOBBIBAIOTCA (MHOINA, U1 pas3fHyueHns, ¢ fOMOulblo Kakoi-nubo
Apyroi cHcTemn Hymepauuu). [lepen kawnwim absalem, Cfle HadvHAETCH
pPaccMOTpPEHHe HOBOrO MOJACAyYasi, CTABUTCH MpPHHATOE I 3TOrO MOi-
cnydas oGo3Havenne (Harpuamep Il 3,— 9TO o3HauaeTr, 4TO 3/ech HauH-
HaeTcsi PacCMOTPEHHE TPETbero Nojcaydass BTOPOro ciay4asi, HAH Onuca-
HHE TpeThero BHIA BTOPOrO pojid, €CAH pedb MACT O KjaacCuuraimw).
W uuratenp 3Haet, 4TO A0 TeX Nop, IMOKyJa OH HE HATONKHETCH HA
LIOBYID YHCJOBYIO pYOpHKY, BCE H3saraeMoe OTHOCHTCH TOJIBKO K 3TOMY
caydyaio u noacaydai. Camo cobow palymeeTcs, YTO Takas Hymepauus
CAYWHT NNIUb BHEWIHHM IIPHEMOM, oueHb [MOJe3HBIM, HO OTHIONL He 0Os-
3aTeqIbHBIM, B YTO CYTh Jlella — He B Hell, a B TOM OTuYeT/MBOH pac-
YAEHEHHOCTH APryMEHTALNM HAM KiaccHQUKAUMK, KOTOPYK) OHa H CTHMY-
JUpYeT, W 3HdaMeHyeT cobol0.

Hakoneu, cnenyetr ynomsHyTb elle 06 OnHOM 4YHCTO BHEWiHeH Tpa-
JHIHE MATEMATHUECKOrO CTHAfd, MOryileH mnpH Haajnewaupx yCJAOBHIX
npuoOpecTH BOCNHTATENbHOE 3HAaYeHHe, KOTOPHLIM Heib3sl npeHeOperathb.
$l uMei0 B BHAY CBOHCTBEHHYI0 MaTeMaTHKE CKPYNYNE3HYIO MOYHOCMD
cungoaury. Kawapil maTeMaTHYeCKHl CHMBOJ HMEET CTPOrO ONPENeseHHoe
3HAaueHle, 3aMeHa ero APYrUM CHMBOJIOM WM MEPeCcTaHOBKA HA JIPyroe
MeCTO, KaK MPaBHNO, BiedyeT 3a coDOKW HCKaXeHHe, @ MOAYAC W fojHOe
YHHUTOWEHHE CMBIC/IA JIAHHOTO BLICKA3BIBAHAS. Y uauniicsl, He MPHBLIKILIMA
euie OTHOCHTHCS € JOCTATOYHOH TpeGOBaTENBHOCTBIO K TOMHOCTH YCTHOM
pCUYM W MHCbMEHHOTO HM3JOWEHHsi, BHauasje MOWET C HEKOTOPHM JIerko-
MBLIC/IHEN OTHECTHCh K HEYKJIOHHBIM M HACTOMYMBLIM [PUTANICHASM  y4i-
TeNisi MATEMATHKH — BECTH MaTEMaTHYeCKyI0 3amuchb € a6COATHOH TOYHO-
CThiO; 3TH TpPeOOBaHHS MOryT jawe MOKa3aThCs €My NelaRTHYEeCKHMNK
¥ BH3BaTh Bacmewky. OiHako on ovenb GuicTpo yOenutcs Ha coOcet-
BEHHOM OlHITE, YTO HecoOaAcHHe Oe3yKOPH3HEHHOM TOYHOCTH CHMBO.IH-
YecKOH 3amHCcH B MaTemMaTHKe BAeuYeT 3a coD0I0 HCMEJIEHHYIO pacnsiary:
Ol caM TepsieT BO3MOXHOCTh [OHSATbH CMBICJI 34MHCAHHOrO, BBHIHYMJIEH
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rajath, yraabiBaeT HeBepHo H KOO MofyyaeT HENPaBHALHLIE OTBeT, AHOO
BooGule Jumaer ceGsi BO3MOXHOCTH DEINTh 3anauy. B ayumen cnyuae
€My LEHOIO 3HAYUTENBHRIX YCHAHH yAacTCs BOCCTAHOBHTH MPABHALEYIO
3aMMCh M UIECTBOBATH anblle, OTHPABASSCh OT Hee.

Y6enuBLincy TakuM 06pa3oM, YTO TOYHOCTb CHMBOJAHYECKOH 3anucH
COOTBETCTBYET €ro COOCTBEHHHIM MHTEpECaM, OB HA4YHMHAET CJACAHTh 32
Co0O0K B 3TOM HANPABREHHH, W IMOCTENEHHO CTPOrasi NpaBUABHOCTb mMaTe-
MATHYECKOH CHMBOIMKH CTaHOBHTCS ero mpHBe4YkoH. Ho Takoro pona
TPUBLIYKE, MPHOOPETEHHas B KakoH-1M60 onHoli cdepe MubillieHHs, HeH3-
0ewHO NPUBOIMT K BOCIMTAHKIO K OOLLEr0 CTHAS MBILEHHS yYallerocs;
OH HAYMHACT TOYHEE BLIPAXATHCS M B YCTHOH peyd, H B MHCHMEHHOM
W3JIOWEHNH; B YACTHOCTH, OH y/ensieT Goiblle BHEMAHMS MPAaBONHKCAHKIO,
opgorpaduueckne OWMOKA MEPERNBAIOTCS WM C TAKOP We OCTPOTOH K
TAKHM KCE OEeCNOKOHCTBOM, KaK MaTeMaTHYeCKHe. Mbl HeH3MeHHO Ha6HO-
IaeM, YTO YYEHMKH, Hay4HBIIMeCs TPeGOBATENBbHO OTHOCHTHCH K TOUHOCTH
MaTCMATHYECKOH CHMBOJIMKH, Jsierde u OubicTpee nepecTtaloT menath opdo-
tpaduueckne omnbku. M 1 He 3HaI0, BO3MOXKHO /M OKOHUYHTB ILKORY,
o6nanast TpeGyemoli Ansi aTTECTaTa 3PEIOCTH MATEMATHYECKOH KYaAbTypO
M He HAy4YHBUIMCh B TO € BpeMsi MHCATh COBEpIIEHHO 6e301mmb04HO.

3akaHuMBasi 3Ty raBy, MOCBSLIEHHYIO BOMPOCAM BOCMHTATENBHOrO
BO3NCHCTBHSE yPOKOB MaTEMATHKH Ha KYIbTYPY MLILJEHHS YUaIUXCH, §
NPENBIKY CCTECTBEHHOE W 33aKOHHOE HEJOYMeHHe 4YHTaTens 0o MOBOLY
TOrO, YTO MHOM HHIJIE JIawe HE 3aTPOHYTa npo6reMa pa3BHUTHS SJEMEH-
TOB JHAJIEKTHYECKOrO Mbiulienus. $ cuurtaio cebf 06M3aHHLIM  JaTh [0
3TOMY BOINpPOCY KPaTKOE Pa3bsCHEHHE.

Mapkc H JHresbC € MoJHBIM OCHOBAHHEM YTBEPWHAAHM, YTO MaTeMa-
THKA HE TOJIbKO JlaeT JANf 34KOHOB JHANEKTHYeCKOro MuililieHus Gora-
TeHnil HAMOCTpaTHBHLIN MaTepHasn, HO CHCTEMaTHYECKH Croco6CcTBYeT
Pa3BHTHIO JIHANEKTHYECKHX HABHIKOB MBICAHTENBHOrO mnpouecca. Onuako,
KaKk 3TO HEOJHOKPAaTHO OTMEYanoCh OCHOBOMOJOKHHKAMA MAapKCH3Ma,
B fosHoli Mepe 3TO MOXeT OuiTh OTHECEHO AHLIb K TAK HA3LBAeMOH
«BBICLIEH» MaTEMaTHKe, T. €. K MATEMATHKE MEePEeMEHBLIX BeanuuH. MMeHHO
3JleCh MBI NpHy4aeMcst K MaTeMaTHYECKOMY MCCAEJOBAHWIO SIBNEHHI NpH-
PONB M MPOLECCOB TEXHHKH B MX WHBOW H3MEHUHMBOCTH, a HE CTaTHYe-
CKOH HENOABHXHOCTH. MMeHHO 31ech BenMyMHLI HCCEMyIOTCH B HMX B3a-
HMHOH 33BHCHMOCTH (MOHsiTHE (PYHKUMH), a He B OTpbiBe JAPYT OT JApyra.
Hurzie ¢ Taxkow HarafigHOCTBIO, KAaK 3/leCh, MBI He BHINM B JeHCTBHH
Nepexox KOJMM4YeCTBa B Ka4eCTBO, JNANEKTHUYECKHH CHHTE3 [€PBOHAYANLHO
AHTArOHUCTHYECKAX MPOTHBOMONOKHOCTEH M JIPYrHe OCHOBHBLIE [IPHHIINIILE
IuajgekTUkn. W 3To — oMa K3 BawHelliMX 0puYuR  (BrpoueM, Janeko
HE eIMHCTBeHHAs), 3aCTaBAAIOILMX HAC MPU3HATH 40COMOTHO Heo6XOaUMBIM
BBEJICHHE 3JIEMEHTOB BhHICLIEH MaTeMaTHKH B KypC CpeiHeil LIKOMbI.
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Ho noka mui tonbko Gopemcst 3a 310. HTO e Kacaercs npenoja-
BacMOE B ILUKOJIE «3JIEMEHTAPHOH» MATEMATHKH, TO W OHA, KOHEYHO, KakK
BCIKAR TOJJIMHBAS M WHBA HAYKA, He JIMLIEHA JIHAJIEKTHYECKHX 3JIeMeH-
toB. HO 371€Ch OBM BLICTYDAOT PA3PO3HEHHO W C MAJOHW MOLUHOCTHIO, U
FOBOPHTH O HHX B CTAaTb€, MOCBAUIEHHON JIHIE OCHOBHBLIM phiuaram
BOCIINTATENBHOrO BO37EHCTBHS YPOKOB MAaTeMaTHKH, f He pewmnncs. Bipo-
yeM, § MMEIO B BHAY B Gmuxaiiliem GyaylleM COCTAB/ERHE APYroi CTATLH,
CneunabHo MOCBAILEHHON BONPOCY O HEOOGXOAMMOCTH BBELERHS B LIKO/1b-
HOE NPEenoiaBaHHE 3/EMEHTOB BBHICIIEH MATEMATHKH; B 3ITOH CTarbe #
HaZelch JaTh PasBEPHYTYI N YOEIMTENbHYH) KAPTHHY TOrO, KAKHM MOUL-
HbiM OPY/MCM BOCIHTAHHS HABHIKOB JMAJIEKTHYECKOTO MBILJIEHHS MOI/H
65 CTaTh YPOKH MATEMATHKH TEPEMEHHBIX BENIMYHH.

Il. MOPAJIbHBIE MOMEHTHI B BOCIUTAHUH

O ponu ¥ 3HAaYEHHH YPOKOB MATEMATHKH B BOCIHTAHHM TIPABHIILHOrO
M JIACUAIUIHHUPOBAHHOIO MBIIVICHHS TOBOPH/IOCH H MHCAJIOCH O4Y€HbL MHOIO.
HanpoTHR, O BIHSHBH MaTeMaTHYeCKHX 3avsiThii Ha QopmHpoBanve xa-
paKtepa H MOPanbHOM NHYHOCTH YU4LIErocsl He CKa3aHO NOYTH HHYEro.
D10 BIOJIHE MOHATHO: MO0 A6CTPAKTHOCTH CBOEr0 mNpeAMEeTa MaTeMaTHue-
CKAS BayKa HE MOWET J1aBaTh YuUallEMYCs TeX HENOCPEACTBEHHO Bne-
YaTASIOWKEX, 3THYECKH BO3JEHCTBYIOINX H  (HOPMHPYIOLMX XaPAKTEp
06pa30B, KaPTHH, SMOLHH, KaKAMH pacmonaraior, CKawem, HCTOpHs Him
imrepatypa. Beuo 6bi, OnHAKO, BeCbMa MOBEPXHOCTHO N€yaTh OTCIOAA
TOT BLIBOJ, 4TO B N€/e (hOPMHPOBAHHMS HPABCTBEHHOW JIMYHOCTH HIKO.Ib-
HHKA YPOKHM MATEMATHKH BOOOULE ROMKHH ObITE CKHHYTH €O CHETOB-
Ilo MOeMy MHOro/eTHeMy ONbITY PaGoTa hajl yCBOEHHEM MATeMaTHYeCKO#
HaYKN HEH3(GEXHO BOCAHTHIBAET — HCNOIBOJB H BECHM3 TOCTENEHHO —
B MOJOLOM YEJIOBEKE IleJbili psiZl 4epT, HMEIOLHMX SPKYI MOPaJbHYIO OK-
pacKy 1 cnocoGHbLIX B JanbHEiiIeM CTaTh BaXHEHILMMH MOMEHTaMH B €ro
spapcTBennoM obnuke. Crenatb 3TOT npouecc Gonee dKTHBHBM H PE3YJb-
TaThi €r0 Gosiee NPOUYHLIMI — A0CTOMHas 3alaya Ang yuutens. Ho npexne
BCero Hajo0 TUIATENHHO pa3obpaTbCs B TOM, YTO 3TO 3a 4E€pPThl H Kakue
0COGEHHOCTH MaTeMaTHYECKOH paGoTH CHOCOOHBI HX BOCOHTHIBATH.

1. YecTHOCTH ¥ MPABAMBOCTb. B 00LBATENLCKHX TsikGax BCAKONO
poaa Kaxnuas M3 CnopsiliiiX CTOPOH HCXOLHT, KAK NPABHIIO, H3 WKeJaTe1b-
HOro eif, BHIOMHOTO ANsl Hee PeLIeHHs Bonpoca M ¢ GOnbIIeH HIH MCHb-
el H306PETATENBHOCTHIO H3LICKHBAET BO3MOXHO Gosiee yOeIMTEeNbHYIO
aprymMeHTanuio s PEHIEHHst BOmpoca B CBOIO NOJb3Y. B 3aBHCcHMOCTH OT
SN0XH, CPelbl M COAEepPWaHHd cropa CTOPOHW MPH  3TOM  aANEJNHPYIOT
K TOMY HIM JIPyroMy BHCILEMY aBTOPHTETY — OOLIEY€NOBEYECKO| Mopany,
XeCTECTBEHHOMY» npaBy, CBALIEHHOMY NHCAHHIO, IOPHAMYECKOMY KOAEKCY,
IefiCTBYIOUIMM TPABHJIAM BHYTPEHHEro Pacropsilka, a 4acto ¥ K BbICKa-
3LIBAHMSIM OTAEJIbHLIX aBTOPHTETHHIX YYEHHIX HJIH MIPH3HAHHLIX TOJUTHUE-
cknx pykosonuTenefl. Bce Mb muoro pas naGmionand, ¢ Kakol CTpact-
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HOCTBIO BENYTCA MOAOGHOTO POJNA CrOPhl U KAKOH YOeXIEHHOCTHIO MLLIKHT
N0 BHIMMOCTH APTYMEHTALMS KAXOH M3 CTOPOH; MOMHO NOAYMATh, YTO
TAKOH TSDKYUMHCH 1efCTBHTENBHO 06YPEBAEM HeNAHHEM BAKTH H OTCTOSTD
MCTHHROE, Crpapensupoe, OTBEHalOUIee NYXy W GYKBE NPH3NAHHOTO B Ka-
YecTBe apOHTPa ARTOPHTETHOTO HCTOYHMKA PerieHHe.

Ho xopouwro mssectwo, yto sty KapTuHy Mbl yacto Habniopaem He
B OIBHMX TOJIBKO OOLIBATENbCKHX THwGax. B TOYHOCTH T€ e YEPTHI
ABISET MOAYAC W HayyHas INCKYCCHs. BuiBOIM, ¢ NONHOH y6emnennocTsIo
C/E/IaRHbIE OJIHAM YNEHLIM, C TAKOW e YOeXIEHHOCThI OCHapHBAIOTCH
ApYrHME; 3aBA3LIBAETCH TOJIEMHKA, B KOTOPOH Kaas M3 CTOPOH HAXO-
IHT BCE HOBBHIE H HOBLIE 2PIYMEHTH B NONb3Y CBOEH NOIMIMH — NAWKE
BHOBb fIOCTABNIEHHLIE ONHITHI YACTO TOBOPHT KAXKIOMY M3 CrHOPAILIHX KaK
pa3 TO, 4TO €My enare/NpHo. B x0e nonemMukH Kawmas u3 CTOPOH He
TOIbKO CTpeMHTCs BCE Gonee u  Gonee yCHIMBATL CBOIO COBCTREHIYIO
NOSMIINO, HO M CTAapaeTCsi PA3NHUYHLIMA  CPEICTBAMH JHCKPeIMTHPOBATH
TNOSHIMIO NPOTHBIOH CTOPOHBI, JOXOAS MHOrAA ¥ JIO NONBITOK NEPCOHaNb-
HOH Jnckpenntannv. M b CPaBHRTENBHO PEKO 6viBaeTt, uToOM B Ta-
KOil 3aTAHYBIIEHCS NOJEMIKE OJIRA N3 COPSILIEX CTOPOH HaillMd YEeCTHOCTH
W MyXeCTBO MPH3HATh CBOKX NO3HLHIO OILHGOYHOI],

CyOBbeKTHRENE OCHOBAHHS TAKOrO POJA MBJEHHUE B WHIHH HAYKH JIEFKO
TOHATHBI: OHM HHYEM, K COXAJIEHHIO, HE OT/IMYAIOTCS NO CBOEH Henp-
TJSAHOCTH OT CYO'BEKTHBHHIX OCHOBAHHE CAMBIX MEAOYHHX OGBIBATE/NbLCKHX
CThiek. HTO KacaeTcss OOBEKTHRHBIX OCHOBAaHHH BO3MOWHOCTH NOLOGHONO
POMa Ray4HbIX CHTyauil, TO U HX HETPYNHO HaHTH: B  SMOMPHYECKHX
HayKax BCsIKasi HOBast, €lle He OKOHYATENbHO YCTAHOBJIEHHAS 3aKOHOMeEp-
HOCTH (UIYpHPYET, MO KpaiiHeir mMepe BpeMeHHO, B KauyecTBe «paboueit
THIIOTE3bLI»; NOKYNA BONPOC HE PELIEH OKOHYATENIBHO, HMEKTCH OGbIYHO
Kak coo0paweHns (ONHITHHE H TEOPETHUECKHE), rOBOPSILLME B nonb3y 370
TANOTE3bl, TAK M TaKHe, KOTOpPHE TOBOPHT MPOTHR Hee. M3 ByX yuyenwix
OJIHH MOXET fOCTaBHUTb CBOEH 3apayell — cobGpaTh KAaK MOWHO GObile
aprymMeHTOB, MOLNEPWHBAIOLMX TAKYI0 THIOTe3Y, a IPYyroH — 3angThbes
coCnpanueM (haKTOB M COOGpaKenni, CNOCOGHHIX BH3BATH K HEel HelORe-
pue. Jleno NMpoHCXOIHT K4K B YrOJIOBHOM npouecce, rie nepen oGBHHH-
TEJIEeM 1 3aLINTHHKOM CTaBATCH 3anaym co6paTh, NPHBCCTH B NMOPHIOK H
M37A0KHTD BCE APryMeHTHl, COOTBETCTBEHHO IOBOPSILLHE 32 W NPOTHB BH-
HOBHOCTH l']OILCyﬂHMhIX.

Camo co6oto pasymeercs, UTO TAK NOCTABJEHRAs Hay4yHasl NHCKYCCHs
Cama no Ce0e He COMEPHHT €L HHYEro MOPANBLHO ONHO3HOrO: co6paTh
€ BO3MOXHOIO NOJIHOTOIO BCE HMMEIONMECH APryMEHTH 32 H NPOTHB JaHHOH
«paCoyeil rHNOTE3b» — STO BO BCEX CAYYAAX NPHHOCHIO 10163y  1IpPO-
TPECCY HAaYKH; HeT, OYeBMIHO, HHYErO TPeJOCYANTENBHOIO H B TOM, YTO
¢G0P apryMeHTOB 3a M NPOTHB THIIOTE3L BLINOJHSIETCS IBYMSI PA3/IHUHLIMU
YUEHBIME (MM IPYNNamMH y4HeHwux), €CJH TOJbKO 00e CTOPOHH TNOAXOLST
K CBOeH 3ajaue NOOPOCOBECTHO, PYKOBOLCTBYSICH MCKJIOMHTENLHO jKena-
HHEEM CrocoGCTBOBATH OTHICKAHHI0 UG BEKTUBHOM HC THHL. Mopanbhbiil OLLHYM,
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gTHUecKoe He61aronoayHe HAUMHAIOTCH TaMm, [A€ B CBOHMX BhIBOAAX yHE-
HBIH repectaeT PYKOBOACTBOBATbLs HnTepetaMi OO0 LEKTHRBHOH HCTHHBI, A
CTPEMHTCS MOCTABHTH 3ITH BLIBOJLBI — CO3HATENBHO, NOYCOIHATEABRO H.TH
Gecco3naTenbHO — Ha YOy CBOUM JIHUHBIM HHTEpecam — CcBoeMy yri-
PAMCTRY, CBOEMY "eCTOMOOHIO, CBOEMY KOpPbICTOMIO0UI0, KOrla apryMeH-
FAaNPs UPHBOAMTCH C TNIPUCTPACTHEM, CIPUTICHBAETCH 3a  BONOCHI», HE-
OGBEKTHRHO AKIEHTHPYETCs, TOUb-B-TOMb KAK B MEJIKOM CyTSIKHACCTHE
WM B OOHBAarelbCKUX mpsi3rax. Takas perpajnaiis naydHoro Ciopad
B HHHIX CAyYasiX JAOWHTCS MPayHLIM NATHOM JAWE ha KpynHe#x npei-
CTaBHTENE# HAYUHOH MBICJM; CPEIM e YUYeHLIX MEHbLIero pawdra oOua
npezacTasnset Co60i0, K COXANEHHIO, NOBOALHO pacnpocTpanenHoe siBJieHue.

OmHa TONBKO MATEMATHUECKas HayKa MOAHOCTBIO OT BCEro 3TOro
n36asnena. Ona ne 3naet «paGo4MXx THAIOTE3» — NPEMVIOKEHHH, HCTHH-
HOCTb KOTOPHLIX MOXeT MORJeKaTh INHCKYCCHH. [Toka mnpepaomenne He
JIOKa3aHO, OHO BOOGIIE HHKAK HE BXOIHMT B COKPOBHUIHUILY HAYKI, HHKOMY
He HpHMZET B TOJIOBY €ro OTCTaMBATH; €C/IM E OHO JIOKa3awo, 10 1e-
THHHOCTDH €ro HHKAK HE MO¥eT OHTh MNOABEPrHyTa COMHEHHIO: OHO $iB-
nsieTCs a6CoMOTHO 0611005132 TeNbHLI. HHKAKHX NPOMEXYTO THBIX cHTyaiui
MATeMATHKA ne 3uaer. [loneMH3npoBdTH, HAnpuMep, B 3ailUTy HEHOJHO-
ILlEHHOTO JOKA3aTENLCTBA B MATEMATHKE MOWET TOMBKO HEy'., 1apJarad
AN JyWieBHO GOJbHOH (BCE TPM KaTeropuu nefiCTBUTENBHO OT BpEMEHH IO
BPEMCHHM BCTPEUAIOTCS, JIOCTATOYHO BCMOMHHTH TAK HA3BIBAGMLIX «ipepma-
THCTOB», pHllapeil KpagpaTypH Kpyra H TPHCEKLHH yrna); HO TakKOH
«3ALATHUKY HEMEJJIEHHO, €IHHOTAACHO M Gecnoulaino pasobiayaeTcst
HayuHbiMm MApOM. Hukakasi aprymentauys ¢ npHCTPACTHEM HIIH Tennenen,
HHKAKO€ «IPHTACHBAHHE 34 BOJIOCH» HH TNPH KakHx o6CTOsITEABCTBAX HE
MOWET B MaTeMaTHke HMeTb ycrnexa. Pazymeercsi, 5TO OTHOCHTCS TOJIBKO
K COLEPKAHMIO CaMOUl MaTeMaTHueCKOH 1Mayku; B BONPOCaX JOrdH€CKOro
win ¢unocodeckoro o60CHOBANNS MATEMATHKA  JIMCKYCCHA BO3MOXHN H
Jlaye HEM30ENNHhH; BO3MONHB (1 K COXAICHHIO HepelKH) M CIOpbl  nep-
COHA/IbHOTO XA4paKTepa, CBA3daHHHE C PA3BUTHEM MATEMATHKH (nanpunep,
10 BOMPOCAM MNPHOPHTETA).

Kaxcinii MaTeM4THK PAHO NPHBLIKAET K TOMY, YTO B €ro Hayke BCil-
Kasi (ONBLITKA MO TEM MIA HHbIM MOTHBAM neHCTBOBaTb TEHAERLHO3NO,
3apdnee CKJOHSSiCH K TOMY WJH JIDYrOMY PELICHIIO BOIpoca M pucAy-
[IMBAsiCh TOJABKO K apryMeHTaM, COBOPSILIMM B MONb3Y u36pasHoro peuie-
HHsi,— BCSIKAS TaKas NMONLITKA 3dBENOMO OOpeuena na Heyjauy, H HIHEro
KPOME PAa304apOBANNS NHITAIOLIEMYCS NPHHECTH HE MOKET. Takoe nonoxe-
HHe, IPH KOTOPOM HENPABHIbHAS HIIM He J10 KOHL@ NpasH/bHas apryMeHTalps
MOr2 Gh OKA3aThCH BHIFOLHOH 1S apryMeHTHPYIOILero, 37ech Ifpocto
APHHIHNIAATIBHO  HEBO3MOXHO. [Tostomy MaTeMaTuK OChICTPO MPHBLIKAET
K TOMy, YTO B €r0 BayKe BHIOLHA TOJILKO TNPABHIbHAY, OO LEKTHRHAS,
JHIIeBHas BCSKOH TEBIZEHLMO3HOCTH apryMeHftauus, 4TO yCrnex MOXeT
OPUHECTH TOJNBKO Henpeny6exientnoe, OeCcnprCTpacTHOR HanpsiKenne
mucnd. M wezaBHUCUMO OT CBOEro OOLLETO MOpANbBROTO ypoBHR OI1 B cBoei
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Hayynol paboTe BCErna pyKOBOACTBYETCS MCKAKYHTENbHO co0o6paXKeHHsIMH
OOBeKTHBHOM HCTHHHOCTH.

Ho sty uepry, ectectrenmo Pa3BHBAOLLYIOCH Yy MaTeMaTHKA-CleLHa-
JICTA, B HU3BECTHOW CTENeHH BOCNUTHIBaET B cefe, 3aHHMAsCh MATEMATH-
KOH, H KaWIbifl HECMEUMaNNCT, B YACTHOCTH KAKAMH LIKONBHHK. Ewmy
XOpOIO H3BECTHO, YTO «BTEPETH OUKH» YYHTENI0 MATEMATHKH HEBO3MOMHO,
49TO HHMKAKOH anioMmd # HUKAKOEe KpaCnOpeyHe He NOMOryT €My BHIIATh
HE3HAHME 32 3HaHHE, HENO/HOLEHHYK) apPryMEHTaLMI0 34 MOJBONEHHYIO.
M kak 6bl AWUB OH HH GLia B JPYTHX OTHOLIEHHSIX, B MATEMATHKE OH
OCTEPEIETCH OTCTANBATL HEBEPHOE YTBEPWIEHHE WM HENPABHIBHOE JIO-
Ka3aTenbeTRO.

Ho u 3pecy, kKak 310 yacto 6LBaeT, MOpANbHLIE HaBLIKH, TIpHOOpe-
TEHHLIE B KaKO#-aHOO ONHOH 06AaCTH, B M3BECTHOH Mepe NepeHoCsTCs |
fia Ipyrue cepn MHIIEHHS M NpaKTHYECKOH JlesiTenbHOCTH, Teopetu-
‘€CKast HYeCTHOCTh, CTABIMAs N/ MAaTEMAaTHKA HEINMPEJIOWHBIM 32KOHOM ero
HAY4YHOro MbLIALJIEHHA H NPOgeCCHOHANBHOM (B YACTHOCTH, NEJ1aroruyecKoi)
JACATCNPHOCTH, NOBJIEET HAL HHUM BO BCEX €r0 MH3HEHHBHIX (JYHKUHAX —
0T aGCTPAKTHHIX PACCYMIAEHHH 0 NPAKTHUYECKOrO TOBELEHHS.

5l Bcerna wHTepecoBancs 3toil YEPTOX) U MBOTO pa3 wvabnwonall, Kak
Oha Pa3BHBAETCH B JIOLAX MOJL BJMSHHEM CEPbE3HOIO HAYYHOrO OCLIEHHS,
B 4aCTHOCTH (01 BO3NEHCTBHEM YPOKOB MATEMaTHKH. DTO OuY€Hb PajioCT-
Hasi 1 MOPaJIbHO BO3BHILAKNIAY KAPTHHA, KOrL4a 4YE€JOBEK TMOCTENERHO
1IpeopoiepaeT B ceGe OTBPATHTENBHYIO MEUIARCKYK) NPHUBHYKY — NOAYH-
HATH 3aKOHbI MbILICHHS CBOHM JIMYHBLIM, MEJKHM, KOPHICTHLIM HHTEpEcaM,
TEOPETHYECKH 321MaTh BCE TO W TONBLKO TO, YTO €My TPAKTHUECKH
BHITOZIHO; KOTAA OH HAY4YaeTCsl yBawaTb OOBHEKTHBAYID NPABHILHOCTL ap-
TYMEHTAUMH KaK BBLICLIYIO JYXOBHYIO 1 KYJIbTYPHYIO IEHHOCTh W BCE yalile
# cO BCE GOsee JErKHM CEpHileM XEpPTBOBATH PANM HEE CBOHMH JHYHLIMH
unTepecamu. Jlopenennas no npenena, sTa uepTa MpeACTaBAsieT cobow0
HE UTO MHOE, KaK YECTHOCTb H MPaBAMBOCTD — OAHO M3 NyYWMX yKpa-
HIEHHH HPaBCTBEHHOH JHYHOCTH YEJIOBEKA.

2. HactoiiuuBocTh u myskectBO. L{06pocopecTHas M cepbesnast pa-
60ota Han nproBpeTeHHeM H YKpPeIUieHneM 3naunii B n06oH  HayunO#
obnacti TpeCyeT CHCTEMATHYECKOTO HATPSIMENHS YMCTBEHHBIX yCHAHH,
HaCTOHUMBOCTH B MPEOAOJIEHHH TPYAHOCTEH, MyiceCTBEHHOH BCTPEYN He-
yna4y; nostomy Takas pa6oTta npU NPaBHIbHOM PYKOBOLCTBE HEH3GEKHO
BOCOMTLIBAET Yy Y4YAULEroCst COOTBETCTBEHHbIC YEPTHI XapakTepa: TPyaonio-
OHe, yCHAMHBOCTH, YHOPCTBO B NPECJIENOBAHHH HAMEYEHHOM e/, YMEHHe
He OCTAHAR/IMBATLCS NEPEN TPYNHOCTHMH H K€ BNalaTh B YHWKHE NpH
Heynaiax. Henocpenctrenno sicHo, Kakoe peluaipllee 3HAYEHHE WMEKOT
BCe 3TH 4e€pTH Jnd PasBUTHS MOPANBHO U  OOHIECTBEHHO MOJIHOLEHBOH
“eNOBEYECKOH JIMYHOCTH, N € KaKMM BHHMAWHeM JOJDKEH NOITOMY YYHTEeNb
C/enUTh 32 MAKCHMasibHLIM HCNOJb30BAHHEM CBOHX YPOKOB B LeAfiX BOC-
NUTATENBHOTO BO3AEHCTBUS B YKA3aHHOM HampaBienMH. Te BO3MOHOCTH,
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KOTOPBLIMA LI 3TOr0 PACNONAraT NPeaIMeThl LIKOJIBHOrO 00y 'ieHHus, BeChbMa
MHOTOYMCJIEHHH M MHOrOOOpasnbl, M HET TAaKOro MpenMera, B Creuudu-
YECKHX YepTax KOToporo He GHjO Ghl 3a70WEHO OCOOLIX, HMEHHO 3TOMY
NpeAMETY CBOHCTBEHHBLIX IBHXYLIHX PhYaroB TaKOTO BOCNHTATENbHOIO
po3neicTeusi. Hama 3ajaya 37eCb, €CTECTBEHHO, MAO/MKHA  COCTOATH
B YKA32HHM TEX YePT MATEMAaTHKH KaK LIKOJALHOrO TIPEIMETa, KOTOpbIE,
oT/u¥as €e OT APYrHX TIPEIMETOB LIKOJBHOIO NPEnojaBanmus, Cnoco6Ct-
BYIOT Pa3BHTHIO B y4aLUXCH pa3yMioH HaCTOHYHBOCTH M CO3HATEABHOrO
MYHECTBa — ITHX HEOLEBHMBIX KauecTs Oymyulero Gopua.

[Mpexne Bcero s xXody 31eCh OTMETHTH YETKYIO ONPENENIEHHOCTH MO-
CTaBJIEHHOH 11€]1, KesaeMoro u TpebyeMOro pesyibTaTa Kamaoro mare-
MaTHUYeCKOro 3azawnnsi. EcayM 3ajandemM CnyXHMT COYHHEHHE HCTOPHYECKOrO
WM JHTEPATYPHOrO CONEPKABHSA, TO Heyb3s yKazaTh MOMEHTa, Koria
Takoe 3ajanne Je(dHBHTHBHO 3aKOHYEHO BLINOJHEHHEM — BO3MOXHOCTH
IONOJIHEHUS M YCOBEPILUEHCTBOBAHMS, CHCTEMATHYECKHUX YNYYLIEHHH BCAKOrO
pona 3nech NouTH Oe3rpanHudsl; ¢ APYrofl CTOPOHWI, ydauwpics He 4yB-
crByeT cefsl 371eCh NOCTATOYHO KOMMETEHTHBLIM IS aBTOPHTETHOH OLEHKH
cBoeil paBoThi: TO, YTO €My TPENCTABJSETCH B €ro COYHHEHHHM Brosie
yAauyHLIM, MOYXeT BCTPETUTh COBCEM HMHYK) OLIEHKY CO CTOPOHH yYHTENs.
Besl 3Ta, WO CyLiecTBY HAHHOTO 3alaHus Hen3GexHasl HeONPEIeNIeHHOCTh,
pPacnILBYATOCTh B OLEHKE 3AKOHYEHHOCTH M KayeCTBa MPOIENanHoH pa-
60THl JIO/MKHA, HECOMHEHHO, OKa3LiBATh HEKOTOPOE paccnablnsiollee BJns-
HHE HA BOJIEROE HaMPSIKEHHE €lle MajJ0 BHILKOJEHHOrO MOAOHOrO YyMa.

B marematnke neno o6¢tout Muawe. EcnM 3anavnem Cnywut periexue
3a71ayd UM JOKA3aTeNbCTBO TEOPEMbl, TO TEM CaMbiM  YKa3hiBaeTCH
C TONHOI ONPeNeNeHHOCTHI0 H TOT MOMEHT, KOrla 3aJasHe MOXeT CyH-
TATHCH OKOHYATEJbHO BLINOJHEHHLIM: KOrJlA pellieHa 3apaya WM J0Ka3ana
TEOpeMa; BCE OCTaJbBOE — U3JIOXEHHe HaHneHHOro pelieHrs, npaBHib-
HOCTH M AKKYPATHOCTH 3aMMCH M T. M. HMEET W B r/a3ax yuyutend M
B IJ1a3aX y4YeHHKa JHilib BTOPOCTENEHHOE, HE pelliailiee 3nHauenne. Pap-
BbIM 00pasoM M Katecmgo paboThl 371€Ch OLIEHHBAETCS €  ONHO3HAYHON
ONPEIENEHHOCTHIO: 321244 IOMKHA OHITH PeilleHa B € P H 0, TEOPEMA IOJKHA
OLITh IOKa3aHa npaBunbHO. [IpoBeputs OTCYTCTBHE JIOTHYECKHX OILH-
60K B CBOEM PACCYXIEHHH YYEHHK MOXET M JIOKEH YMEThb Cam; B CJy-
yae 3aaynd OH 3HAET Aaxe ONPe/leseHHbie NPHEMH TNPOBEPKH PELICHHs.
Jlerko nowsiTh, KaKoe CTUMYNHPYIOLIEE BANAHHE HAa YNOPCTBO, HACTOH-
YHUBOCTH B JIOCTHIKEHMH LeJIM MOXWET OKa3athb M JeiC TBUTENBHO OKA3LIBAET
9Ta 4eTKas ONpelleNienHOCTb TNoKasateneit pesynvrata. [lo6Gena anech
TAK We HenOoCPENCTBEHHO OLLYTHTEAbHA, KAaK B 1IaXMATHOR papTHH WIH
CMIOPTHBHOM COCTHI3aHHM, M CaM yuyaumiics MOXeT ¢ TakoOH e YBepeh-
HOCTBIO 3apHKCHPOBATH W OLEHHUTH CBOE NOCTINKEHHE, KAK W €ro aBTo-
PUTETHHI yuyHTeNb.

Bropas, ssauntensHo Gonee rayGokasi ¥ Baxhasd yepra MaTeMaTHue-
CKHMX 3ajannii, KOTOPY10 fi XO4y 37leCb OTMETHTh, COCTOMT B NPUCYyLIEM
WM B 3HauyMTeNbHOM OOABLIMHCTBE CNY4yaeB meopieckosn Xapakrtepe. B to
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BpeMsl Kak B GOJBIIMKCTBE APYrHX o6nacTell 3HAHMS BLINOIHEHHE 3ana-
HUS, 33 HEMHOTHMH HCK/IOYEHUsIMH, TpeGyeT OT yyallerocs Ifmib onpe-
LENeRNbX 3HAHHH M HABLIKOB — B JIyylIEM CJyyae emie YMEHHSl CTPOHHO
W CTHARCTHYECKH NPABUIbHO M3NArath STH 3HAKAN,— PEIIEHUE MaTeMa-
TUMeCKOH 3ajlaul, KaK NPaBHIIO, NPeanosnaraet H300peTeHHEe CNeLHaNLHOrO
BELYLLETO K nMOCTABIEHHOH NEAM PACCYMIEHHT, M TeM CaMbM CTAHOBHT-
€ —NyCTh BECHMA CKPOMHLIM — TBOPYECKHM akKToM. MIMEBEO 3TOT TBOp-
HECKHH, HMCC/IENOBATENBCKUT XAPAKTED MATEMATHYECKHX 3ajgavnii  6onee
ueM 4YTo-mn60 Ipyroe BAeueT K ce6e MONOMbIE CHMIbI pacTyulero U Kper-
HYWEro unrennekra yvaulerocs. ToT, kTo pa3 wu3eenan 6naroponnyio
PA10CTD TBOPYECKOrO JOCTIMKEHHS, HHKOrZIA YXe HE [0KANeeT ycounmg,
4TOGH BHOBb €€ HCHWTaTh. Hikakue TPYLHOCTH €ro He OCTAHOBAT, CHia
€ro nophiBa H YCTPEM/IEHUSi, €rd yCUIUMBOCTH H BLIIEPHKA B npeopone-
MM NPEnATCTBU OyAYT KPENHYTh € KambiM  HOBBIM IOCTHIKEHHeM, a
HCYNaqH, OWHOKH, BPEMEHHLIE KPYIIEHHS M YIOPAXKEHNHS OH HayyHTCH
BCTPEYATH, KaK NOLOGAET MCTHHHOMY 6Opuy,— He onyckasi nepen HUMH
PVKH, a yepHas B HHX HCTOYHHMK H CTUMYJl INs BCE HOBWX M HOBWLIX Ha-
NPSKEHHUH MBLICJIH K BOJIH.

3AKJIIOUEHUE

1. 51 co3naTenbHO NONHOCTBHIO OCTARHI B CTOPOHE BaHCHIINH nas
TEMHl HACTOsilie! CTAaTBM BONPOC O 3HAYERHH YPOKOB MATEMATHKU I
(hOPMIPORAHHST MUPOBO33PEHHst yyammxcsi. 9 cnenat s1o no toil we npy-
‘MHE, N0 Kakoil B cBOE Bpemsi (B uwactn I) orkasancst or paccMOTpeHns
BONpoCa 06 HCNOAB3OBAHHH YPOKOR MATEMATHKH IS BOCIHTAHHS BABLIKOB
IMANEKTHYECKOTO MBIIIJIEBHS: O3HAKOMJIEHHE C HAESIMH M METOMAMH Ma-
TCMATHYECKOH HAYKH uMeeT (yHAaMeHTaabHOe MHPOBO33PEHYECKOE 3Ha-
YCHRE, HO JIbBHHASL JIONI BOCTHTATENbHOrO 3(hheKTa B 3TOM HalpaBAcHHH
NPHHANMENHT MATEMATHKE MEPEMEHHBIX BEJIHUHH, TAK Ha3blBaemMOH BLICHIEH
MATEMATHKE, C KOTOPOH, MO BLIPAMEHHIO JHTENbCA, B MAaTEMATHKY BXOIHUT
IHATEKTUKA M KOTOPasi, K COXKAJEHHIO, BCE €ULE MOYTH LENUKOM OCTa-
ercqd 32 GOPTOM HAWMX ILIKOJbHBIX nporpamM. [loncrrre we ctour npw
STHX YCHOBHSIX TOBOPHTbL O BIMSHHA HA (POPMHPOBAHHE MHPOB O 33peHust
TOH JIMAJICKIMYECKH XYAOCOYHOH 4acTH MATeMaTHYeCKOH HAYKH, KOTOpas
B NaCTOsillee BpPEMSt HAXOAMT ceGe DPHIOT B HANIEM HIKOARHOM IPEnoia-
Baunn. O TeX Xe MOUIBWX CJBHraX, BANMpapIsioninx 1 (POPMHPYIOLIHX
MHPOBO33PEHIE, KOTOPHE MONET NPOM3BECTH K (DAKTHYECKH 4acTO 1IPO-
H3BOJMT M3YYEHHE BLICHIEH MATEMATHKH, MOWHO CKa3aTh OYEeHb MHOTO,
H si coOHpalCh TOBOPHTH O HHX B MOeH Oynyuie#t crarbe, 0 KOTOpPOi
Sl yXe yIiOMHHAa.

2. B s71oll crarbe A He KacancH METOARUECKUX BONPOCOB. $1 ropopun
TOJABKO O TOM, KaKue OCOGEHHOCTH MAaTEMATHUECKOH HAayKH M I BOC-
NATAHHSL KAKHX HMMCHHO KAaYeCTB HMHTE/NIEKTA MM MOPAJBLHOH JHYHOCTH
YHAUErocs MOTYT W IO/DKHLI GHITh HCHOMB3OBAHBL, HO HHUILLE HE Kacascs
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BONPOCa O TOM, KAK 3TO MO¥eT ObITh cpenado. Moit onwiT TOBOPUT MHeE,
4YTO 3TO OGCTOATENBCTBO MOXKET BH3BATH HEJNOBOJLCTBO B HEKOTOPHIX
Kpyrax 4ATareneil; BEPOSITHO, sl HE TapaHTHPOBAH OT HAGHBUIMX YXe OC-
KOMHHY YNpPEKOB B TOM, YTO MOsl CTaThf CHHUYErO HE AaeT YYMTEN» H
COBETOB «NOBEPHYTHCH AMLOM» U T. n. [lostomy ¢ cuutarw HeoBGXommMBLIM
CIenars no 3TOMY MOBOLY CAENYIONULEE KPATKOE Pas3bsiCHEHHE.

1) 9 cuuralo, uto cocrtaenenne CKONBbKO-HUOYIIb AETaNbHLIX METOMN-
YECKHX YKa3aHHH N0 PacCMATPHBAEMHIM MHOI) B HACTOsIEH CTaThbe BO-
Npocam NeHCTBHTEBHO COBEPLIEHHO nanHuine. CKoNbKO-uuGynb 3aMeTHblil
BOCIHTATENbLIE S(DEKT yPOKN MATEMATHKH (KaK M BCAKOH Apyroit HaykH)
MOTYT J1aTh TOJIBKO NPH TOM YCJIOBHH, YTO YYWTENb, BO-NEPBLIX, AOCTA-
TOYHO XOPOUIO 3HAET CBOKD HAYKY, €€ MEeTOMOMAOTHIO H €€ HCTOPHI, BO-
BTOPHIX, MMEET NOCTATOYHLIH MELArOTHYeCKHH TAKT M ONLIT M, HAKOHEL,
B-TPETHUX, caMm OGnanaetr B JOCTATOYHOH Mepe BCEMH TeMmH KayeCcTBami,
KOTOpbie OH COGHpAeTCs BOCHMTHIBATD B CBOMX YYEHHKax. YuYuHTENIO, KO-
TOPHIH CaM HE YMeeT MBICIHTH aGCOJIOTHO OTYETAHBO, HHKAKHE METO1U-
UECKHE LIMAPrajlkKi He MOMOrYT BOCHHTATH ACHOCTb MBIC/IHM B YYALHXCH.

W, wanpoTtHgr, ecaM yunTenb CTOMT 1Ha BLICOTE CBOEH 3anayu, ecin
OH B MONHOH Mepe 00.a/laeT BCeMM NEPEYHCEHHLIMM BHIIIE KA4eCTBAMH,
TO HHK2KHE METONHYeCKHe Pa3dpaGOTKH NO BOCIHTATENBHHIM BOMPOCAM emy
34BENOMO HE HYMHH — B K2KJAOM OTIEJbLHOM CAy4ae OH C JIerKOCTHIO H
HEMPHHYXIICAHOCTHIO CaM nailleT nanCosiee 3peKTHBHLI MYy Th K NOCTaB-
newHod uenn. Hamaswipawne emy onpemenensoi KOHKPETHOH MeTomHKU
Obi10 OH 17 TAKOTO yYHTENlsi TONBKO MoMexoil B ero paGore.

2) Ecnn, TtakuM 06pa3oM, i CYMTAIO0 COCTABNEHHE AETANBHMIX MeTOIH-
YECKHMX YKa3aHWH MO 3aTPOHYTHM MHOIO BONPOCAM MPAKTHYECKH Gecueb-
HbIM, TO MOWET OnTb ObUIO Gbl NONE3HO, BCE e, NaTh 1O HUM psi1
O6LIMX METOJIMYECKUX COBETOB; o nyMaw, 4910 Obiio Ol XOpOllo, €c.iu
Onl MOsi CTaThsl NOOYAMAA KOro-nubO U3 HAUIMX JYUIHAX YYdTeIei-MeTo-
ANCTOB BHICKA3aTbhCH O 3TOMY BONPOCY W CHENATHh AOCTOSHHEM MJAMIIHX
TOBapuIIell HEKOTOphie OOLlfe BLIBOALI M3 CBOEr0 ONwWTa. B 9TOM OHm
BO BCSIKOM CJly4qae KOMMETEHTHEE MeHsl, ¥ 31ecCh f CO BCeil HEOGXOMMMOL
CKPOMHOCTBIO JO/KEH YCTYNMHTH UM CJIOBO.

3. Hakonew, #1 xouy nonmrtarbcs 3apanee orpaautb cebsl elle ot
OLHOTO POIA YNPEKOB, KOTOpHE #i MPelBHIKY W KOTOPble OGLIYHO OLIBAIOT
OCHOBAHLI Ha nHenopasymennd. Tak Kak # roBOPUA O BOCHUTATENBHOM
s(ppexTe YPOKOB MATEMATHKH, TO MHe, €CTeCTBEHHO, NPHULIOCH nepe-
YACATD OHY 8a NPYrofi MMEHHO Te YEPTH MATEMaTHYeCKOH HayKu, Ko-
TOpbI€ B BOCUMTATENILHOM OTHOLIEHHH NAl0T eff TO WM APYroe mpeny-
LIeCTBO MEepex APYyruMH NUCHUNAMHAaMu. B sToM Bemap u coCcTosIng mMost
samaya. Ho xorna nocrynaews takum o6pasom, To Y HELOCTATOYHO BLyM-
YHBOrO HMTATENS CO3LAETCSl BrievaTiaeHHe, Gyaro Ol Tl MOCTABHN CBOEH
HE/BIO  NPEBO3HECEHHE MATEMATHKM HaXl BCeMHM JIPYTHMM HayKaMH H BCH
TBOSL CTArbS CrUIOWUID YTBEPXKNACT, UTO E€NMHCTBEHHAs NOL/MHHAT HAayKa
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eCTh UMEHHO MATeMAaTHK4a, BCe e Apyrrue JIAHCUMIVIMHLL CTPanaiT TEMH
HJM IPYTHMH U3BSIHAME M HAYKAMH MOTYT ObITh Ha3Bawbl JIHMIIb ¢ H3BECTHOH
OrOBOPKOH. Y BaaeMmbie KOJUIErH — NPeAaCcTaBHTeNH APYrHX HAYK — HAYH-
HAIOT YyBCTBOBATH C€OA HECNPABENJIMBO OOHMEHHLIMH W NOABEPraiT TBOK
paboTy SIpOCTHOH KPHTHKE, NOKa3biBad, YTO JIPYrHE HAYKH HHUYYTH HE
XyXKe, H YTO BCEMH TNPeUMYULECTBAMH, KOTOPHIMH B MOEM MPEeACTAB/ICHUH
MOHOMOJILHO O6najaeT MATEMATHKA, Ha CaMOM Jl€fle B TaKOH ke Mepe
Haaenenbl U BCE NpoyYHe NUCUHHUNJIAHLIL.

C nepHIM NYHKTOM 3TOrO 3asiBJIEHHd § LIEJIMKOM M MOJIHOCTHIO COrna-
cen: JIpyrne HayKd JeHCTBHTENBHO HHYEM He XyXe MaTtemMaTuky; Gonee
TOro, NPENCTABUTENM ITUX NPYrHX HAYK OOBIUHO BLI3LIBAIOT BO MHE TJy-
Goyaiilliee yBaXe€HHE TEM, YTO TBOPST BEJIMKHE LEHHOCTH B TaKHX 00-
NacTaX, B KOTOPHX TBOPUYECTBO HBa MOH B3I/sid HEUMOBEPHO TPYIHO, ro-
pa3no Tpyauee, yem B matematnke. Ho Benp B MO€# cTatbe # nHrne
HH pa3y He HAa3WBaKw MatematHky syuuied m3 wayk! Hanporms, ¢ ne-
CKOJbKO pPa3 CO BCEK CKPOMHOCTBHK) MNOJAYEPKHBAI, YTO KaK OPYIHE BOC-
fIUTAHM MATEMATHKA TNpexne BCEr0 OTMEYEHA TAKOK) OCOBEHHOCTHIO,
3naYeHHe KOTOPOH Ins NAHHOH 1€ OYeBHIHHM 06pa3oM OTPHLATENbHO,—
ona abCTpaKTHa, NMPEAMETOM €e CJy)aT HE CaMH BEUH H fBNEHHS peanb-
HOro MHpa, a JHUIb a6CTParUpoBanHble OT HHX KOJHYECTBEHHHIE OTHOIUE-
HHSi U NPOCTPaHCTBEHBERE QOPMbl. ITO OGCTOATENBCTBO, KaK fl HECKONBKO
pa3 [NOLYEPKHBAD B CBOEH CTaTbe, JIENAET JUISi MATEMATHKH BOCNHTA-
TeJAbHYI0 33724y 3HAYNTENbHO TPyaHEe, YeM AN IPYrHX UIKOJIbHBIX
aucuvnard. Ho 3aTo mMateMaTHKa B HEKOTOPLIX RPYrHX OTHOWIEHHSX OT-
MeueHa TAKUMH YEPTaMH, KOTOpHE CO31alT el BOCNHUTATENbHBIE BO3MOMK-
HOCTH 60JIee 3HAYNTENbHHE, YeM y 3THX ApPyrux aucumnaud. M to, uto
s B cBoeil pafoTe, COOTBETCTBEHHO MOeH 3apaye, COCPENOTOYHBAIO BHH-
MAHHME YHTATENss HMEHHO Ha 3STHUX YepTax, HHUKAK HE MOXET, KOHEUHO,
03HAYaTh KAKOro-nubo runoCTa3upOBaHNs MaTEMATHKH, NPEBO3HECEHHUs €€
BhilllE BCEX JNPYIrvX HAYK.

91 orpalo mMateMaTHYECKOH HayKe JHilb TO, 4YTO €H NPHHANJIEKUT 10
fpaBy, C MOJHOH OTKPOBEHHOCTHIO NPH3HABAS H TE €€ 4YepThl, KOTOpule
B OTHONIEHMH K JIAHHOU 1ENH cocTapasioT e€e chaabocts. Ho 32 Te mpe-
MMyLLeCTBA, KOTOphle § €l npHnncuiBaio, s y¥ NEeHCTBHTENBHO TOTOB
mpathCs n0 Kouua. M ecnum yBaxaeMble KOIErH MOXeNdlT YTBEPXAATH,
YTO Ta WAH APYras KOHKpeTHas 4yepTa, MO MOEMY YTBEPWKAEHHIO MOHO-
fIOJIBHO HJTH MPEHMYILECTBEHHO [(IpHCYLas MATEeMAaTHKe, HA CaMOM Jene
SABNIFIETCH B TAKOH e Mepe NOCTOsiHHEeM M BCEX JAPYrUX Hay4yHbLIX JHC-
HMNAUE, TO 371€Ch § [Ie YrofHO M KOrjia yrogHo rotoB JAepxkaTb OTBET
B NOJHOH yBEPEHHOCTH, YTO CMOry OTCTOfITh MPABHABHOCTbH MOEro yt-
BepXIEHAst nepel JIOOLIM KOMIETeHTHBIM M CeCnpHCTPacTHRIM CYZIOM.



O TAK HA3LIBAEMBIX 3AJAYAX HA COOBGPAXEHHE»
B KYPCE APU®METHKH

A. 1. Xunuun

(MockBa)

Kak-TO MHE MPHUIIOCH CHPOCHTH HECKOJBKO ONMWTHHX yunTeneii ns-
ThHIX KJACCOB O TOM, K4KOH MPUMEPHO NPOUEHT ywdauluxcsi NeHCTBUTENSHO
HAYUAETCH pELIaTh APHPMETHHECKHE 3anayd, He SIBIAIOLIMECS NPOCTHIMH
BHUNCAUTENbHLIME NPHMEpaMH, T. €. TakHe, € Crnocol peuieHus, Kak
611 MPOCT OH HH Obia, nomkeH CbITh HAalileH CaMMM y4auuMes. N3 Bcex
ONPOILICHHBIX MHOK YYHTENel TOAbPKO OMMH YTBEpWan, YTO 3TOMy HC-
KYCCTBY yHAeTcsl HAyuHTh 10 13°/ yualluxcsi; Bce IPYyrue roBOpHIAH,
YyTO JIHLIb OTAEAbHHE yyal[Hecs OBAANEBAIOT 3THM HCKYCCTBOM, a HEKO-
TOpe JaXe 3asBMSAM, YTO «3TOMY BOOOILE HAYUHTh HEBO3MOKHOY. Ko-
HEUHO, PELMB LEibil Psil COBEPILIEHHO OAHOTHIMHX 3anay, y4yenuk Ge3
Tpyna PeMIMT 3a7ayy B TOUHOCTH TOrO IKe THMA (aTumM o5 bsICHAETCA
OTCYTCTBHE CIVIOIIEBLIX NPOBAJIOB HA 3K3AMEHAX U KOH FPOJIbHBIX paboTtax);
Ho NOGHTLCH, YTOOH YYEHHK CaMOCTOSITENbHO Halllesl pelieHne 3anaqn
#oBOro, XOTd Ob M OuYeHp MPOSTOro THIA, — 3TO, MO E€NHHOLYILHOMY
MHEHHIO YyuWTesneil, €CTb JIeno, yalomeecss TONLKO B CaMblX HCK.TIOYH-
TenbHbLIX Clydasix.

Takum o6pasoM, Kak pa3 TO «pa3BUTHE COOGPA3HTENBHOCTH», KOTO-
poe Yy Hac NIOGST BHICTABASTH KaK OCHOBHYIO Lie/ib BBEIEHHS «TPYIHBIX 3a-
Jau», OKA3LIBAETCS, HUKAK HE YNAeTCsl nawe y JyUliHX yyHTesed.

ConocTtaBuM € 3THM APYro# (axTt: XOpowo H3BECTHO, 4TO 66nbuIast
4aCTh HANMX YYEHLIX MATEMAaTHKOB, KAK MPaBHi0, CTAHOBMTCH B TYIHK
nepeil 3ajiayaMa sneMenTaproil apudversku. 5 uyHO OXOTHO MPH3HAIOCH,
4TO BCSIKHil pa3, KOrna YY€HHK MSTOro Kjaacca CpeiH MOHMX 3HAKOMLIX
OPOCHA MEHsI MOMOYb PEWMTH APH(NETHYECKY 3ajaayy, A0 3TO0 And
MeHsl OKa3biBaJioCh BECHMA TMHKENHIM, a MOAdAC § TEPren ¥ nojHyi He-
yaauy. $1, Kak 1 GOABUIMHCTBO MOHMX TOBApHUIEH, JIETKO pelian, KOHE4YHo,
MPENJIOKEHHYIO 32124y €CTeCTBEHHbIM anreOpdaHyecKuM nyTen (1. e. co-
CTaBJIeHMEM YPABHEHHSl MM CHCTEMbl ypaBHeHmil); HO Benb Hano Gwino
BO YTO 6L TO HH cTano oGoktuck Gea anreGpanueckoro ananusa! OObIYHO
ecad Mie B KOBIE KOBLOB YRaBaJioch HAHTH Takoe pelieHHe, OHO BCE
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We OCTABIIO MEHH HEYIOBJAETBOPEHHLIM: MOsi HAYWHAH COBECTh HEyMO-
JHMO TIOJICKA3LiBajla MHE, 4YTO TYT OCTAaeTCH KaKoii-TO Tymam, ne Bcé
ficho. B pesynprate, Kak npaBuio, M yUEHHKA MOE PEIUEHME HC YROB-
JIETBOPAJ/IO, ¥ OH SIBHO JIMLIb W3 BEeXJHBOCTH npuunMan ero. Muorna B
TaKUX C/lyuyasiXx sl MOTOM TMHITAJCH Y3HATh, KAK We OOBLACHH/ peLIeHHe
3anaun yuntenp? JlomkeH npH3HATHCs, YTO H B PACCYKIEHHAX yUHTEIS
IAnsi MEHsi NMOYTH BCErZa OCTABaJICH TWNKKHII 3JEMEHT HEHATYPANbHOCTH M
MCKYCCTBEHHOCTH. §l muywO oTKasasncs Gbl NMpenoaHecTH KAaaccy Takoe
paccyixienne; BCAKHME MATEMATHK 3HAGT, KAKOE MYYHTENBHOE UYBCTRO
OXBATHIBAET YUy, KOrla nopdac GhiBAEllb BLHYXIEH NPenoiaBath npy-
riM 4TO-HHOYAbL B Takoil (opMe, KOTOpas caMmoro cedst we BNOMHE YIOB-
JIETBOPSIET: P€Yb CTAHOBHTCsi MEAJIEHHOH M HANPSHKEHHOM, CAOBA BLIXOAST
HE Te, KAKHE HYMHO, H CMylICHHEe TBOE OLICTPO Nepenaercs CAyLIaTesIsy.
ITpu Takux yCnoBHSIX BpSiIl JIH NPUXOLMTCS YAHBASATHCH TOMY, YTO GONb-
WMHCTBO J€TeH TaK W He Hayyaercs Peiiath apupMETHYECKHE 3a7ayu.

OnucpiBasi BCIO 9Ty TSNENYI0 CHTYALHMIO, # JyMalo, UYTO HE OYEHb
cryctun Kpacku. Ecnu B OThespnbix Criyuasix JIETH BCE We BayudaloTes
pemiaTh 3anaYH, HHTYHTHBHO OT/IMYAIOT NPAaBHIbHOE PACCYKIEHHE OT
NIOXKHOTO, HAXONNT B ITHX YNPAKHEHENAX YMa 310POBOE YAOBOJALCTBHE H
B KOHEYHOM CUuere JeHCTBATE/PHO PA3BHBAIOT CBOID COOGPa3UTENbHOCTH,
TO TAKHE HCKJIOYEHHS CrOCOGHB TOJABKO NMONTBEPOMTL Ne€yanbHOe 0bliee
npasuno. KTO we (HAM 4TO we) HeceT OTBETCTBEHHOCTH 32 TAKOE MO-
noxeHne Benled? Benb 370 we wyTKa, KOTNA nbBHHAS 108 OrPOMHOLO
YHC/IA YACOB, YAENSEMOrO B NATHX K/aCCaX apH(METHKE, TPATHTCH HAa
Jles0, B OTHOLIEHMH OOJILUIHHCTBA YYALIMXCS 3aBENOMO (e3MamenHoe.
KcTati, XOpOLIO H3BECTHO H MHOTOKPATHO OTMEYAJIOCh, YTO, KaK MOABIJO,
HH OKaHYMBAIOUINE 1HKONY, HU CTYNEHTH NEIRY30B, HH HAYHHAIOUIHE YYH-
tens (HH, npubapuM OT ce6si, HayuHme PaGOTHHKHM) He YMET pewmath
apH(METHYECKHX 3a1a4y, 1a M BPS/L JIK HA BCEM CBETE KTO-HHOYIb yMeer
pemaTh HX, KPOME yHHTeNCH nuThIX KAacCOB.

[Ipexcie wem nonbiTatTeCs OTBETHTH HA 3STOT BONPOC, PACCMOTPHUM
psil NPHMEPOB, aHAMU3 KOTOPHX npuAaactT OGonabmiuii BEC HAWIMV Bhi-
BOILAM.

Omen; cmapute coisa ma 25 sem. Boapacm omna omHocumcs k 803-
pacmy coiHa, kak 3(2:2(3. Croasko aem omuy u ckoabko aem ChiHy?

Cuavana peunm 3anauy anre6pauueckn. OGO3HAYHM HCKOMBIE uHMCsIA
dyepes X U ¥, TOrna

OTKyZa

y:%x, x——%x:?S, %x=25, x=145, y=20.
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Teneps nonpoGyew peunTs 3anavy «apudmernueckn». Koneuno, anech
BO3MOXHLI PA3HLIE BapyuaHTH; 51 BHOHMPAI0 TOT, KOTOPHH MHE KaWeTcs
NPOC TEHLINM.

1) Kakyio J0n0 BO3pacta OTHA COCTaBAsieT BO3PACT CHIHA?

23 __ 44
3 9 r

2) Kakyio nomo Bo3pacta OTHa COCTaB/IsieT PasHoCTh MEXAY BO-
3pacTOM OTHa ¥ BO3PAaCTOM ChiHA?

. 4
Tak kak BO3paCT ChLIH2 COCTAaBASIET 9 BO3pacTta 0OTHAa, TO Pa3HoCcrb

4 5
MEXHYy HUMH COCTaBJssIET 1——-3:'9— BO3pacTta oTua.

S xoten 6n 0OGpaTHTL BHHMAHHE HAa TO, YTO OTBETHTL HA 3TOT BOI-
poc, a eiie 60Jj€e — NPHAYNMATb, INOCTABHThL ITOT BONPOC €CTh A0,
KOTOpOe, HAa MOH B3rNsAi, CAMOCTOSITENLHOH N306peTaTeNbHOCTH PSLLOBOrO
yueHHKa IATOro Kjaacca HeaocTynHo. Ecam e BonpoC wu Benyulee K
OTBETY PpaCCYXICHIME emy OYAYT HaBsi3anbi, OHH HENPEMEHHO OCTAaBAT B
HeM TSDKeNOEe OLLYNICHAE HCKYCCTBEHHOCTH, a MOXKeT OnlTh, Jawe ¥ Co-
¢ucTHUCCKOl MOATACOBKH. KOHEYHO, MOWHO NPHAYMATb CKOMBKO YrOAHO
6ose€e WK MEHEEe NPOCTPAHHHIX TNOSACHEHHIT; OAHAKO, HACKOALKO si BUXKY,
BCe oyH OYAYT rOBOPUTL ¢ peCeHKoM BCE TeM e, HCKYCCTBEHHO-HAMy-
MAHHHIM, HENPHBLIYHLIM ¥ He CBOHCTBCHHHLIM €My SI3LIKOM W MOTOMY OCTa-
BAT B HEM TO K€ THKEO0e oulyllerue. B ayuurem cayuae, ecam BOnpoc
U oTBeT OYAYT WM MOHSITH, Y HEro BCE Ke OCTAHETCSI HeAOYMEeHHe, Ka-
KuM 00GpaszoM oOH cam Mor OB H0rajzaTthCst, YTO WMEHHO 3TOT CTpaHunil
BOIIPOC 371€Ch JOMKEeH OLIThL NOCTaBJEeH.

3) Cxonbko net otuy?

31ech BCE ywe MpoCTo: €C/u - BO3pacTa OTHA COCTABMIOT 25 ner, TO

3TOT BO3PACT PABEH
2510 —45 (ner);

pasyMeeTCsl, BO3PACT CHIHA Tenepbh YXe HAXOAHTCH HENOCPenCTBEHHO.
IJTo npuMep ouveHn Jerkoil 3anaud. [lpocnewuBasi ee pelienne, MH
NpeXAEe BCEro COBEPIIEHHO OYEeBHAHLIM O0Pa30oM MPHXONHMM K CAENVIOLEeMY

'} E. C. bepesanckas o0paTuaa Moe BHHMAaHHE Ha TO, YTO ONBITHBI yuHTEAb
ranbiie 6yaeT pemarbh MHade, ueM Anekcaiap $SIKkOBIeBHY, HCTIOIb3Ysl METOX «pas-
6uenus Ha vacTuy. Jlanpueiinme paccywjieHHs 6yjayT NPH STOM TAKOBBI

«Tax¥M o6pa3om, BO3pacT oTha cocTaBaseT 9 yacted, a chiHa 4 dacTu. Oter
crapiie china Ha 5 wactefl. Ha stv § vactelt npuxoautcs 25 netr. 3Hauut, Kax-
Aas 4acTb coctaBager & ner. OTciofia — BosdpacT oTua 5x9=485 ner, Bo3pact
cointa Hx4=20 net».

[To cBoeMy CYIIECTBY M 3TOT MpHeM ABIAETCS 3aBYa MpOBAlHBIM  adrcGpan-
veckum.— b. I )
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BLIBOZY: TaK Ha3bIBAEMOE «apHU(METHUECKOE» pPELIeHHE 3aJa4l HHYeM C
JOrHYecKol CTOPOHH He OTAnuaeTcst OT anrebpanueckoro. Muw OTHIOND
He 3amensieM anreGpanyecKoro aHanu3a KakuM-nGo JIpYraM  crocobow
PELIeHRst, a, HAaNpOTHB, OT HAYand 10 KOHUA 3TOT AHAJN3 NPOBOINM, KaK
M B ClyHae anre0panvecKoro peuieHusi, ¢ TOH TOABKO pasumueil, uto
BMECTO (OPMYN NOAb3YEMCSt THKENLMA H HEYKTIOWHMH CJAOBECHHIMH dop-
MYJIMPOBKAMH.

Hanee mul 3ameuaem, uTO ecnM ¢ anreGpandeckoll TOUKA 3penusi 3Ta
3anaua eCTb NPOCTOH NpUMEp HA COCTABNEHHE CHCTEMW JIBYX  ypas-
HEHWA 1epBOH CTemeHW C IBYMSI HEM3BECTHBIMH — MPHMCP, periaeMui
[PHBLIYHLIMH, MEXAHHYECKHMA npHeMaM#, HE TPeGYIOUINNE HE Manelimei
M306peTaTesIbHOCTH, TO C TOUKH 3pPeHHsi «apUPMETHUECKOi», T. €. Korma
MBl XOTHM TOT € aHa/Nn3 NpoBecTd Ge3 NOMOWH NPHBLIMHOTO anreGpan-
YECKOro annapara, 3ama4a CTaHOBHTCSI 3a1a4ei0 «Ha CooBpaxennes, T. e,
TpeGyeT BHIMBIC/IA, JIOrajikd, M NPATOM — MOBTOPSHO — OFANAKH, Ha MOl
B3I/, HCKYCCTBEHHOH M uyXjo#f co3nannio 12-neTHero peGenxa.

Paccmotpum Temepnr HeCKONbKO 607€e CIOKHYIO (XOTst Towe HeTpyn-
HY10) 3anauy.

Pasoeaumy uucao 22 Ha mpu wacmu npu  ycaosuu, umo ecau
npubasumy K 00HOMY u3 noayuewuwx wuuces 0.5, om opyz020 om-
Hamy 1,5, mpemve ymmozcums Ha 2.5, mo noay4amcst 00UHax 08ble
Pe3yAbmansi.

AnreGpanueckoe peutenne. [lycTs X, y, z— nckoMpie uncna, Torna

xty+t2z=22, x}05=y—15=25 z
OTKyna

5z —1 5z 13
o

5z—1

R o9 Grg1—29,
z2=3,5; x=—38,25; y=10,25.

Tenepb 51 cHOBa npemnarald TOT BAPHAHT «apPHPMETHYECKOrO» pelue-
Hust, KOTOPHIH NPENCTaBnseTcs MHe HauGonee yOemuTeNbHLIM IS YueHuKa.
Ho 3necy st ¢ camoro hauana HaTankuBaioCh Ha TPYIHOCTD, KOTOPVIO $i
He B CHNAX NPEONONETh: MHE HUKAK He yJNaeTcst HAHTH CKOMLKO-HAGYIL
pasymMuoi (OPMYNHPOBKH MOCNENOBATENLHLIX BOIPOCOB. $§1 NO3TOMY TIpe-
NOCTaBASIO 3TO neno (T. e. HOPMYIUPOBKY BONPOCOB) Gonee KOMIETeHT-
HBIM TOBAPHLLAM, & CaM NO3BOMO cebe 06OHTHCL BOBCE Ge3 BOTPOCOB.

1) Tak xax, ymnoxasi Tperne uncio na 2,5 wu npuGaBasas K NepBOMy
upcay 0,5, Mbl NOAYuaEM OfHO M TOWE HHCHO, TO

nepgoe uucao0 pasHo 2,5 mpemsux uucen 6ez 0,5. (S ouens xoTen
Ol 3HATh, KaK TOBAPUILH YYUTENA NOCTABHAA OBl BONPOC K 3TOMY pac-
CYHAEHMIO; MOWeT OBITb, OHH CKa3anu OH «ueMy DABHO NEPBOE UMCIOP»)
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2) Tak Kak TOT Xe Pe3yabTaT Mbl NOIYUIH 6, oraumasi 1,5 ot
BTOpPOTO 4WC/a, TO

8mopoe 4UCA0 PABHO 2,3 mpembux “iucen naioc 1,5.

3) Taxum oOpa3soM, CHOWHTb BCE TPH HACHE, 3TO BCE paBHO, 4TO
CIIOXHATD

2,5 Tpetnux uucen 6e3 0,5;

2.5 TpeTbux uucen ga ewe 1,5;

W TPEThLE YHUCHO,
yTO B CyMMe xdeT UIeCTh TpeTbux uucen mmoc 1. Ho sta cymma mo
YCIOBHIO 3a1aul pasha 22. 3HaunT 1WEeCTh TPEThbUX YHCEA B CymMMe AAKOT
22 — 1==21, oTKyna TpeThe YHUCIO PaBHO

21:6=23,5.
TlepBoe u BTOpOE uHCAA Tenepb yXe JErko HAXOAATCs, U HA 3TOM MOXHO
HE OCTAHABAMBATHLCS ).

Heyxean He sicHO, YTO BCE 3TO pacCyxJenne He MpencTassieT co-
6oii HUKaxoro cBoeoGPa3HOro «apHPMETHYECKOrO MeTOAd», HO eCTb A0-
C/IOBHL IepeBOJl BLILENPHBENEHHOro anreGpaniyecKoro peuiennst ¢ siapika
dopuyn Ha s3biK cnos? K Heywenw ne BHIHO, UTO STOT NoCaAeIHNi SIBLIK
B JAHHOM CJlyuae HEeYK/IOW, HeTOYEH, MAl0 BHPA3NUTEseH, NPOH3BOAMT
BIleYaT/EHHe HANYMAHHOCTH, HCKYCCTBEHHOCTH M YTO TMPOCTO GeCCMBbC-
nenHo TpeGoBaTb OT PSAOBOrO y4eHWKa MSITOrO Kiacca, 4ToOn OH Cam
BCé 3TO Bhaymaa? Mowxer ObITh si peuIs He TaK, Kax nywno? [lyctb
TOrna MHe yKawyT Gonee €CTECTBEHHOE ¢apHpMETHYECKOe» PACCYIKNEHHUE.

1 ve monOWpan NpAMEPOB HCKYCCTBEHHO, @ B35l BA IIEPBLIX TIONAB-
WAXCS; NOJNOKHUTENLHO YTBEPKAAI0, 4YTO NOYTH BCe apupMeTHYeCKAE
3a7aud, BHIXOASUIME 33 TPELesb INPOCTO  BHUHCIUTENBLHBIX  IPAME-
POB, HOCST TOT JK€ XapakTtep; 3TO CIUIOUL ajreOpaHyecKue 3anaqd Ha
COCTABJEHNE YPABHEHHMH W CHcTeM ypaBHennit mepBoi crenend. Kowneuno,
€cnH 3TO yrojHo, TO MOXHO BCETNd, LEHOI0 BEChbMA HENPHSITHOH MCKyC-
CTBEHHOCTH M 3HAYATENBHOrO 34TEMHEHHS METONA, BeChb HEOOXONMMMBIH
anrebpanueckuil aHanu3 3anauy NPoOBeCTH CjoBecHo, Ge3 dopmyn u Oyk-
BEHHHX OGO3HaYeHWil; Kax BCE HTO BHIJSAMT HA IPAKTHKE, Mbl TOJBKO

) E. C. Bepesanckas npejiaraeT WHOH X0 PacCyXIeHuil: mo YCIOBHUIO 3a-
jlauy mepBble OBa CJAraeMble JalyT OAMH M TOT Ke Pe3yabTaT (KOTOPhiH Mbl Ha-
30BEM «TaeM», €ClH K TNEepBOMY M3 HMX npu6asutb 0,5, a OT apyroro oTHsTb 1,5.
TpeThe craraemoe NO YCJIOBHIO B 2,5 pa3a MeHbllle ONHOTrO Nas H, 3HAYMT, paBHC
2/5 nast. Takum o6pasom,

1 nait 4 1 nait 4 2/5 nasn=2 2/5 nay;
3Ta CyMMa Ha €MHHLY MEHbIle, YeM CyMMa NEepBOHAYaNbHBIX YHCEl, T. €. paBHa
21. Orciona — onvu nall pasen 8,75. VckoMble uHcna, ClienobaTelbHO, PaBHbE
8,75—0,5 — 8,25, 8,7541,5=10,25 u 8,75-2/6 =23,5.

HeT Hy®jb! FOBODHTb, YTO B STOM HECKOJIbKO Gosee MPOCTOM PpacCyXueHHH
(dakTMyeCkH TaKKe BBOOMTCH Heu3BecTHoe — mail. Bech xoi paccyxneHuit otau-
yaetcs OT anre6paHdeckoro TOJbKO TeM, 4TO BMECTO CHMBOIMYECKHX pacCyxae-
HHE MBI [0Jb3yEMCS CA0OBECHBIMH.—bB. I

2 MaremaT. mpocBelleRHe, Bhin. 6



34 A. §l. XWUHYHAH

uTO BuAend. Hapeloch, 4TO st HE ONMHOK B peskom YYBCTBE OTBPALLEHUS
K TI0LO00HOTO pona «apudmeTHIeCKmy» perneHusM.

Jlnst yero Bcé 310 Hy)HO? Kaxyio «coobpasurensnoctby, Kakne BooGuie
LEeHHBIC CNOCOGHOCTH yMa MOXHO pPas3BATb B pebeHKe, 3acTaBnsisi ero
TIPOLeNbIBATH TAKHE MPOTHBOECTECTBEHHLIE, HHC THHKTHBHO OTTaJKHBAIOLINE
ero ynpawvenusi? B cenpMomM xknacce Ha YpoKax anreGpbl OH HayquTCs
PEATL TE e 3alauM JErKo, eCTECTBEHHO, MOYTH Mexanuueckd. He mo-
XOXE JI1 3TO HA TO, KaK €C/H Gbl CONNAaTa B TEUEHHE MEPBOro rona cnyuOul
34CTaBMsIN OBNALCBATL PYXLAMH, CKAXKEM, TOMETPOBCKOI Pycn, a tonsko
{IOTOM IlaNi €My B PYKH BHHTOBKY COBPEMEHHOrO 06pasia?

Muoro w HacToiumBO FOBOPAT Yy HAC O TPYHAHOCTHX, CBSI3AHHBIX
€ NperonasanveM apudMeTHKH B NSATHX kaaccax. OmHako NpH anajause
TAKOTO pOZa kano® mOuTH BCErid OKa3LBAETCst, YTO COGCTBEHHAS 34-
Jaua apuMeTHKM — u3yuenue umcen M geHCTBHH HAal HHAMH — HAKOTJA
HENPEOLO/MMBHIX TPYRHOCTEH He BHI3HBAET; YTO OCTASTCH TOMIHHHO He-
nocunbHol 3anauvell, 3T0— HayunTh JeTell pewaTh 3amaud «na coobpa-
WCHHEC», T. €. CAMOCTOATENBLHO H306peTaTh Ccrnocob peuienust  3anay,
HE SABJSHOIMXCS MIPOCTLIMH NIPHMEPAMHA TIPAMEHEH NS apudMeTHYECKHX Jeill-
CTBUHl. M TOMBKO 4TO Bumenn crenuduyecKnit XapakTep 3TOro pona
3alad W NBITANHCH BBISICHHTD BCIO €CTECTBEHHOCTB, IAWE HEeH3GeKHOCTS
TOrO, 4TO pEIaTh MX HE MOTYT HE TONBKO YYaLHecs! NSTLIX KJIacCoB,
HO W OKZHYHBAIOLLAE CPEINHIOK 1IKOAY, CTYZAEHTH NENBY30B, a HOJMAC
H caMH yuntenss (ocoGeHHo HaunHaoue). Hapo Tyt we npuGasuto,
YTO B CTaphX 3aja4HAKAX NONaannch H «TPYHHLE» 3aJauH HHOTO pona
(XOTst 1 B 3HAUMTENBHO MEeHbIlEM 4ucne), rne st perienus TpeGopancs
He 31CMCHTapHbIH anreGpanuecknil ananns, a naobpeTenne COeLHaNnLHOro,
TIO["14C BeCbMA XUTPOYMHOTO PacCy®IeHHs — n3obpeTene, Tpebyiouiee
CNEHNHANBHOTO  KOHCTPYKTOPCKOTO  NAaPOBaHusi, SIBJAAIOIEECS YKE aKTOM
JIOTHYECKOro  TBOPYECTBA; HEKOTOPHE HAyunble paGOTHUKHM HACTAUBANH
Ha BKJIOYEHNE B KypC MTOrO KN4cCa HMEHHO TaKoro pona 3amauy, w
TIPUTOM zia%e B BO3MOXHO GonbiueMm uncne. He nymao, utobm rtaxoe
TpeGoBaHue OBIIO 11€1eCO06PA3HO; MACCOBAS IWIKOAA HAKAK HE MOeT
B CBOCM OCHOBHOM MPENONABAaHUH OPHEHTHPOBATHCS HA BOIMOKHOCTH
M HYHB OYLYLIMX CHELHANHCTOB-MATEMaTHKOR; Tpebyloliee crienuanb-
HOHl OJIAPEHHOCTH HWAYYHOE TBOPYECTBO HE MOXET BXONHTL B Kpyr ee
OCHOBHOH, 00$i3aTENbHON NJISi BCEX YUYEHHKOB paboTH B KA4e€CTBE CKOJb-
KO-HUOYIb 3HAUUTENbHOIO SEMeHTa; B JyulleM ciyyae Takoro popa
3anayn MOrnH Obl BXOAWTL B KAuecTBe axkynpTaTHBHOrO 37EeMeHTa HnN
WENAOWHX AMK 17t PAGOTHl HAYYHOTO KPYXKA; HeNaTh we CTaBKy Ha
OBJIANEHUE TOJIOBOJIOMHBIMH 3alauaMd BCeH OCHOBHOH Maccoii yuaumxcs
SHAUNT, HA MOM B3rJISIA, CO3HATENBHO 3AHAMATHCS WAMO3UsiMA. OCoGeHHo
JOCaNHO, KOTLA CO3HAEIIb, YTO BNYCTYIO NOTPAYEHHOE HA STH Ge3na-
JeXHbIE TIOTLITKH BPeMst MOrJI0 Obl GbITb C OTPOMHOM BBIFOMOH HMCHOND-
80BaHO NSl JYYIIEro OBNALEHHs NPOEHTHLIMA BbIUHCEHUSIMH, el TBUSIMU
Haa AECATUYHBIMM JIPOOSIMH M T. M.; yTo HEOKpEIileMy €1lle B NPOHU3BOLI-
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CTBE 3THX SJIEMEHTAPHBIX Ornepaudil AeTCKOMYy CO3HaHMio, BMECTO TOrO
41OOB M0 BO3MOXHOCTH PacCIIpUTbL KPYr COOTBETCTBYIOWMX YIPAWHE-
#iil, HABI3LIBAIOTCS 3a7a4H-TOJIOBOJIOMKH, KAK NPaBAio, €My HELOCTYIHHLIE
y ero Gecuenpno uanypsioue. Hu B omnoit npyroi LIKONLHON  JTHACUHII-
JMHe HUYEero NOJOGHOr0 He NPaKTHKYeTCsi, ¥ MO BIOJHE MOHSITHOM IpH-
yHHE: CKOMBKO Obl MbBl HM TOBOPHJH O «Pa3BUTHH COOOPA3MTENBLHOCTHY
OCTAEeTCsi HEeCOMHEHHHIM (axkToM, 4TO BCsiKasi IONBITKA CTHMYAHPOBATEH
Hay4yHOe TBOPUECTBO B obnacTy, KOTOPOR yualluiicsi cam eule TBepao u
HOMHOCTBIO HE OBJANEN, CnocoOHA BbI3BATH NMOO BEPXOTJSIICTBO, Moo
pa3ouapoBaHAe W HeJOBEpHE K HAyKe M €€ MNPErnoiaBaHuio.

Hrak, pesiomnpyenm. Te 3anayn B Kypce apudMeTHKH NATOro Kjacca,
KOTOpHE HA3bIBAIOT «3alauyaMH Ha COOGpaweHwe» H HA KYNLTHBHPORAHHUM
KOTOPHX HACTauBaIOT HEKOTOPbIE NPELCTaBATENN Halleil MaTeMaTHYeCKOM
OGLLECTBEHROCTH, TPENACTABNAIOT CcO0OH B TNON2BISIOLIEM GONLUIMHCTRE
cnyuaeB anredpapuyeckpe 3anmaud Ha COCTaBJeHue ypaBnenuii, xoropne
AL BECbMa HCKYCCTBEHHBIM IlyTeM MOryT ObliThb periaembl 6e3 nomolnu
anrefpanuecKoro aHanMaa, B HEKOTOPHIX e Cjyuasx — 3a1auu-roJsioso-
n0oMKH, TpeOyiolle JJisi CBOErO  PEUIEeHHst TIPSIMOro JIOTHYECKOro H30-
6peTarenbcTBa ¥, 3HAYWT, COOTBETCTBYIOUIMX — CHENHANbHLIX cnocos-
HOCTEM.

Mo npuuuHaM, KOTOpHE YKa3aHu Bhlle, § CUATal, HUTO oba 31y
THINA 3a7a4 JIOMKHBL ObITb HCKAWUYEHB W3 OCHOBHOIO MaTepwasia apug-
MeTHKH nsitoro knaacca. Ilporpamma 3TOro Kypca HOCTATOUHO HaNpshKeH-
Hasi, ona 6orara HOBHLIMH [MOHSATHSIMA W apuMeTHYeCKHIMH  ONepalusMH.
Hano, xak Bcersia, yxXBaTHTbCSi 3a [JIaBHOE 3BEHO M BCE BHHMaHHE Ha-
NPaBUTh HA OTHIONb HE JIETKYIO 3a1a4y NPOYHOrO yCBOGHUST STHX NOHs THH
W 3THX onepaiuii, He OTBAeKas CWIb HA YYXEPONHHE, BTOPOCTENEHHLIE
W — [14aBHOE — BPSIIL 11 LOCTHHMBIE €.

Te, KTO HacTaWBaeT HA 3ITOrC pona 3anauax, Mpe3pruTeNbHO Hashl-
BAIOT HALUM 3aNa4YHUKH CTIPHUMEPHUKAMHY»; $1 INPENJIOWHN 6Ll He myraTtbCs
3TOH KJHMYKH] BO BCEX UIKOJALHBIX AWCUMIVIMHAX OCHOBHOK UeJbiO YIPawm-
HeHufl cuyuTaeTcsl TpHOGpPeTeHHEe HABHIKOB B MPaKTHYECKOM IIPHUMEHEHHH
YCBOEHHOIO TEOPETHYECKOrO MaTepHand, W B 3TOM HE BHIHO HUUEro 3a-
30pHOrO; §1 He BHAEJ] Obl HHYEro 3a30pPHOrO H B TOM, yto6bl apugMeTHKE
C/e0Basia 9TOMY PA3yMHOMY H €CTECTBEHHOMY 0014 aIo.

Te, KTO mponaraHidpyeT 3TOr0 poja 3anayd, HaCTAMBAIOT HA TOM,
yTo 6€3 HUX KypC apudMEeTHKH CKy4eH H HC 3aHiMaTeseH. Jasi mens
e HEeMOHsITHO, noueMy pebGeHKy 3aHuMaTbhbCs u3oOpeTexveM TPOTHBOEC-
TECTBEHHBIX, YYXABIX TPHBLIYHOMY XO#y €ro muicjefi paccyxnenuit,
BpOLe IPHUBENEHHBIX BHIE, WA 4acaMH JiIOMaThb TFOJOBY Han nsobpeTte-
HAEM HENOCTYIHOrO €My B OOJbUIMHCTBE CJy4yaeB XUTPOYMHOrO rnprema
ecTh neno Oonee WHTEpecHoe, 4eM, CKaueM, Mmoryulee Jerko rnpuHsTh
Ia)¥e xapakTep CHOPTa COPEBHOBaHHe B OBLICTPOTE W 6e301HO0YHOCTH
onepanuil Haj APOGAMH WA IPOLEHTHBIX Buiuncnenuii. $ 60i0Cb, 4TO
«CKy49HO» 3TO He IeTs M, a TeM MaTeMaTHKaM, KOTOphie BCeM 3THM JABHO

2*
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W TIpOUHO OBNAjEeNH H I/ KOTOPHX MOSTOMY TaKue yrpawHends KeHcT-
BUTE/IBHO HOCSIT  XapdKTEp 4YHUCTO MexaHuueckoro jeidcteusi. JIuuHo
s MHOrO pa3 OblBan CBHAETENEM TOFO, KaK Y4EHHK NSTOTO K1acca, Ipo-
Lenas psill CAOXHBIX BHYUCIAEHWH H CBEpHB CBOH pe3ynnLTaT ¢ OTBETOM,
UCHLITHBAN r1yGOKOe YNOBAETBOPEHNE, M KAK TOT e YUeHHK, GeClennHO
DpOAYMAaB 4ac Ham peweHueM anreGpanueckoil 3amaun Ge3  TOMOLLM
anrebGpil, C TYNbIM M BECHMA MECCHMACTHYECKHM PABHOJLYIINEM 3amACHL-
Bajl MOTOM 3TO pPELIEHHE € YYKHX CJIOB.

Bynem nomnuts, 4to Besikas apudmertnka, B TOM HACAE M WIKOMLHAS,
€CTb BCE-TaKH MpPEXJe BCETO yuYeHHe O 4YACHAAX W ONepaiuax HAA HHUMH.
Jeno 310 BaxHOe, OTBETCTBEHHOE H CHYXHUT OCHOBOIO BCErO JajbHedi-
[IEro MaTeMaTHYeCKOro (M He TONbKO MAaTeMaTHYeCKOro) oOpa3oBaHWsi.
W npu BHNONHEHHH STOrO Jena ycTPeMHM BCe HAM YCHAMSI H BCe ycu-
7ML HAUAX YYEHAKOB B 3TOM OCHOBHOM HANpAB/ICHHH, HE YKIOHSSCH OT
HErO ¥ He NMOIMEHHMBAas €ro KaxK YrofHO COGJAa3HHUTENbHBIME  JI03YHIaMH
BpONE «Pa3BHTHH COOOPA3UTENLHOCTHY .
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L. OB30Pbl U CTATbH

MATEMATWYECKUWE METOJIbl B JIMHIBHCTUKE ")
P. Jl. Hobpywun
(Mockga)

VuyeHble [IOUYTH BCErfid BAOXHOB/SIOTCSE B CBOeil JIesiTe/NbHOCTH
BHYTPHHAYYHHMH NOTPEOHOCTIMH — TAKOE TOOMKEHHE SIBJASIETCSE HE-
OGXONHMEIM yCJIOBHEM ILI0AOTBOPHOTO Pa3BHTHS HAYKH. [lpn sToM nHoOrna
34GHBAIOT O BH € U1 HHX TPANOKEHHSIX HAYKA (K HUM OTHOCSITCSI HE TOJBKO
HenocpenCTBEHHHE €€ npHMeHenust K NPaKTH4ECKOH NeATENbHOCTH, HO H
KOCBEHHBIE TPUJIOKEHHs! JAAHHOH HAyKH uYepe3 HOCPENCTBO APYrux HayK).
Hayusanie padoTbl O 3THM OPHIOKEHHsIM 1aCTO BHIJSIAT HA (oHEe Ha-
CTOSILIMX TEOPETHUECKHX paGOT KYCTapHLIMH-— OHA 3HAYHTE/IBHO MEHbLLIE
WCNONB3YIOT TAyOGOKHH ammapart, yxe coanaHubil Haykoit. OTciona, ecte-
CTBEHHO, BO3HAKAET OTHOLIEHHE K TakKHM paboTaM IO MPHIOKEHUsIM, KAk,
MOWET ObITb, HYHHM H MOJE3HHM, HO HE CTOAb BaXHLM S/l camoit
nayku. OJHAKO WUMEHHO 3TH CBSI3W HayKn C BHCUIHNAM MHpPOM  SIBISIIOTCS
EIMHCTBEHHHIM OMNPaBJAHMEM CAMOIO CYUIECTBOBAHHS HayK# ¥ IO3TOMY
ONpenensiioT B KOHEYHOM HMTOTe BECh XOI €€ paspATHs.

70 — oBuie OUEBHIHHE MCTHHB, KOTOpHE OCOGEHHO aKTyanbHhH
B NMpUMEHEHHH K COBPEMEHHOM JIAHIBUCTHKE. MowHO yKa3aTb Ha JiBa
OCHOBHHIX TPAMEHEHUSI JIHHIBHCTHKH: NEPBOE — NPHIOKEHUS JIMHIBHCTHKH
K BONpPOCAM NpenonaBaHUsi s3HKA (poxHOro, HHOCTPAHHOrO, JiH-
TepaTypHOTrO W T. A.; OTCIONd B KOHEYHOM CHETE BHpOC/IH H rpamMMaTHKa,
u ¢QoneTHra, W CTHAMCTHKA), ¥ BTOPOE — NPUIOWEHHST JIUHIBHCTHKH
K BONPOCAM HCTOPHA *). DTH TNPHAOKEHHst ONpenesunn CTib H METOIL
NMHIBHCTHKA — OHA HE HCHONb3yeT riyOOKOro, €CyM CPaBHATL C JPpYrHMA
HayKaMf, CrerndHuIecKoro annapaTta — Hi KCTIEPUMEHTANIBHOIO, HH MaTe-
maTuueckoro®). IThaM Takke OOBACHACTCSH TOT ¢axT, uTO B LENOM

1y Cratbsl TpPENCTaBIsieT COGOR 0GpaboOTKY HOKAAAOB, HHTAHHLIX 112 nepeoi
BCeCOo3loll KoHdepeluuuy Mo MallMHuOMY liepeBony B Mae 1958 r. OcHoBOR 3THX
OK;AAA0B MOCAYKHIA B CBOK OUCpeAb JEKLHs, NpOYHTaHHadA mrkoabuukam VII—X
knaccoB B siuBape 1958 r. [[IpumMevaHHe NpPpH KOPPEKTYpe CTaTbd
6ba clana B neuarb B wione 1958 r. M MOITOMY He OTPaMaeT pa3BHTHA Mate-
MaTW4ECKOi JMHCBHCTHKH 3a TOCTEIHHe 1Ba C TOJOBHHOH roja.]

2) MoxHO elle K 3TOMY nOGaBHTb TPETbI, TAKKE BAXHYIO QY HKLHIO JHWHTBH-
CTHKH — €€ NPHIOKEeHHs K BONPOCaM NMCH X0 N 0T HH. Hosta dyHkuus He moay-
Ypna JOMKHOTO Pa3BHTHSA M Ol PENEISIOLIEro BAUSHHS HA PaSBHTHE HAYKH HE HMEna.

%) Hanpumep, ¢ OH e THKa, IO CYWECTBY, BCA HOCBSIH(ERA M3y YCHHIO 3BYKa.
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JHIBACTAKA LOBOMBCTBOBANACH IO CHX TIOP JHOBOMNBHO TYMAHHBIMA dopmy nu-
POBKaMH OCHOBHLIX IOHSTAH CBOeH Haykd.

TaxkoBo 6wis10 TMONOXEHWE NMHIBACTHKH O Camoro NOCNeHero Bpe-
MeHn. O6GnacTb NPUNOKEHHS! JIMHIBHCTUKH Ohina  CTAGHABLHA B TeueHHe
CTONETHH: NPHNOKEHNSI €€ ONPENENMINCh OYeHL NABHO, M C Tex nop
HOBBIX NPHNOWEHHH HE NOSIBASNOCH. ITHM MOWHO OGBACHUTL OTHOCHTENb-
HYX0 MELJEHHOCTD PA3BHTHs JIMHIBUCTHKH: KOWEWHO, B STOH HayKe [0siB-
/BUIHCH 3aMevaTenbhbie pabOTHl W HOBHE WJeH, HO B HEH HE OHIO OT-
KPBITHH  PEBOMOIMONHONO  3HAYEHHsl, CHIrPaBIIAX OTIPENENSIOU(YIO POIDb
B PA3BHTHH YEOBEYECTBA. 3/1€Ch HEUETrO CPABHUTL C OTKPLITHEM ATOMHOM
SHeprui, ¢ n3oGpeTenneM nHdbepeHHanbHOro 1 HHTErPanbHOro Ue qycseHus,
¢ TOSIBACHHEM MOHSITHH W NPeNCTABNEHHH COBPEMEHHO# FeHETHKH, C nepe-
BOPOTOM, KOTOPHH NPOM3BENA B OGL{ECTBEHHHIX HAYKAX HieH Mapxca ).

Ho 3a nocnennee pecatunetne monowenne KOpeHHLIM 06pa3oM u3MeHH-
nocs. [losBAnCh HOBLIE NpHIOXKeEHUs JIHIBHC THKH, HACTOIBKO BaXHHIE, YTO
HX MOXHO CPaBHHTD € TEMH, KOTOPHE ONpEeLesund ee HOpenbinyuee pas-
BuTHE. OHU BO3HHKIA NOTOMY, YTO TENEPb C H3LIKOM TPHXOLUTCS HMETh
Z€J0 HE TOJBKO YE€NIOBEKY, HO M MAlIMHE, H, KOHEYHO, TPeGOBaHus, KOTO-
PpIC TIPEIBSIBASIOT K JIMHTBACTHKE MALIMHL W JIOMH, COBEPIUEHHO pasHple.

YxaxeM paxHeHIune A3 STHX TPHAOKeEHAH. ITO, BO-NEPBLIX, MQUILH-
Hblll nepegod ¢ 00H0z0 s3biKa HA Opyzoil ®) v\ TMpUMBIKAIOWIAST CiOnA npo-
6nemMa MaimMHHOrO Xpanenus HHOOPMAUMA, 3aNaHHOH MEPBOHAYANBHO
B SI3bIKOBOH opme (mpoGrema cosnanust HHQPOPMALHOHHOK  Mawumng) *).
TecHasi cB3b 3THX HBYX 3ajdau OGBACHSETCS T€M, 4TO, TO CyLLEeCTBY,
BO BTOPOH W3 HUX WAET PEub O MNEPEBONE C HYENOBEYECKOrO Si3LiKa Ha
CrnCUnanbHO CO3NAHHBIR MAlIMHHLIA SI3BIK.

Bo-BTopuix, 370 nepedawa ungbopmanuu, sadamnoii e dopae nuce-
JMEHHOZO U YCMHOzo s3bica ). DTOT BONPOC HE HOB: H PAHbINE B MHCH-
Max, TEJErpaMMax 1o TenedoHy HHPOPMALNS IlepefaBandCh B si3LIKO-
Boit popMe. OnHako GHCTPOE YCOBEPILEHCTBOBAHME TEXHHKH CBSI3H, poCT
noTpeGHOCTEl B nepenaye AHGOPMALHH, «KPH3HC aupar, B KOTOPOM «He yMe-
uwaeTcs» nHopManys, nepenasaemMasi B GopMe S1EKTPOMATHATHBIX BOJIH,—

€ TOUKY 3pCHHs CO30aHWs €r0 POTOBBIM aNNapaToM. To NPOH3OILIO 1OTOMY, 4TO
(OHETHCTEl OPHEHTHPOBAIMCH HA TIPHIOMCHHC (OHETHKH K o6y4ensio yenopeka
TPOUSHOIICHHIO 3BYKOB 4yMOro si3bika. OnHako eCTb M APYTHE, He MEeHEe Bawmibie
ACNCKTLI 3BYKa, HampuMep Qusnuyeckas CTOPOHa ero: 3BYK Kak Kose6anue BO31yXa,
ITHM JHHTBHCTHL 0O CHX TOP NOYTH He HHTE PCCOBAINCD.,

') MoxeT ObITb enMHMCTBEHHBIMH [LOCTHKCHHAMHU CP2BIIMMOr0 MacmTaba Gouig
B JHHTBHCTHKE OGIIME HIEH O TOM, YTO CAOBa NOMMAKTCHA IPaMMaTHYeCKOH Krac-
CUQUKALMY K YTO A3BIKM TOKE NOANAIOTCS KNaCCHMKALHE O CTENEHsM POXCTBa
Ho atu unen noseunuch BecbMa naBHO.

%) Jluteparypy o MADIMHHOM NepeBONE GM. B KOHIE CTAThH (cTp. 59).

) CM. B.A. ¥YcneHckui, K npoGlieMe NOCTPOSHHs: MALIMHHOTO A3blKa L
undopMankonHoit MamnHbl, Céopunk «I1po6aembl KHGepHETHKHY, Bhin. 2, M., 1959,
crp. 39—51.

Y Cm. knury C. Cherry (cm. CTP. 59 HaCToALIEro BHINYCKa).
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BCE 3TO TOCTABHJIO OUEHb OCTPO MpoGieMy co3pmanmsi Oonee 3KOHOMHBIX
MeTonoB nepeaaun uHpopMaww. C nopo6HbME BONPOCAMH TECHO CBsi3ana
BO3HUKIIAST OYeHb HeXasHo W OYypHO Pa3BHUBAIOUIAsCs MaTeMaTHuYeCKast
Hayka —TeopHus uadopMaunu’); ona MO3BONSET YETKO NOCTABATDH
HEKOTOPHIE BOMPOCH O CBOHCTBAX peuH, HampAMEP BOMPOC O BbLIYHCHCHUH
SUTPONHUA muCLMEHHOH peun ?), ¥ 7. . OTBETH Ha 3TH BONPOCH B OCHOB-
HOM €llle He IOJYYEHH.

B-TpeTbux, 3TO MAQUIIHHBIL nepego0 YCHMHOIl peul 8 NUCbMEHHYIO
u nucsMeHHofi 8 ycmuyro. Pedb HIET O MAlUMHaX, CHHTE3UPYIOUINX 3BYy-
KOBYIO peub H, HAOGO0POT, AHAMM3MDPYIOUIMX €€ W TMepesoisiuiix B ¢Gopuy
mucbMeHHol (npo6nema BBOJA B MALUMHY W BHBONA M3 Hee IHCHbMEHHOH
peud He SIBASeTCSl NPHHUMIAANBHO TPYAHOH).

D10 npobaeMa COBEPIIEHHO HOBasi; MNEPCHEKTUBH, OTKPHBAEMHIE €€
perlesneM, oueBHAHH. SIcHO Takwe, YTO ee pa3paboTka TECHO CBs3aHa
¢ u3yuyeHveMm CBOHCTB si3bIKa.

Ecnu Bompoc o nepenauye wmHGOpMalHH He HOB (1 GO/bINas aKkTyanb-
HOCTb ero B HALM JHH OGBSCHSIETCS! JIHILE HeOOXOMMMOCTBIO PE3KO yBe-
JHYATL KONHYECTBO NepenaBaeMoll MHGOPMALMH), TO MAIUMHHBLIN NepeBoL
W MAUIHHB, CHHTE3WPYIOLME M aHAJM3NPYIOLLHE peub, ellle HECKO/IbKO Jie-
CSITKOB €T TOMY Hasajl OTHOCHIMCH K 06nacTH HayuHoll ¢anTacTrkH.
Ho cefiuac 3TC -— BeChbMa peanbHLe H dKTyajbHble HayuHble NPOOGAEMEL.

Hoewle npunoxeHuss TpeOyiOT OT JHUHCBHCTHKM BBELEHAS HOBBIX MeE-
TOJLOB — METONA MameMamudeckoll abcmparKnuy v MEeTORA (hu3uteck020
IKCNEPUMEHMAABHOZO U3YHeHUsT A3bika. PONb KaXJOro ®3 3TAX MCTO-
0B OyneT, KOHEUHO, pa3jiyHOil B Pa3HBIX pasmenax HOBOW JVHrBHUCTHKH.
Tak, HampuMep, B AKTyasibHOl W Mano pa3paboTaHHOM npobnemMe yCTaHOB-
nenHst QU3HUECKHAX XapaKTePHCTHK 3BYKOBOH peud Hywna Gonbluas
sKCOeprMeHTanbHast paboTa, a IpHMeHeHHsi MATEMATHKH, TI0 Kpaiideil mepe
B Gamkaiilive rTons, GyLyT HYXKHB JHAIIb B TOH MEPE, B KAKOH MaTeMaTHKa
BCerha MpUMEHseTCSl B OMACATENbHEIX paspenax HaykH, T. €. TaMm, rne
3HAHME TPEJMETa €Ife HEeIOCTATOYHO AN cosnanus oGobuiatouieh Teopud.

Onnako nJsi MHOCHX APYrdx PasfieNoB NUHCBACTHKH IpPHMEHEHAE Ma-
TeMaTHKA — 3ajdaya akTtyanpHas. B nepByio ouepenb 37O OTHOCHTCsE
K TEM CAy4asiM, KOrjd € SI3pIKOM JIPHXOAMTCSt AMETH JEJI0 MallmHe. I'py6o
FOBOPSi, MATEMATHUYECKHE METONB OKA3HBAIOTCH 37M€Ch HEOOXOMMMBINA
MW3-32 TOTO, YTO COBPEMEHHBIC MAIUWHBl CJMIUKOM TPHMATHBHBI, 4TO6H
HEMOCPENACTBEHHO «IIOHAMATBY SI3bIK JIMHCBACTOB, KOTOPHIC Camu HE BCErAA
MOHUMAIOT APYr NPyra, a eciad H MNOHMMAIOT, TO HajleKO HEe ONHO3HAUHO.
MaupHa He MoeT ommpaTbcsl Ha HHTYHIHio. C neil MOXHO «rOBOPATLY
JMIIb TPOCTHIM, YETKHM H ONHO3HAUHBIM SI3BIKOM, @ TaxKOH SI3BIK MOXET

1) Cm., nanpumep, A. M. fraom u Y. M. Sirnowm, Bepostaocts 1 HHGpOp-
Maumsi, u3n. 2-e, M., 1960.
%) CM TaM Xe.
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6LITb JALIb Y MATEMAaTHKH, KOFopasi, MO CYUIECTBY, MHOrO MpoUle JMHr-
BHCTHKH. Beip maremaTHka oTOHpaeTr camble HPOCTHE W CaMple SICHHE
NOHSITHS € TeM, uTOOH BHBECTH H3 HHUX HywxHwhe cjaenctsus. [lostomy
NPAIOWEHHST JUHIBACTAKA K WCHO/Mb30BAHMIO  MaumiMH HEBO3MOXHH 6e3
MaTeMaTHueCKo# nepedopMyJIAPOBKH TOHSITHH JIHHTBACTHKA.

C 7npyroit CTOPOHH!, 3aKOHbI JIMHFBHCTHKH B OCHOBHOM JOCTATOMHO
NpocTH At TOro, 4TOOH JONYCTHTb MATEMATHYECKOE OMHCAHHE,— ITO
J0K43HBAET yWKE CaMa TPHHIMNAAJAbHAS BO3MOXHOCTH  OCYULEC [BNEHHUS
MAlIMHHOrO TlepeBosia. ABTOMATH32iMd Ipouecca, He JLOMYCKAIOWero ¢op-
MaAbHOrO MAaTEMATHUECKOro OMACAHHA, HEBO3MOXHZ, MOITOMY IpaKkTHUe-
CKH JIOK43aHHAS BO3MOXHOCTH MAUIMHHOTO II€PEBONA JIOKA3LIBAET TaKKeE
BO3MOWHOCTb MaTEMaTHUECKH CQOPMYIHPOBATH 32KOHHI fI3BIKA.

B MUHCBACTHYECKHX TNPHIOKEHHSIX MATEMAaTHKM pevs eule He WieT
0 CO3LAaHAA KaKOi-M60 rayGOKOH ¥ Pa3BHTOH MATEMAaTH4YECKOH TEOPHH.
Henb3st cpaBHHBATH TEPMHH «MATEMATHYECKAs NMMHIBACTHKA» € aHANOrHYHBIM
TepMHHOM «MaTeMaTHueckas guauka». MaTemaTHuecxas ¢pusnka — 3T00CO-
Gbiii pa3en MaTeMaTHKH, HAlEEHHBIH HA cnienndHuecKie (pU3nUECKHIE IPHIO-
JKEHISI; 10 CBOMM METORAM OH HE MeHee CJOweH, 4em mmoGoi npyroi
pasjen maTemaTHkd. B JMHTBHCTHKE e pedb JIOMKHA HATH O Mep-
BLIX ILArax NPAMEHeHWsi MATEMATHKA. Y pOBeHb TPEACTOsIed Ha NEPBHIX
Nopax MaTeMaTH3alii¥ JIMHTBHCTHKH MOXHO CPABHUTH C OpHUMEHeHHeM ma-
TeMaTHKA B GHONOIHH, XMMAH M T. M., T. €. C IpPAMEHEHHsiMA C TOYKH
3peHUs MAaTeMaTHKH He ouenb rayOoxumi. Ho B TO ke spemsd JHMHIBH-
CTHUECKHE MpHMENeHRs MaTeMaTHKH MMEIOT CyLlecTBeHHyio crennduxy,
OTAMYAIOLLYI0 HX OT GOJBIIMHCTBA MHHX TPHMEHeHAil MaTeMaTHku. ITa
crennduka CBsizaHa € TeM, YTO OONBIIMHCTBO SIBJIGHHH JIMHTBHCTHKH
PMeeT IO CYL1eCTBY CBOEMY N M CKP € THb I XapaxTep, W 3HAUdT, 371eCh
HYXHO TPHMEHSITH B MEPBYIO Ouepelb MeTOAH [HCKPeTHOH MareMaTHKH.
DTN METOAB He CJOWHEE METOJIOB HempephlBHOM MaTeMaTHKH, T. €. Me-
ToRoB nAdGepeHIanbHOr0 1 HHTErpaibHOrO  HCUHC/IENHs, HO OHH 3HA-
YUTEABHO MEHEE MNOMyJsiPHLI, 4YeM METONH MATEeMaTH4YeCKOrO aHaau3a.

KakoBi e KOHKpeTHnie 06GacTH NPUIAGKEHHS MATEMATHYECKHX MCTO-
OB B JHUHrBHCTHKe? Mpi Gynem roBopHTb nHuib 06 06JacTsx yxe cCno-
WHUBUMXCS, JJI1 KOTOPHIX SICHO BHAHH HUX OONbIlHE MEPCHEKTHBHI.

Bo-mepBHX, 3TO TPHIOKEHHs] MaTeMAaTHUECKHX METONOB K (op-
MabHOMY MQMeMAMUMeCKOMY ONUCAHUIO NOHSMULL 2paiMamury’).

3nech peub MAET O TOM, UTOGH, BBENS HEKOTOPYIO CHCTEMY AKCHOM,
NPOAHANN3UPOBATL M [EPECMOTPETH C TOUKH 3PEHHsi 3THX aKCHOM BCIO
JOTHUECKYI0 CTPYKTYPY rpammatakn. [Jo-BAIMMOMY, OKOHYATENbHHIC Bbl-
BOIH M3 TAKOro nepecmorpa OGydyT He C/HUIKOM CHIABHO OTAHYATbLCH  OT

) Cm. kuurd J. Greenberg u J. Chomsky (ctp. 59 Hacrosiuero
BBINYCKa).



MATEMATHYECKHE METOIL B JHUHICBHCTHKF 41

TOro, YTO SIBARETCH Terepb OOLIENPUHATEIM B JHHCBACTHKE: FIOKOMCHIH
JIMHTBHCTOB paBoTany, KoHeuto, He 3pa. Ho B To e BpeMs HCronb3o-
BAHME MATEMATMUECKHX METOHOB JACT BOSMOXHOCTSH GOpMyanpoBaTh (GaKThl
[PAMMATHKA Y€TKO, NPOCTO ¥ SICHO, ¥ OT/IHUHE OT KJIACCHYECKUX ¢opmy-
JAPOBOK OyHeT CYUIeCTBEHHDLIM.

B rnocnesHRe roamn AEAalOTCa repBhie MONHITKH MaTeMaTHuecku ¢op-
My/nHPOBaTb OCHOBHI rpamvatixn '). OHH HOCAT eme XapakTep IepBOHa-
yanbHLIX ONBITOB, W AasibHefinine WCCIeNoBanus npuBeayT G6e3yCcnosBHo
K Gonee ymauHeM KOHUenmguaM. B uacTHOCTH, OCHOBHOH HENOCTATOK
C/leNaHHbBX TMOCTPOEHHE COCTOWT, MO HauleMy MHEHHIO, B TOM, 4YTO OHH
OoTHOCSITC K (PUKCHpOBaHHOMY  f3bIKY, He Kacadch €ro OTHOULIEHHH
 JAPYTHMH #3BIKAMA HIH C DPEanbHOCTHIO, KOTOPYIO f3bIK OTpAXKaeT.
B T0 e Bpensl KIaccHyeckas rpaMMaTHKa ONHCLIBACT HE TONBLKO (opManbHYo
CTPYKTYpY CaMmux f3bIKOB, HO W HX OTHOLICHHE K oT0GpamaeMolt fA3LIKOM
peanbHOCTH (CKAXeM, TAKOH XapakTep HOCST KnaCCHYECKVE, XOTHl 1 OU€HbD
TyMaHHLIE, YTBE|KCHHA O TOM, YTO «CYLICCTBHTENbHLIE — 3TO Haume-
HOBaHHA NPEAMETOB, a IJaroJibi — HauMeHOBaHus neficTeuity W T. 1)
Ho cama peanbHOCTb 10 CBOEH CNOWHOCTH C TPYAOM NOAAACTCS ¢dopma-
M3ANMM;  [I0ITOMY Ha MepBhIX fiopax Gonee COAEPWATENbHLIME  HdM
Kawyrcs MonulTKil NaTh MaTeMaTHHeCxKoe Onucanne cBA3elt Mewny CTpyK-
TypamM Pa3NNUHBIX A3BIKOB ).

Coananue MATEMaTHUECKO# rpamvaTukn OyaeT MMeTh ouenb Gonbluioe
3HavCHHE NS YCOBEPIICHCTBOBAHWS MAIUWHHOrO nepesoaa v i co3nd-
aust uHGOPMANMOHHBIX MamumH. B ceAaw ¢ STHM XoueTcd peNmTenbHO
BO3pa3NTh MPOTHB BHICKA3LIBAEMOrO HHOINA MHEHHS O TOM, HTO npH
NOCTPOEHHH aNTOPHTMOB MAILUMHHOIO NEPEBOAA  MOWHO oGoifTiCh Tpamu-
[WOHHBIMH JRHCBACTHYECKAMI TOHATHAMA M METOAAMH, TOAbKO HECKOTBbRO
nonaatas ux u nommTonas. CaenaeM 110 3TOMY fIOBOLY OHO CPABHEHHE. Te-
nepb yKe HAKTO He COMHeBaeTcs B O4veHb 6oabLIOM 3HAUCHHH MaTeMma-
THUECKUX MeTonOB Ans Texmukd. TeM He mence W cedyac nMeeTCs MHOTO
MHIKCHEPOB, YACTO TaNaHTAMBLIX ¥ paboTalomuX OYeHb MPOLYKTHBHO,
KOTOpHIE Iawe € HEKOTOpOil rOpAOCTbIO rOBOPAT O TOM, YTO M3 MaTeMa-
THKH OHH KCNOMb3yloT B cBOcit paboTe TOMbLKO norapupmMuuecKyio au-
seiiky. Onn 3a0hBaIOT, YTO, BO-NEPBLIX, (opMynE, 0 KOTOPHM OHU
CuNTaloT Ha norapudMuuecKol nnHelKe, CO3NAHB C CEPLE3HLIM yyacTHEM
MATEMATHKA M, BO-BTOPHIX, NOA0GHOE NpeHeGpeenne K TEOPHI BOIMOWHO
AWHIL N0 TOPH [0 BpEMEHH, B OTHOCHTENbHO YCTOSBUIMXCH pasilesnax

) Onua 43 Takux UODLITOK OIMCaHa B [pwloKennd K 9TOH  cTaTbe
(cTp. 52—59).

2) B 4acTHOCTH, KMEHHO Ha STOM LYTH, NO-SHANMOMY, MOXHO HETKO MNOHSTL
pasinuuc Memny cjosapeM M rpamMMaTHEOR (1. e., rpy6o rosopsi, OTBETHTb Ha BO-
TpOC, T:OMEMY CUMTAIOT, YTO «BOMKY M KBOAKY» — I'paMMaTHHECKKE ¢opMBl  CJIOBA,
3 «BOIK» W «BOJNUULA» — Paslibie €:10Ba). JTO PANHYHE MMCET le KauyeCTBEHHHIH,
3 JMWb KOAMYeCTBeHibH Xapaktep. EcTectBerfio IyMatb, YTO TPAMMATHRA — STO
COBOKYLIHOCTD TpHeMOB Uil 60jec NpOCTOrO ONKCaHus aIrOpHTMa TCPEBOsa
£ ONHOTO #3LIKa 112 ApYyroff (B YacTHOCTH, C sI3blKa PEAIbHOCTH HA A3BIK peun).
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TeXHAKH. AHanormyno oGCTONT Oeno W ¢ MaumMHueeM nepeBosoM. Kax u
BO BCAKOH NPAaxTHYeCKOH NefTenbHOCTY, OCHOBAaHHOW He Ha Teopud, a Ha
SMNApHKE (MONBITKA WCXOANTb M3 HEaNeKBATHOH TEOPHUH —S5TO Ta Xe
SMNVPHKA), ycrex MoweT OBITb JMIIb BpeMeHHBIM. B Hauanbuo# cTamuu
HCCNeNoBanysd Takod NyTb MOWET NOKa3aThCd maxe 60Onee 3KOHOMHBIM:
Besnb pa3paCoTka Teopun TpebyeT CWsl M Bpemend, a 3¢ddexT nNpuxoanTt
He cpa3y. Ho B KoHeuHom cuete moGema BcCerma OCTaeTcd 3a MNPaKTH-
KOil, BOOpYWeHHOH anexkBaTHoO#H Teopwei.

Brtopas ywe ycnemdo paspaatbiBaeMass o6nacTh NpUMEHEHHs Ma-
TEeMaTHYECKNX METONOB B JIMHIBUCTHWKE — 3TO  NPUAOHCEHUS mMeopuL
ungbopuayuy. Bo3uukinas B CBA3M € NOTPEGHOCTAMM TEXHWKH CBS3H
Teopusi MHGOPMALKY CPa3y [OCTABWIA BOMPOC O HAXOWIEHHWM W3YyqaemblX
B 3TOH TEOPHH CTATHUCTHUYECKHX XapaKTePUCTHK (SHTPONW, H3GLITOUHOCTL)
Insl peasnbHblX A3BKOB. AKTYanbHOCTHL JMHrBHCTHYECKHX BOMIPOCOB Teophu
HHGOPMAIMY MOXHO NPOUNMIOCTPUPOBATL, HanpuMmep, TeM (akToM, YTO
B 1957 r. B CLIA coapan HopbiHt HayuHbill wypHan «Informatron and
Controly, B pemakuyio KOTOporo, Hapsiy C OCHOBONOJOWHHKOM TEOpHH
uagopmaury Knopom llleHHOHOM ©  OCHOBOMOJOXWHHKOM KHOEPHETHKH
Hop6epTtom Bynepom, BXOAMT V3BeCTHHH aMepHKaHCKWMI JMHrBHCT Powman
Slko6con. B sTOM WypHasie, MOCBSIEHHOM IUMPOKOMY KOMIMEKCY BONpO-
COB, CBSI3aHHBLIX C TeopHed WH(poOpManu¥, ONyGIHKOBAHO YyiKe HECKOABKO
VHTepeCcHslX paboT IVMHIBUCTHYECKOTO COINEpPXaHusi; B YacTHOCTH, TaM
ONMCaHBl 3KCMEPHMEHTH], NMPOBOANBUINECS NS BHIYNCMEHNS H3GLITOUHOCTH
anrmMHCKOH nucbMenHo# peun. lnsm pycckoli peunt nomoGHble 3Kcnepu-
MEHTH €lle He [POBOMMNCS ).

Coscem Hepa3paGoTaHHEIM OCTAeTCH BONPOC O BHUYMCAEHMM WHOpMA-
UMOHHBIX XapakTepUCTHK YCTHOH peun — BONpOC, OYeHb BaXHHIH nnd
TexXHVYeCKHx npobneM KOMNpecCcHun peud (1. e. Gonee 3KOHOMLIX Me-
T000B ee r1epenayd). Bumnmo, pa3yMmHas NoOCTAaHOBKA 3a7auu  CBA33HAa
anecy ¢ meenensniM A. H. KomMoroposhiM rnossiTMeM 3HTpomvu 1pu  3a-
NAHHLIX YCAOBMAX TOYHOCTH BoCrpowasefenvs. Takue ycnosus AOMKHE
YUYNUTHIBATbH OCOOEHHOCTH CJYXOBOIO annapaTta vesopexa.

Hakonen, Tpe Tvil BawHbi#l pasnen npyMeHeHvs MAaTEMaTHKH B JHH-
TBUCTHKE — 3TO  BONPOCH  AuHzBucmirteckol cmamucmuru®). Bonpoc
0O CTATUCTHYECKHNX METOHAX B JHHIBHCTHKE COBCEM HE HOB — HOBbIE NPUIONEe-
HYSl TOJNbKO MOAYEPKHYnH OOnbluyK aKTyanbHOCTb MNpHMeHeHus CTaTH-
CTHuecKnX MeTtomos. B camom nene, moutm mioGas nMHrBUCTHYECKas pa-
60Ta MCnonb3yeT (X0Ts 4acTo Y NIOMHMO CO3HAHWA aBTOpa) CTATHCTHYECKHE
METONB MOTOMY, 4TO B fI3LIKE €CTh fIBMIEHUs penxue ¥ uacTole, u 6es
BHILENEHVA YaCTHIX fIBJIEHNH HEBO3MOWHBI Kakve-nu00 NHHIBHCTHYECKHE Bhi-
Bonbl. Heo6xomumocTh B KONVYECTBEHHBIX OLEHKAX YacTOT JMHIBHCTH-

"Ilpumeuyanue npH KoppekType: B 1960—61 ronax rtakue skC-
TlepuMelTl B OOHOBJeHHOH MeTonvike Oblan nposefeHnl A, H. Koamoroposbim.
%) Jlurepatypy cM. Ha ctp. 59.
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yeCcKHX fIBNEHVl He MeHbllasg, ueM HeOOXOOWMOCTb KO/MYECTBEHHUIO
NO/X0Na B NPYrMX €CTEeCTBEHHHX HAYKax WM B SKOHOMHKe. SI3bIK iy,
KOTOPOro, K COWaneHylio, JUHrBACTH eule OodTcs, MOXeT He TONbKO
MLIOCTPUPOBATL BHIBOLH, HO ClenaTh WX 3HaunTeJbHO OConee JOKa3a-
TenbupMA. [lpuBenem npocteifinnit (HapouuTo yrpyGneunblif) mpumep, OT-
nocalMica K cTaTHcTuKe. Mowuo ckasats: «A. H. ToncTtoit npeanous-
taeT Gonee mnuHene ¢paso, a A. M. Kynpus — Gonee KopoTKHe».
A MOXHO CKazaTb M Tax: «CpejHee YHCAO CNOB B ¢pas3e B [poOM3BCie-
win Tonctoro ,Cectpw® pasro 11,9, a cpensee uwcno CnoB B ¢pase
s nponssenesnn Kynpuna ,Iloemnnox* —9,5» ). Pasunua Oyner npw-
MepHO Taxas e, KaK eca¥l B OmHOM C/ydae OrpaHiuHThCs  yTBEpWAe-
arem, uTo npousBonctso yrng B Cosetcxom Coiose Gonblue, 4eMm B An-
rnWM, a B JpYrOM — NpUBECTH KOHKpeTHHe uupr. Kawnmomy scna
66bIIAs 10KA33aTeNbHOCTh YTBEPXILEHNs BO BropoM cayyae. Ho imarsucTsl
OOBIYHO WAYT MO MepBOMy NyTH.

Ham kaweTtcs, uTo mpocTediune rpadgyky ¥ TabAWOW CTaHyT CKOPO
FNABHLIM METOJOM TOJyYesws JMHCBHCTHUECKNX BhBonos”). HeoGxonu-
MOCTb VICTIONBb30BAHNA KOAMYECTBEHHBIX METONOB MOCTeNeHHOo OCO3HAeTCH
uarBHCTaMA: B 1956 r. nosBHnach neppas ceonnas monorpagua O. Her-
dan 10 CTaTHCTHYECKNM MeToAaM B JIMHreucTvke®) (Bnpouem, Haru-
caHnas He GeaynpeusblM 06pa3om).

Jnfl AVHrBHCTOB BAXHLI HE TOJAbKO MNPOCTEHINME BHIUNCIEHWH Cpeinyx
H YacTOT, HO ¥ 6onee CJOWKHBIE BONPOCH 00 OUEHKe Cny4YailHbX pacXox-
fennd BLIYMCNEHHBIX 4acTOT ¥ CpelHMX C MCTHUHHBIMA JMHCBHCTHYECKAMH
napaMeTpamMi. A 310 TpeSyer ywe Conee rnyGoOKOro MCnojb3oBaHus Me-
TONOB MaTeMaTHUeCKol cTaTHCTHkY. B kadecTse npumepa mnpuBeseM rpa-
¢nk, n3obpawenHniil va ctp. 44 *). Mceenenosamics vacrothl nosBnenus
¢dpas ¢ TeM wau HHLIM uMcnom cnos B pomane A. H. Tonctoro «CecTpbi».
CrnowHas WpHAS JAVHWM  yKa3blBaeT 3aBHCHMOCTb STOH 4acToTH OT
ek m (T. e. komiuecTBa cnos) ¢passl. Ha ¢ose mnnapioro B 1EIOM
rioBeleHns KpuBoil OpocaeTcsl B rnasa MHHUMYM B TOYKe m=06, KOTO-
pHiE TPYIHO GHIIO Gbl OGBACHITD U3 KaUeCTBeHHbIX COOBpaweHnH. [MTonowe-
Hie MPOSCHAIOT HAPHCOBAHHBIE Bhillle ¥ HIKE KPWUBOH JIMHMH TAaK Ha3bl-
BaeMble «IOBEpPHUTEnbHbE VHTEPBA/Jbly. IJTH JWHWM HATJALHO [OKA3BLIBAIOT
npenentl, B KOTOPHIX MOXET BapbHPOBATLCHA YACTOTa M3-3a CNydaHHOCTei
B BhGope (pas Ind noacyeta vactoTol. OO WMCTHHHOH BEPOATHOCTH
(onpenensieMofl B Haliem Cryyae, KaK 4acTOTa nofBreHvs ¢pas nnvHbl m
BO BCEM MPOW3BEIEHWH) MOXHO Ha OCHOBe HaluMX [OACYETOB CKa3aThb

") 31 uudpbl Noayyensl B 1959 r. B MaTeMaTHYeCKOM TIpAKTHKYMe [jis crie-
[MAJHCTOB MO Teopuu BeposiTHocTell B MoOckOBCKOM YHHBEpcHTETE.

?) [IpeKpacHLIM TpPUMEpOM HeTKOro [pHMEHEHMs CTATHCTHYECKMX HIeHd BO
BIIOJHE KAaccHuecKol TpotaeMaTHie sisasieTcs pabora A. Menbuyka (Bioerenb 06b-
eIHHeHus 10 podieMaM MawuHHOro nepesona, Ne 7 — CM. CTp. 89 HACT. BbITYCKa).

3 Cm. cTp. 99.

4) MMoayyeH B TOM e MAaTeMaTHYCCKOM INPAKTHKYMe.
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AR TO, 4TO OHA JNEWWT MEWAY STHMH IMBHAMH, H, TaKaM 00pasoM,
Y HAaC HET HUKAKHX OCHOBaHHH TrOBOPHTL O TOM, YTO BEPOSATHOCTbL HMeeT
MHHUMYM B TOuke m—6. He paccmaTpusas noBepyTENnbHLIX NHTEPBAIOR,
MBl MOTJIH Obl BIACTL B OLIMOKY.

JMHrBHCTHYeCKAs CTATHCTHKA NPHMEHSETCH [0KA JHLIb M8 KOMMYecT-
BEHHOTO OIHCAHUS THRrBHCTHUECKUX ABnennd. Kax i B 1.050# sayke, cnenyio-
i, Gonee CrOWHBIM IIAr LOMKEH COCTOSTH B MOCTPOSHNH TEop Ui,
NO3BOMIOUMX NPENCKA3LIBATL KONUYECTBEHHO TE WM HHBE 3aKOHOMEp -
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was
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(L3 4
HOCTH, 101y4yaTb «ypaBHEHHSl JHMHTBUCTHKM»., VYKaxewm, Halpuvep, ua
crenylounit gaxt. M3 M3BeCTHHIX nonoxedufi Teopuw BeposiTHOCTE# cre-
LyeT, uTO XUCA0 NOSIBAHUl 3G0QHHO20 CA08Q 8 meKcme POuKcupo-
8QHHOIL Oaurbl 0043CHO umems pacnpeleserue ITyaccona'). 10 6Guino
NPOBEPEHO 3KCIIEPVIMEHTAJIBHO; FIOJYYNI0CH AOCTATOUHO XOpOlIee COBMa-
Ilenre TEOPHH C OMNLITOM. JTO OGCTOATENBCTBO MO¥ET OblTh HCIOMbL30-
BaHO MIpH COCTaBAEHUH YaCTOTHBIX cnomBapell fA3bika. Onnako mnns Gosee
C/IOWHBIX Cnyyaes CO3[aHYe TaKWX Teopuii — meno 6yayusero.

Ouenb 0CTPO CTONT BOMPOC © CO3MAHAN (PYHAAMEHTAJIbHHIX CTATH-
CTHKO-/IMHIBICTHYECKHUX  CIIPaBOYHHKOB, KaTaNOTM3VPYIOWHX  S3bIKOBLI
MaTtepuan € KONMMYeCTBEHHOM TOYKM 3penvd. Takpe CrnipaBOuHMKH, comep-
WauMe 4acToTH [OSIBMEHHMA CJIOB M TeX WIM HHBIX rpaMMAaTHUYECKHUX fBne-

;) T. e. BeposTHOCTb TOro, YTO 4YHCJIO TIOSBJEHUB paBHO »n, paBHdeTcs
We—
nt

» TAe A — Ccpealiee uMCJIO HOSBJIEHHH 3TOro CJAOBa.
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HAB, HYXHB HE TOJABbKO CHEenuanicTam 1o  MaulHHOMY fepeBoly WX
TEOpHA MH(pOPMALMH, HO ¥V KAWAOMY JHMHIBACTY, COCTABMSIOUIEMY yde6-
MUK fI30Ka. HepnumaHwe X uacTOTHLIM XapakTepHCTHKaM f3bika (MAyuiee
OT npeHeGpexenns Ko BCeMy TOMYy, 4TO CBsi3aHo ¢ mMaTeMaTVKo#) npm-
BOIMT K TOMY, 4TO MHOFHE 3/eMeHTapHbie yuyeGHUKH HHOCTPAHHOIO f3KIKA
COEepHAT HA MepBHIX CTPaHHMIAX O4EHb pelKye CnoBa M HE COACPWaAT
ILHPOKO PACHpOCTPaHeHHbX W T. f. YacToTHble CnoBapy A3biKa M3LaHb
B HACTOSLiee BpeMf I7sl BCEX OCHOBHbIX MHPOBHIX $3BLIKOB, Kpome pycC-
ckoro V).

CyulecTByIoiie YacTOTHHIE COBAPH A3bIKA NANEKH OT COREPUICHCTBA:
B HHX NprBOAATCA YaCTOTH C/0B, KOTOpPHIC MOABEPNHEHH cnyyainbim
OTKNIOHEHNAM B 33aBHCHMOCTH OT BHIOPAaHHOrO MAMf foacyeTa matepuaid,
A He lenaeTcs HYVKAKAX OeHOK Ang WX BepOfTHOCTEH, B TO Bpes
KaK AHACBHCTHYECKHWE CMBLICH MMEIOT MMEHHO BEpOSITHOCTH, & He 4YacioThl.

BeposTHOCTL TOFO WIH WHOCO JIMHIBHCTHYECKOTO sB/CHMI npuodpe-
TaeT 4weTKHll CMBCA JHllb TOCAe TOro, KAaK 3alan Kako#-nubo cmami-
CILLICO-AUH2BUCIECK Ul QHCAMOAb — OTCYTCTBI@ YETKOro BHOOpA 3TOFO
ancambns HPUBOAWT K myTanuue. PaccMoTphiM 3TOT BOHIpOC nojipobHee.

JIMHrBAC THUECKHI aHcambab NUCbMEHHOH peyd YyIOOHO OTOXACCTIBIAATD
C HEKOTOpbiM (PHKCHPOBAHHBIM MHONECTBOM  KHWI. Takum ancaubiaem
MO¥eT 6biTbh, HanpyMep, MHOXECTBO W3AAHHLIX B 1958 r. raset Ha pyc-
ckoM n3blke («aHcavbib PYCCKOW raseTHoll peun 1958 r.»), HEKOTOpOE
KOHKpeTHOe W3nanue cobpanus counnennii A. C. Tymkuna («ancambib
ssbika [TymkuHa»), BCS nMUTepaTypa, M3LAHHAT HA PYCCKOM A3BIKE € Ha-
yana KHWroncuaTanps («aHCaMGNb PYCCKOR HEuaTHOH peum»). Muorna
HEOGXOINMOCTb (PUKCHPOBATL TOT MM MHOM ancambsb KaxueTcsl JHUHCBHCTY
HENPUATHOI, TaK KAaK TEM CaMbiM OH OrpaHddyBacT obnacTh CBOMX HcCne-
OBaHW{, ONHAKO HALO MOHEMATbH, YTO B IOOOM CTATHCTHYECKOM HCCIe-
JOBaHiK aHcambib BCE PaBHO (PUKCHPYETCs, HO TOMbLKO Haule HEdBAbIM,
a NOTOMY COBCEM HEpa3yMubiM CrocoGoM. [Mocne Toro xak ancamGnb
GuUKCHPOBaH, N1 HAXOXAEHNS BEPOATHOCTH MOABNEHNT HEKOTOpOIO Ofpe-
JENEHHOro BapHaHTa TekCTa®) Halo nepeuTaTh BCE KHWIM HAWIEro an-
cambna m, cocumTap obliee YMCIO TEKCTOB B HHUX H YMCIO TEKCTOB 3a-
JAHHOTO BapMaHTa, pa3denmnTb BTOpOE yuCiaO Ha nepsoe. 310 n Oyncrt,
f10 ONpenesieHyio, BEPOSTHOCTBIO MOMABJEHNS 3aJaHHOrO BapHanTa TEKCTa
B 3aZaHHOM CTaTHCTHueckoM aHcamGne. Hanpumep, BepOfITHOCTL HofBie-
HUR B COBpEMEeHHOil raseTe TEKCTa «COUMaAM3M» Gonblue HYJd, a B 11pO-

Iy Jlas PyCcCKOro si3blka cyulecTByet Hebonbiuoil cioBaph, wanaunbit B CILUA
ua ocuose npoussenennst A. C. [Mymkuna «Kamurauckast 104Ka».

2) Hanpumep, NpA COCTaBIEHMK YAaCTOTHOTO CJIOBAPS NOJL 3NaHHBIM BapHAITOM
TeKCTa Hano IIOHMMaThb CJIOBO, BEPOSITHOCTH KOTOPOrO Mbl XOTHM daiiti, a non
OBLMM UKCIOM TEKCTOB — OGIIee YHCIO BCEX CIOB B aHcambie. Ecnn MBl XOTHM
HalTH BepOATHOCTb MOSBIEHHS HEKOTOpOro Hadopa 6ys, nanpuvep «OI'O», 10
[on OGLIMM YMCJIOM TEKCTOB HAO TOHHMaThb O6LIee 4HC/IO Habopos u3 TpeX mo-
cienoBaTe;qbHbX OYKB B aucaMbie H T. IL



46 P. J. DOBPYLIVH

uspefednsax [IymkuHa — Hynb; CNENOBATENbHO, BEPOATHOCTH TOABIEHN
JIAHHOIO TEKCTa MOMeT CYL(eCTBeHHO MEHATLCS B 3aBHCHMOCTH OT TOrO,
M0 OTHOWIEHHMIO K KAKOMY CTaTHCTHYecKoMy aHcamOiiIo MH ero paccmar-
puBaeM.

3ameTVM, UTO MNPAKTHUYECKW [OACYHMTATh BEpOTHOCTb MNOABNEHW
NAHHOrO TEKCTa Tax, Kax YKa3aHo BHlle, Hepeanabso mis MoGoro ROCTa-
Touno OGonbpuioro adcam6rag. OnHAakO HaM HA TOMOULb MPUXOIMT Tak
HasbiBaeMull 30KOH Ooabmiux uuces. A wmenno: pubepem cnyyaifnpM
06pa3oM W3 Hamero ancambns 77 TeKCTOB. Ilycts nuTepecyioumi Hac
BapMaHT TeKCTa BCTPETHTCS CpelAd STHX 77 TeKCTOB m pa3. Torna, Kak
yTBepXIaeT 3aKOH CONBIUMX uMCen, NipH AOCTAaTOYHO GombuioM 72 OTHO-

m ~
nlenve —- 6ynetr OAM3KO K MCKOMOM BepOATHOCTH. YHC/IO 72 HA3HIBAIOT

obsemoss subopri. MeToib MareMaTHyeCKOH CTAaTHCTUKH 103BOASIOT
OLEHWUTb, CKONb GOMBLIAM [OMKeH ObTb 0GbeM BHOOPKH IS TOFO, 4TOOH

m .
BEpPOSITHOCTb paBHANACH w C 3apaHHOH TOYHOCTBIO.

Mbl He GymeM 37eChb ONWCHIBATBL STH METOAB, OTOCJaB UNTaTeNs
K crenmanbHoil nuTepaType'); OTMETHM JiMILb, 4TO Tpelyiowmiics s
sTOr0 06beM BLIGOPKW 72 Gynet, KOHEYHO, yBenuuyBaThLCH C  yBesn4de-
HAeM IJVHH TEKCTa W ycunenem TpeGoBaHMi TOYHOCTH. B TO e spems
o6beM BHIGOPKW He 3aBUCUT OT TOro, KaK BeJHK paccMaTpHBaeMulil Hamu
cTaTHCTHYECKu# ancaMGb. [103ToMY npaBIIBHO MCHOIb3Y eMbIH BHIGOPOUHBIH
METOJI TO3BOJISieT ONpeNe/INTh BEepOATHOCTb TOrO WM MHOrO TeKCTa (na u
pooGuie JIOOYI0 JHMHIBUCTHYECKYIO BEPOATHOCTb) /s MoGoro CTaTHCTH-
yeckoro ancambnda. K coxanenmo, B MUArBMCTHYECKOH CTATHCTHIKE WCNONb-
3YI0TCH B GOMIBLIIVIHCTBE C/Ty4aes JIMlib OTHOCHTENbHO Y3KNe CTaTHCTHUeCKNE
aHcamGmy  (HanpuMep, OnpejeneHHas KHWra OfpeleneHHoro asTopa), a
nofcueT NpPOM3BOINTCH crnnomuoit. B pesynbTaTe BHIBOJALI OKa3nBalOTCH
JMIIb YaCTHLIMM, ¥ NpY STOM TpojenbBaeTcs wanmunaa pabota. Menonb-
30BaH¥e BHLIGOPOYHOrO METOAa WMeeT MO3TOMY Cepbe3Hbie NPEeHMYLIeCTsa,
OILHAKO OHO TpebyeT cTaTHCcTHueckoi 0OpaboTKu pPe3y/NbTaToR MOACYETOB.

Jlna MHOrMX npakTHYeCKuX 3aaay eBAfdiTCd CYLIRCTBEHHBLIMA JHllb
OTIenbHBe CTOPOHH TAKOTO CJOXKHOrO fBJSHHH, KaKuM fABAAETCA fA3bIK.
Hanpymep, nnst npoGieM TeopuH CBA3W CYUICCTBEHHO JMUIb TO, KaxoBa
cTaTUCTH4eCKas CTPYKTypa TMOLneXauiero mnepejgaue TekcTa, W Hecy-
HIeCTBEH €ero CMbICJ, a TaKke HeCylecTBeHHO, uMeeT sl OH CMbICAH
gooGuie. B cBaA3W ¢ 3TMM BCTaeT BOMNPOC O CO3JaHUA OTHOCHTENLHO
NpOCTHIX Mozeneil, anexkBaTHO OTOCPamaloWMx C TOYKH 3peHvs Kakux-

) CM., nanpumep, A. Hald, Statistical theory with Engeneering application,
N. Y. — London, 1952; pycckuil mepeBox: A. X aabn, Martemariueckas cratu-
CTHKa ¢ TCXHH4YECKHUMH upuiowenusMu, MJI, M., 1956.
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m6o 3amannbix noTpefHOCTEH CTPYKTYpY A3bIKa. [lpoctan mopmenb nias
MHCHMEHHOr0 f3bKa Oslia npenioxena Knomom LllenHoHOM M NpOMamo-
CTpMpOBaHa Ha MpyMepe aHrMACKOro MHCbMEHHOro  fA3LIKA. Ha sawbike
COBpeMeHHOH TeopWH BEepOSiTHOCTeH MOWHO CKa3aTb, 4T0 Illenson mpen-
NOWHM MOLEMHPOBATHL A3HIK B BANE K-CHONWHOM cTauponapHo#t nery Map-
KOBa C TeMH Xe (I€,+1)-Mepr]l\‘lﬂ pacripenenesisiMi, 4TO ¥ B peanbHOM
aauke. Jlnm unMTaTend, He B/ALeioUlero TeopHed BepoATHOCTeH, 3TH
cnopa TpeOYIOT paclM(ppOBKH-— 3TO [enaeTcd Hike Buecte € WO
CTpalMsMM M3 pYCCKOro fI3bIKA.

[lycTe ©am 3anaH HEKOTOpHH CTaTHCTMYECKNH JIMHIBUCTUYECKHI
aucambGap, KOTOpHIH Mbl OyleM NpencTaB/idaTh cefe KaK HEKOTOpYyIo COBO-
kynHocTh xuwr '), TlpomsseneM MBICAEHHO cnenyoumit onuT. Pacunenym
Bee 5TH KBWrM Ha oTmenbHpie OyxBH; OymeM CunMTaTb 338 PABHONPABHYIO
GyxBy TNPOMEXYTOK Meway CJoBaMy (koTopuil Oymem o0o3HaYaTb TOU-
KOH ), TaK UTO y HAC PYCCKMHA angaput Gynet conepwath He 34, a
35 GykB (cyuiecTBOBaHMEM 3HAKOB TpenyHanys Mbl 15 npoctoTh Oynem
npenebperaTs). 3aTeM, CIOXMB WX BCE BMeCTe ¥ MepeTacosas, 6ynem
BLTACKMBATH GYKBE ONHY 33 Opyrod. B pedyibTaTe f07yyATCs HEKOTO-
pHill TEKCT, BpOnE Crelylouero:

51-Hble.BEPC-FHO,Z],.BEB.EHJBELUYobY,HEUJJ]OJ]pIK (1)

[oka nonyunnoch HeuTO COBCeM HE MOxXoxee Ha PyCCKHil A3hIK.
Koneutio, ang Toro uToCH MONYyYUTb TEKCT (1), Mbl HA camOM Jiene
B HalleM SKCIepuMeHTe BhIOWpany cayyaBno OIHY W3 KHWI ancambud,
3aTeM ppGppann B Hel C/yuadHO CTpanvuy ¥, HaKOHELl, Ha 3TOil cTpa-
HHLEe Talke cayuaiino BHGHpanu oany W3 GyKB; 3aTeM Mbl BHOBb W BHOBb
NOBTOPSAX TOT e mpouecc. Harnsano acHO (310 MOWeT ObTb W CTPOro
06OCHOBAHO), YTO ONUCAaHHad Mpouenypa 6yneT npuBOINTHL K HOCNEno-
BATENHHOCTH OGyKB C Temyl e CTaTHCTHYECKUMHA cBoficTBaMy, Kak
TexcT (1), noaydeHsbld rnepBoHauansHoit npouenypoil. Ha ssuixe cospe-
MEHHOH TEOpHH BEpOSITHOCTEH MOMHO CKa3aTb, 4TO Mbl paccMoTpen nocne-
HOBATENbHOCTD HE3ABUCUMbLX VCTILITAHUH («uenb Mapxosa nopsika HYb" ).

[lpenctasum cebe nanee, 4TO TEKCTH HAWIMX KHUT pacysieHeHbl Ha
mape GyxB?). [lepeTacoBas Bce 3TH MNaphl, M3sjeyeMm ONHY W3 HMX (Ha-
npumep, KA). 3atem paccopTvpyem BCe OCTapiMecs napsl, BKIOUHB
B Kaw/ylio Cpynny BCe maphbl, HaunHalolpecs ¢ onHolt 1 TOH we OyKBH;
Mn monyunm 35 rpynm. BuiGepem rpymiy, KoTopast COLEpPXHT napol,
HauyMHaouecs € OYKBH, Ha KOTOpYK KOHYajach W3BiIeuenHas fapa

') B npuBOAMMBIX _HWKE TNpHMEpax B KauecTBe CTATHCTHHUECKOro aucambis
6bu B3T MOCAenuHi, 5-if ToM cobpanmsi coumnenus A. VL Bynuna (M., 1956).

?) Hanpumep, Texct <«Molf Iams camblX ueCTNbIX [paBWiD pasbuBaeTCA Ha
ClefytollHe naphbl

MO, M., I, Of, -C, AM, bIX, -4, EC, TH, biX, -TI, PA, BI, JI-
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(B HameM ciydae rpynny nap, HaYMHAOMEXCA Ha A), u usBneuem u3 Hee
HOBYIO 1apy; uyCTb, Hampumep, W3BJjeyeHa napa AY.

M3 ceoTsetcTRyiome# rpynne (B Hamewm crydyae W3 rpynms  mnap,
HauRHAIOIMXCA Ha Y) M3pneveM HCKOTOpPYw napy W 1. o. B pesynbTate
BO3HUKAET TEKCT TaKOro BH:1a:

KAYK«BCBAHHbIN« POCS « HEIX « KOBKPOB, (2)

KOTOPBIH y®e@ HecKo.IbKO HarnoMpnaer pycckuit. Jligs peanbHOro <o-
CTaBNEHNA TEKCTa (2) Mpl, B3sB CyYailHO OINHY W3 KHUI Hallero acamons,
BLOpanyl B Hell Taxwe ciy4ailHo HEKOTOPYIO napy cocennux O6yks (KA).
3aTeM CHOBa OTKPHIBAJH HEKOTODPYIO IpyTyI0 KHHWICY B HEKOTOPOM Cily-
YalHOM MeCTe M 4YWTanu ee, Hayunas C 3TOro MecTa, MOKa BIIEpBHIE He
BCTPETHIN MOCAenHion OykBy panee nonyuessoro Texcta (A). BeTpeTus
3Ty OYKBY, MB! BKAIOMANM B TEKCT crenywowyio nocne nee 6yksy. (Ha-
npuMep, ecnu  Brepsole  GykBa A BCTpeTHnach B CnoBe 8pa¥, TO Ml
nucann B Haulem TexcTe: Y.) Jlasee npouesypa NpoaomKadich aHano-
TVYHBIM  00pasoM (B Hauled fpuMepe Mbl YWTanH TEKCT 0O Tex fop,
NIOKA He BCTpeTunu OyxBy 4; ecam OHa BCTpeTHNach B ClOBe mouxa,
macamm nocne Hee K) w 7. n. Ha ssnike Teopun BepositHOCTell MOWHO
CKa3aTb, 4YTO Mbl MOCTPOMT [IOCNENOBATENLHOCTL OYKB, 06pa3yIolmx
o6bluny10 uens Mapkosa (geny Maprosa nopsowra 1).

O6o6was npenplayuiee nocTpoesue, pasobbem Tenepr TEKCT Ha
Tpoiikn  GyxB'). 3aTem BHGepen Cly4alHO omHy w3 Tpoek (HanmpuMep,
IIOK). Ilocne storo paccopTupyem Tpoiiki Ha 352 rpymil  Tpoex, Hauw-
HAIOUMXCA  ONVMHAKOBHIMK f1apamu Oyke. bhynem Temepb nocnenoBatenbho
BHONpaTh TPOHKY, IBe nepsble GYKBL KOTOpO# COBNAmalT ¢ nocnej-
HUNA BYM OYKBAaMH yie HAnMCaHHOrO TekcTa (Tak, B HAmeM rpuMepe
Mpl GepeM rpynny Tpoek, Haumnaioumxcs Ha OK u  usenexaenm, Hanpu-
Mep, Tpoiiky OKA; satem Gepem rpynny Tpoek, HaumHaiommxcs Ha
KA, v Buotacknsaem Tpoiiky KAK u 1. n.). B pe3ynbTate mnonyyaeTtcs
TEeKCT:

[TOKAK«TTOCTUBJIEHHBI« [1OT « 1Y PHOCK AK A« HAKOHEITHO «
3HO «CTBOJIOBWUJI«CE« TBOM « OBHWUJIb (3)

Jna noayuenws 3TOro TekcTa Mbl (PAKTHYECKH WCHOMB3OBAMN Cie-
ayioyi Meron. OTKPHIB KHATY HA CYYaHHOM MECTe, Ml NIpOYHTANy [TOK;
fiocsie  3TOrO Mbl YWTand KHWry, [oKa He BCTpeTWaH couetanye OK
B cnoBe gocmoxa; HanucaB Ternepb TekcT [TOKA, mul nckaam cnor KA.
Haiinn cnoso nHurcar, mel 3anucanu texct [TOKAK, nocne dero uckany
napy AK. BcTpetus cnoBo uepdarx, ™Mb  HOCTaBWIHM npoben s, nocne
uero wuckamu cnor Ke (To ecTh ciaomo, xonuaoweecs wa K) w 1. n.
Onucannnit nporece maet HaM yens Maprosa nopsioka 2.

') Hanpumep: MOH, -JI5l, ISl., CAM, BIX-, YEC, THbI, X-T1, PAB, WJI-
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CxoACcTBO NoAyueHHoro rexcta (3) ¢ PyCCKHMH TeKCTam GpocaeTcd
B rnaza. OHO HAarsSAHO [OKa3bpiBaeT, 4To uenb Mapkopa nopsiika 2
MOXET CAYWHTb YNauHOM MOMIEIbI0 PeanbHOro pyCcCKoro s3bika.

TeopeTHUECKH MOKHO TpesCTaBuTs cebe nanbreimme see Gonee u 6o-
Jlee TOUHbIE NPUGAIKEHHA K PYCCKOMY f3LIKY: #ernil Maprosa nopadxa 3,
nopsoxa 4w T. 0. (1. e. pasduenne Ha HETBEPKH, naTepkd ¥ T. IL).

OHaxo ecnd 110b30BaThCA  ONMVCAHHLIM  Bhille METOLOM [0CTPOCHHA
TeKcTa, Tg paboTa MO HOCTPOEHHIO AANbHEHINX npuGmKenil CTaxo-
BHTCA OYeHb Tpymoemkod. [eno B TOM, 4TO, KaK HETPYLHO MNOKa3athb,
nnd  Toro uToOH HaiTtH oaHy OYKBY B k-1 ¥3 Hanmx MoneneH, Hano
B CpelHeM NpounTaTbh TEKCT B 35%-1 gyks. Ins k=4 310 Cynet npu-
mepro 40000 6ykB, T. €. OKOJO NECATKA cTpanvn!

[lpennowers MeTonH, obieryaiomme 3Ty paGoTy; npasna, ohf CBi-
3aHM C HEKOTOpHIM WCKAXEHHEM TeopeTHYeCKoH MOoLEIH. [Tputunn 3THX
METOZOB HAlOMIHAET NPUMHIHN pacnpocTpaneHHol cpead CTYACHTOB H
[IKOMBHIKOB WrpH B «6aiany». A MMeHHO 1), Ans nocTpoenls fent Map-
KOBa 10pAiAKa 3 Mbl CHayasja, TaK e KaK W PaHbiie, BoifepeM CnyuyaiHo
yeTblpe OYKBhL (Happumep, BECE). 3aTtem nonpocvm KOro-nudo npuayMaTh
CJI0BO, COmepxallce nocrnensie Tpu OyKBH yxe HAUWNCAHHOTO TEKCTa, He
nokasuiBasi emy Bech TekcT. (Tak, B NMPYBOAVMOM HWXE MPHMEPC MBI MPO-
CHM HCIBLITYeMOro NpHAyMaTh C0BO, COLepXailee coueTanne ECE.) Eciu
OH HA3BaN CNOBO Beceswit, MH 3amvcuBaem TexeT BECEJI w npocum npy-
roro MCHHTYEMOro Ha3BaTh CJOBO, COAEpHAlLee TEKCT CEJ/I. Ecamn od
Ha3Ban CJAOBO MpucCes, Mbl 3anuChiBaeM TEKCT BECEJIe n 1. 1.

[To Hallemy MHCHHIO, STOT METOIL CONEpPXHT CJHILIKOM MHOrO cy6beK-
THBHOrO Npov3Bona. Donee yiauHeIM KaweTcs CAEAyIOUMH MeToll. Ecmn
HyXHO€ coyeTanne Oyxp SBAfETCH OTHOCHTENBLHO pacnpocTpaHeHH by
B DYCCKOM fI3bKE, MH HaXOAMM €ro TaK @, KaKk 3TO nenanoch pasbile
mng neneii Mapkosa nopanxa 2. 3To chenaTb UPAKTHHECKH HETPYIHO,
TaK K4k, NOCKONbKY STO COYeTaHWe yacToe, OHO CKOPO BCTPETHTCH HAM
B TexcTe. FCmyM e 5TO coyeTaHue SBASETCH PEIAKAM, TO MONHO fiepe-
GHCNHTL MOCAE HEKOTOPOrO pAa3MbIIIIEHWs BCE C0BAa PYCCKOro f3bIKd,
KOTOpHle TO coyeTaHne comepxat (Bemb X OyneTt nemuoro). [Tocae sToro
Mi BLGMpaeM ciAyuaifiHo OHHO M3 3THX cnoB. Ecmu OBl Mbl MMCIH HaCTOT-
HEfl CnOBapb PYCCKOrO f3BIKa, TO MOXHO ObNO Gbl MOCTHrHYTDH Gonbuiel
TOYHOCTH, HE CYMTaf STH C/0BA PaBHOBEPOATHLIMH, a FPIMNCAB WM BE-
POSITHOCTH, TIPONOPIVMOHANbHEIE BEPOATHOCTAM, YKa3aHHLIM B HACTOTHOM
cnoeape. TaknM crocofOM Mbl Ha NMPaKTHKE NOAYYHIN TEKCT:

BECEJI«BPATBHCS « HE« CYXOMsHM«HEIIO 4
C nepsoro Barndna TexcT (4) MpOM3BOAHMT BllevAT/IEHHE AaNe Gonee na-

Jiexoro oT cojpepwaTenbhoit peun, uem (3). [lpuumnbl 3TOro 4MCTO MICHXO-
norpueckve. B TexcTe (3) 60abLIMHCTBO C/IOB He GBIIO CNOBaMH PYCCKOrO

Iy Cm. E. G. Miller, IRE Trans. on Inform. Theory, 1956.

-
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M3bIKA, HO TaK KAaK OHM HAHOMHHAMHK COBA PYCCKOrO 3bIKA, TO YMTaTeNh
HEBOJILHO, HE 3aAyMblBasIChb O CMBIC/IE, BOCHPHHUMAET €ro Kak PYyCCKHit
TencT. B nHamem e HoBOM TexkcTe mouTH BCe Cropa NeHCTBHTENbHO
ABASIOTCS  COBAMM  PYCCKOTO $i3bIKa, M MOSTOMY OpOCaeTcsl B rnasa ero
6eCCMBICIEHHOC Th.

B uenom paccMoTpenHsle BHILE NpUMepH MOKasblBAIOT, YTO BEepPOsITHO-
CTHble MONLE/W IMCHMEHHOH pey B BHMIe C/IOWHHX neneil Mapkoea XOpOIHo
ONHCHIBAIOT NUCHbMEHHYK peub. CroxwHee O06CTOMT Held0 ¢ nonydexnuem
CTaTHCTHYGCKNX MOze/ied yCTHOH 3BYKOBOH peun. [Monyuenve Ttakux
MOJeJiell BaWHO I WUCCACNOBAHWH, CBA3aHHLIX C TEXHHKOH CBII3N. Bonipoc
ynupaeTcsd B HELOCTATOYHYIO M3YUEHHOCTb CTATHCTHUECKWX CBOHCTB ycT1-
HOK peun '),
<

OcTanosyMcs, HAaKOHEl, HAa BONPOCE O TOM, KAKOBH B3aHMOOTHOMIEHIIS
MENWAY TPALMIVIOHHOH, «K/1aCCHYECKOH» JIMHIBUCTHKON M BHOBb BTOpTAIO-
LUMHCH B NMAHIBHCTUKY WaeAMH. DoJbIIMHCTBO COBpEMEeHHBIX JAVMHIBHCTOB
fionaraeT, uTO HOBBIMH MPWIOKEHWAMHM, HOBBIMM 3andayamMy ¥ MeTOmAMn
MOIyT 3aHHUMATbLCH MATEMaTHKH, TEXHWKH, (QHU3NKH— BCe, KTO XOuer,
Jib Obl TONBKO OCTAaBWIH B [IOKOE CAMWX NHHIBHCTOB W HX HayKy.

Kak nyxHo oTHecTHCh x 3TOR TOuke 3peuns? FEcanm Onpeue/Th
JMHrBACTHKY Kak HAayky o0 fi3blKe, TO BHE BCAKHX COMHEHHH Bce
ONMCaHHbe BhIlle MPOGneMbl OTHOCHATCY K nUHrBHCTHKe. Ho 3TO — He
rnapioe. DIpanugel MexIy Haykamm CO3[AI0TCH HE3ABHCHMO OT ¢dop-
ManbHRX Ofipejenennii Hayky; HaoOOpPOT, 5TH ONpelcsieHns BO3HUKAIOT
W MEHMIOTCS BMECTE C eCTeCTBEeHHbIM 00pa3oM CO3MAIOUIAMHCH TPAHKIAMH
Hayx. Ecim, ¢ mpyro#t cTOpOHH, OTHOCHTH K JHHIBHCTHKE AMINbL TO, YCM
23aHUMANNCH JIMHIBUCTH 10 CHX 1I0p W TO, YeM OHW MOraM 6bl 3aHAMATLCSH
Ha OCHOBE yXe WMEIOUINXCH 3nanni, 6e3 OCBOeHWsS MATeMATHKH, (BHIUKH,
TEXHUKW W T. ., TO, KOHEYHO, fIpH T4aKOM Y3KOM HOAXOLE ONNCAHHbE
Bhlllle 1IpOGneMbl K NVHIBUCTHKE HE OTHOCATCS.

OO6ubiyHo  yuednle KakoH-iM60O CreupanbHOCTH  MpOSIBASIOT 3HTY3Ha3Mm
N0 NOBOLY FIOSBMEHWS HOBLIX TPUNOXeHHi cBOEH HaykW, Tak Kak 3To
npensemaeT GypHulit pesosmonnonHulil pocT camoit Hayxu. B samem cny-
yae mpousouno He Tak. Cpenyl NHHIBHCTOB WMMEIOTCH JHIIL OTHAENbHbIE
FOpsiuve MPHUBEPWEHIbl HOBLIX WAEH; OTHOILEHHE KE K STHUM umeaM Gonb-
HIMHCTBA JIHHIBUCTOB HAfIOMHHAET HCNyr. B peaynbTate HOBLIMH 061aCTaMu
JIHHIBHCTHUKA B OCHOBHOM 3aHVMAIOTCH KaK NOOGOYHLIM JIEIOM MaTeMaTHxi o

') Muorna B nprkiagHblX pacyerax [penfioNaraior, 3a OTCYTCTBHEM Jdy4iero,
YTO yCrHas pedb MOWET OhlTb ONHCAHA Kak FaycCoBCKMH cnywabinbi#t mpouecc,
HecoBepieHCTBO 31010 MpeanooxeHss MPHBOINT K PAaCXOKICHHIO TEOPHH C IIpaK-
THKOH. B noknane Ha Bcecoioanoil koudepeduuu mno TeOpHH BeposiTHOCTEH H Mate-
Marsyeckodl cratuctuke B r, Epepane B 1958 r. aprop MPEANOWHUA ONHCHIBATD
YCTHYIO peub KaK KYCOUHO-TayCCOBCKHit cayuaittpiil npouecc. 310t Bompoc TpeGyet
JlanbHCHLINX HCCaenoBaHuil.
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Texuuku. Takoe MOJ0KeHHe He MOweT ObTh cTabunbHnM. Kpome Henocpei-
CTBEHHKX IPHKMALHMX NPOOAEM, BOHIKAET MHOTO NPOGJEM TEOPeTHUECKOro
XapaKTepa; NO3TOMY NOTPeOHOCTH B JIOJAX, LEIHKOM MOCBITHBLUNX ceobs
TEOPETHUECKOMY OCMBIC/ICHHIO CBORCTB peun C BHOBb BOIHMKILHX TOUEK
3peHusi, OUeHb Be/MKa W eule HaNeKo He YAOBJIEeTBOpexa. Mowno He
COMHEBATLCS, UTO YIE 4epe3 HECKOJBKO JIeT TAKUX YUeHLX OyneT nemano.

HeT ocHOBaHHH HajgesThes, 4TO B Hanphefiiem OyayT fapamiennho
CylIeCTROBATH [ABE HAyKH 06 3bIKE: K/IACCHYECKAsl UHMBUCTHKA, HCNOAL-
3yI0LIAst AU’ 1b KAUECTBEHABIE METOAK PACCYMWICHUS, U HOBAs JIMHMBUCTHKA,
OCHOBaHHAsl Ha rAyGOKOM KOJHYECTBEHHOM H3yUEHHH PEeYH H OPUCHTHPO-
Bannas Ha TexHuueckue npusoxenus. EpnncTso npeamera m3yuenus —
YenoBeUEeCKOll peur — MPUBOAUT K MHOTOUYUCJIEHHBIM CBSI3SIM MEXIY HOBbLIMH
N cTapuiMu mpoGaeMany, OTHOCAUMMUCA K si3biky. Mibl ywe nokasbisan
Ha MpHUMepax, KaK HOBLIE METOAbl MOCYT M3MEHHTb JMLO CTaphiX obnacTed.
C wipyro#i cTOpPOHbI, MoOCHE MaTEMaTHUECKHE CXEMbl HPHOOPETAIOT 3Haue-
HHE JMOIb [OC/E TPYNOEMKOil paboTh NO HANOAHEHHIO HX KOHKPETHbLIM
NUHCBUC THUECKUM MaTepuasioM. 3/eCh He3aMeHuMa AesiTeNbHOCTH JIUArBU-
CTOB, BAfeIOIMX 3TuM maTepuanom. ITogoGuute cesisu OynyT, 6e3ycnoBHo,
BO3HUKATb W B OyayuleM. Mbl cunmTaeMm, UTO TPyAOeMKHC HCCAEA0BaHHUS
8 067aCTH CPAaBHUTEILHOrO SI3LIKO3HAHHSA, CBSI3aHHLIE C COMNOCTaB/ICHUEM
Pa3NUUHLIX SI3LIKOB, MOCYT HOMLAABATHCSL MeXaHu3aluu 1pu MOMOUH CO-
BPEMEHHOR BBIMHC/IHTENBHOK TEXHUKH.

TTONLITKY CYMTATH, 4TO CYULECTBYIOT ABE JIMHIBHCTHKH WM 4TO €CThb
JIMHFBHCTHKA MEPBOrO COPTA — KJACCHYECKasi, ¥ BTOPOro copTa — npu-
Knadniasi, OOpeyenn Ha Heyjpady, B 4acTHOCTH, TOTOMY, 4TO TEXHHKA
B HALl BeK pa3BuBaeTcs ouenp OypHo. Ecam Kakas-TO Hayka fiyxHa /s
BAMHBIX TEXHUYECCKUX .[PHJIOWEHNH, TO MONHO HE COMHEBATHCS, 4YTO OHA
6yneT passuBaThcs ouerb ObicTpo. [lO3TOMY e€cCin NONLITATHCA AETHTDH
JMHFBHCTHKY HA MEPBOCOPTHYIO U BTOPOCOPTHYIO, TO 'ePe3 HECKOJIbKO
JECATKOB JIeT HeNMb3s OypeT yme MOHATH, Kakasg W3 HHUX IEpBOro copra
¥ Kakasi — BTOpPOro.

Mp Ha nopore °‘co3manus €MUHOH NUHIMBUHCTHKH, B KOTOPYIO
BOKJIYT KAK CTAPHIC KNAaCCHUECKHE METOMb, TaK M HOBHIC, 3apOXialouHecs.
D10 Geccrnopro.

CuopHblM 1 OTKPHITHIM SIBJSIETCSI OAMH BOMPOC: KTO OYJET 3anuMaThCs
coanannenM 3Toi Hayxu? [lpumyT nu B 3TOM IOMKHOE YyyacTue Te, KTO
3AHUMAETCsT Cefiuac NMUArBUCTHUKOMN, WK UX MECTO NPHUACTCS 3aHATDH JUOLSIM,
[IPULIEALIUM CO CTOPOHLI?
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[Ipunoxenue

ONBIT ONPEJAEJEHHS NOHSITHSA 3JEMEHTAPHO
I'PAMMATHYECKOI KATEIOPHH )

3nech 11aM BCe BpeMsl IMPHLETCS HUMEeTh A0 ¢ MareéMaTHY4eCKHM TNOHITHEM
MHOJKCECm8a, WM, 4TO TO Ke camoe, cosokynHocmu. C STUM fOHATHEM YacTo
NPUXOAUTCH UMETh JEJIO M HeMaTeMaTuKaM. Tak, FOBOpAT O MHOMXecTBe Joief,
HaxOASIIMXCSl B JAaHHOH KOMHaTe, 0 MHOXECTBE BCeX KHHUI' B HEKOTOPO# “HJIHOTEKE;
MOWHO TOBODHTb O MHOMECTBE BCEX CJOB, BCeX TpeyroabHukos u T. . Cieayer
34MeTHTh, YTO MaTeMaTU4eCKOe MOMUMAHHE TEePMHUHA <MHOKECTBAY OTJINYAETCS OT
WUTEHCKOTO TOJNKOBAHMS STOIO CJIOBa B fEpPBYW ouyepenb TeM, YTO COBOKYMIOCTH
O6LEKTOB, WIH, KaK TOBOPAT B MaTeMaTHKE, 3.4eMeHmos, O6Pa3yilluX MHOKECTBO,
J0i1#Ha ObITh TOYHO ouepuyeHa. HywHo, yTO6Hl Ccnoco6 3amaHus MHOXKECTBa Ohbl.l
TAaKOB, YTOGH O JIOO6OM O6BEKTe MOKHO ObUIO ¢ MOJHOH OllpenelellHOCThI0 CKd-
3aTh, MIPUHAKJNEKHUT JH OH K STOMYy MHOKECTBY WJIH 1IET.

Jlnsi TOro 4TOGH yKa3aTh, 4TO KAKOH-IMGO SJeMEHT X NPUHAUIEKHT MIlOKe-
ctBy M, mbl 6ynem mucath x € M. Ecin M — cOBOKYNMHOCTh BCEX KHHUI HEKOTO-
poHl GuGIMOTEKM, a X — HEKOTOpas KHHUra, TO BamuMch x € M OyneT o3hayaTh,
4TO KHHUTAa X BXOAMT B 3Ty OGHOIHOTEKY.

Yacto npUXOAUTCH HMETh fejJ0 ¢ TNOAMHOXECTBAaMHU KaKoro-1udo
MHEOXeCTBa. Hanpumep, MOAMHOKECTBOM MHOXEeCTBA BCeX YYEHHKOB HeKOTOPOH
LIKOAbE 6YAYT YYEHHKI BCeX CeAbMbIX KJIaCCOB, fOJAMHOMXECTBOM MHOXECTBAa BCEX
CAOB COBPEMEHIIOTO PYCCKOTO s3bIKa GYAYT C€JIOBA, HayMHAWOLIMeCs ¢ GYKBBI <Ay,
MK CJIOBa (1 3TO YXKe APYroe rofMHOXECTBO), COCTOALME H3 5 6YKB, M1 (M 3TO
yame TpeThe fOAMHOXECTBO) BCe TPeXCJIOWHLIe CJIOBA.

O6illee MareMaTUyecKoe ofpejieieHie NOJMHOXECTBa MMEeT CIeAYILMH Bul.

Onpenenedue. EciHM Kaxabii sjeMeHT X MHOMeCTSa /N [PUHAMIERHT
Muomectsy M, T0 MHOMecTBO /N Ua3bIBaeTcsl 7200 MHOMCecmsoMm MHoOwecTBa M.

Itor Qaxt 3anuckisaercs Tak: N M, u uuraercs: «NV upunagnexut My, uin,
uHave, «N BkiawYeHO B M». [logMHOKECTBO MHOMECTBa M MOXKET HHOIA COCTOSITh
TOJIBKO H3 OZHOIO 3JEMEHTA W [JaMe He UMEeThb HM OAIOro sjieMeHTa (6bITh MyCTHIM)
niaM COBManath cO BCeM MHOxecTsoM M.

Hanpumep, MHOmecCTBO N BCEX KHHI PYCCKHX aBTOPOB HEKOTOPOFH GHOIMOUTEKH
ecth MOAMHOXECTBO MHOWecTBAa M BCex KHUI 3TOH OubanoTeKH; S10T (akt
M HAXOOMT OTpaxeHue B 3anucu N < M.

[lycth Tenepb B MHOXecTBe M HMeeTcsi COOMHOWeHle IKBUBANEHMHOCMIL,
T. €. YCTAaHOB/EH HEKOTOPBLi MpPU3HAK, [0 KOTOPOMY OTHOCHTENbIO M0OLH naphl
3JIEMENTOB, HPHHALIEKALMX MHOKeCTBY M, MOXKHO CKa3aTh, 9KBUBAJACHTHHI OHH Wik
pHer (ToT (aKkT, UTO SJMEMEHTHl X M Y ISKBUBAIEHTHHI, OYJEM 3amuChIBATH TaK:
X~ y), ¥ NyCTh 9Ta IKBHBAJIEHTHOCTb OGNANAET CHEAYIOLMMH TPEMsl CBOHCTBaMH:

1°. Pegpaercusnocms. Kawnplil aneMeHT SKBUBaJEHTEH caM cebe.

2°. Cummempusi. £CIM X SKBUBAJICHTHO ¥, TO y IKBHBA.IEHTHO X.

3°. TpansumueHocmy. Ecii X SKBHBAJEHTHO ¥, a 3§ SKBHMBAJIEHTHO Z, TO X
SKBUBAJIEUTHO Z.

Y) OcHOBHas ujes HauMx MOCTPOEHMi CBfI3aHa € MOHATHEM SKBHBAIEHTHOCTH
CJIOB, KOTOPOE 6LUIO BBEJEHO HE3aBHCHMO OT 4BTOpa HACTOsileH CTAaTbK W 1le-
ckoubko panbuie O. C. Kynarunoi 8 paéore «<O6 onHOM cliocobe olpenenenns
rpaMMaTHYeCKHX MOHSTHH Ha 6a3e MHOXKeCTBY, C6OpHHUK «I1po6ieMbl KuGeplIETHKHY,
puin. 1, M., 1959, ctp. 203—234. OpHako panbliefinas paspaGoTka 3TOH Hieu
nposonutcst Hamu M O. C. Kynarunoit B pasubix nanpasieHusx. Kpatkoe usno-
WeHHe OCHOBHOH HacTu nanHofi paGoThl ony6mukosaHo 8 1959 r.. P. JI. o6 py-
LI M H, DleMeHTapuas TpaMMatdyeckasi kKarteropus, bDrosierenb oCbenusenus no
npoGieMaM MaLIMHHOIO fepeBofd, M3i-so I-ro Mock. roc. nen. MH-Ta HHOCTP.
A3BIKOB.
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B kauecTBe NpuUMepa PacCMOTPHM ONSTb MHOXECTBO M BCex KINI HekoTopo#
éubauoTexd. byneM cuMrath KHUIY X SKBUBAJEHTHOIl KHUIE Y, €CJd ee aBTOp TCT
e, YTO U Y KHHUIH Y.

BoinosHenne cpojicTea 1° ouesmnano. $IcHO, fa.ee, 4TO €CJIM KHHra x IpARdd-
JIEKUT ABTOPY KHMCH J, TO KHHIA y MPHHAWIEHUT aBTOPY KIHIH X, ¢JIe10BaTeNLHO,
BHLIIOAHEHO CBOACTBO 2°. M, HakoHel, eCu KHUra X HPUHAMJIEKUT aBTOPY KHHUIH Y,
a KHMFa y UPHHALIEHUT aBTOPY KHMIM Z, TO KHUIE X NPUHANJIEIKUT ABTODY
KHHIH 2z, TEM CaMbiM TIOKa3aHO BbINOJIHEHHE csoiictBa 3°.

Mbl  yieM I'OBOPHThL, YTO MHOMECTBO M pasGuTo Ha KAQCCH, €Cal B HEM
3afaHbl (PUKCHPOBAHHbIE TIOAMHOWECTBA TaK, HTO Kawabifi sneMent x €M npueai-
JIEWNT KAKOMY-HHOYab TNOAMHOKECTBY, H TOJHKO €MY O1HOMY-

Byaem OTHOCHTb, HalpUMEP, K OAHOMY MOAMHOXCCTBY BCE CJOBa, HMMIKilihe
ominakosoe yncao Gyks. Torma sosuukaer pasCuenve BCex CJIOB Ha kaaccel. fcuo,
4TO KAWIOe CJI0BO MPHHAAJIEHHUT KAKOMY-HHOYIb KIACCy B HHKAKOE CJIOBO HE Hpd-
HaJIeXUT ABYM KJacCaM OJIHOBpEMEHHO.

B Teqpuu MHOXeCTB MMEET MECTO CJenylollas JIerko JOKa3blBdeMas TeopcMa.

Besikoe omHouleHie 3KsU8ANeHMHOCMIL, YCmaiH08AeHHOE MEHCOY INeMEeHMAMIL
smnoxcecmea M, y0oesemeopsioujee ce0licmean pedaercreHocm, CUMMCmpulL
1 mpaHsumueHocmu, onpedeasem pasbuenue MHO¥cecmsa M Ha Rkaaccst no-
NAPHO SKEUBAACHIMHLIX MEHOY c060ii 3aeMeHmOs ).

B HameM npuMepe C GubiHoTexol BCe KHUIM, HAXOASLINECH B IAHHO# GUGIHO-
TeKe, pasobLIOTC Ha KJacchi, B Kaapll Knacc OyAyT BXOMMTb KHHTH OAHOTO
apropa. Eciu B GubimoTexke MMeercs eIMHCTBeHHas kuura [putoeposa «l'ope or
yMa», TO COOTBETCTBYWLMH Kiacc 6yier COCTOATh TOJLKO H3 OINOTO STOIO
Snementa. Ecan B 6ubidoreke 3 KoMmAekta 1OIHOIO cobpansl CouMHEenHH
JLOCTOEBCKOTO, TO BCE OHHM BOHAYT B OfMHM M TOT M€ Kjacc.

Bosbmem Apyroh apumep. ITycTb MHOMECTBO M coCTaBJsIIOT BCE TPEYrOJib-
HUKM TUIOCKOCTH. DyaeM cuuTath 3KBUBAJIEHTHLIMH roz06HbIe TpEYl OIbUHUKH. SICHO,
wto cBoficTRa 1° — 3° 6yayT WUMeTh MecTo, M B CHIY Halleidl TeopeMbi BCE 310
MHOMECTBO pa3o0beTcsl Ha KJIaCCh 10A06HBIX Meway Co6o TPeYyronbHHKOB.

B panpueiilieM Mbl GyaeM CUHTATh 33AHHMbIM HEKOTOpPOE MHOKECTEO, 3JIeMEHTBI
KOTOpOTO GyneM MasbiBath cosau. JLas Toro yTOGL pa3BUBaeMasl HHIKE TeOopl:H
NIPUBOMAA K Pa3yMHbLIM De3yJbTaTaM, HYXHO, yTo6bI 3TO MHOXKECTBO NPEACTaBIs.I0
CO6Ol COBOKYHOCTh BCEX CJOB HEKOTOPOro pPeaibHOro sblKa. Hanpumep, aas
pYCCKOTO si3blka CHOJia BXOMIT CJIOBa; MaMe, KOJeCOo, NpLITaw, BEPTHIID,
yepreHkom H T. A Cuenyer 3aMeTHTh, HTO Mbi CuUMTaeM pPaslbIMM CJIOBA
MaMa K MaMe, BepTeTb W BepTHmb H T. I Kouneuno, npH MoGOH
NONbITKe TEpPeudcIuTh BCE CNOBA PEAIHHOTO sI3hiKA BOSIUKHYT CAOPHHIE BOINPOCHI,
faKue, KaK BONPOC O TOM, HAAO JH B 3TY COBOKYDHOCTL BK.IIOYATH coGcTBEHIbIE
uMella, BYJblapusMbl Wid YCTapeBlude C.J0Ba (Tak Kak HesiCHO, Kakue uMenlo
COBa CYMTAaTh YMC YCTADEBLIMMH, & KaKHE HeT). OnHaKo pa3suBaeMas Teopus
B paBHOll Mepe MpuMeHHMa MpH J1060M ciiocofe peluenHst STHX CAOPHBIX BONPOCOB.
Hapmo nuiub, utobbl 3TH BOLPOCHE 6blM  peleHbi C nosnHo#  onpeneienHoCcThIOo,
XOTHl KJacCHHKaHsi, BOSHUKAWWas NEH pPUMEHCHHH pa3suUBaEMOH TEOPHH, MOXeET
MEHATbC B 3aBUCHMOCTH OT TOIO, KaK BLIGpalno OCHOBHOE MHOXECTBO CJOB.

@pasoii Mb GyeM 11a3blBaTh COBOKYMHOCTH KOHEUHOIO HHCTIA CJIOB, paLCTaB-
JellHbIX B onpenedentioM nopsiike. Hanpumep:

1.5l Buepa kuaeBan canrdeTkoid
9. Koaeca seprtutcd 6HCTpO.
3.3T1a wHoOwW a Mononaas.

4. Koadeca CpeTfAT WIHUPOKO.
5.9 Bunxen MOCT.

6. Het co6akoii onnd Kotropas.

1y JlokasateJbCTBO 3TOH TeopeMbl CM., B Khure: M. C. AnreKkcaunpos,
Brejenue B OGULYI0 TEOPHIO MHOMECTS H yHKuui, M.—JL, 1948, ctp. 28.
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Mbl UCXOAMM M3 CYILLeCTBOBallusl B PEAaNbHOM s3bike OOBEKTHBHO 3aXaHHOrO
pasnenenusi ¢pas Ha epamamamudeckll O0Onycmumbie M zpAMMamuueckl Hedo-
nycmumslie, TaK 4TO O Kawaoil (pase Mbl MOxeM CAeNaTh OfMH M3 [ABYX B3aUMHO
UCKJIOHAWIIMX APYl Apylra BbIBOAOB: 3Ta (pasa IONYyCTHMA HJIM 11€10NYCTHMA.

[Noubitka HEpeuuCIHTL IPaMMATHYECKM JOMYCTHMBbIE (pa3pl s3bKa CcBsi3aHa
-¢ etlle 6OJpIIMMHM TPYIIOCTAMY, YeM TONLITKA fepeuucjuTh Bce ciosa. Onllako
K B 3TOM CJlyude pa3BUBaeMas (eopHs NPUMEHUMa ApU A1 60M Ccnocobe Bhine-
Jienusl rpaMMaTHYeCKHd AOMYCTHMHIX ¢pa3s, s Obf OH 6Bl BUoJIE OnpeieseH.

Eciu o6pathThcsl K npuseienHbiM Bbillle TPHMEPaM, TO eCTECTBEHHO CYMTATh
¢pa3el 1, 4, 5 rpaMMatUYecKu JONYCTUMbIMH, a ¢pa3pl 2, 3, 6 — rpaMMaTHYECKH
HeponycTuMbiMu. TlopuepkneM, 4YTO 37ech peub MAET HMEHHO O TpaMMarT u-
ye CKOoM, a He CMBICJIOBOH ROMYCTUMOCTH. Bpsin nn MOXHO 6bl10 6B NOCTPOUTH
4ETKYH) TEOpPHI0, OMHPAILLYIOCS HAa TOHSITHE CMbICIOBOH JOMYCTUMOCTH pasbl,
TIOTOMY YTO KpHTepHH OCMBICIEHHOCTH SIBISIleTCsl odeHb HeonpejeneHHbiM. Yacto
Ioist pasnl, sisasiiomeiicss Ha fepeblii B3 GeCCMBICASHHOH, HO TpaMMAaTHYECKH
- IONYCTUMO#, MOXHO MPUAVMATh KOHTEKCT, B KOTODOM OHa CT&HET OCMBICAEHIIOI,
noao6HO TOMY, Kak anramickui nucarenb I'. X. UYecTeptoH Hanucal cepuio
«OXOTHHYBHX PACCKA30BY, B KOTOPHIX OH NBITAiCs NpPHIaTh pealbHBIl CMBICH le-
JefbiM  CHTYAauMsiM, BCTPEHAMOUWIMMCH B ANIVIHIACKHX TOCHOBHLAX <CBECTh CBOKO
nuianyy, «3axeds TemM3y» u ap.

Jlanee mpl 6yseM n1a3plBath Ppa3oii ¢ aHO2OMOUNEeM COBOKYITHOCTh KOHEu-
HOrO 4MCJa CJIOB M OJHOIO MHOIOTOYHMSl, PAacCTABJICHHBIX B ONpEAe]eHHOM NopsiiKe.
Ppasbl ¢ MHOrotouneM 6ynem ofo3HauaTh GOJABLLIMMH JATHICKHMH Oyksamu. [lpu-
Mepbl Ppa3 ¢ MHOI'OTOYMEM:

A. ...BepTuTCs 6BICTpO.
B.Sl nonowen x ...

C.51 Bupnen ...

D. Mo#t ...60nbmoii

ManbiMu rpedeckuMu 6ykeaMu Mbl OyneM o6Go3nadarh cioBa. Eciu A — He-
KoTOpasi pasa ¢ MHOrOTOUHEM, @ a — HEeKOTOpPOe CJOBO, TO Yepe3 Aa Mbl 6ymeM
o6o3gayath (pasy, NONYHAULYIOCS PH MOACTalloBKe cJoBa 2 B ¢pasy A ¢ MHO-
rotrouneM. Hanpumep, ecin a — cioBo ¢ T 04, To nox Aa, Ba, Ca, Da nonumarotcs
COUTBETCTBEHHO (pa3bi:

Aa. Cton BepTuTCH G6BICTPO.
Bz. 1 noromen ¥ cTOMN

Ca. 51 Bunea ctou

Da. Mo#fi ctoan 6oabuiofi.

Ilocne Takofi moaCTaHOBKH oamnu ¢pa3wbl, B AaHHOM ciaydae Az, Ca, D2, oka-
3BIBAIOTCS] TPaMMAaTHYECKH AONYCTHUMBIMH, ApPYyrHe XKe, KaKk Ba, — HeONyCTUMbIMH,
Tlpu noacTasHoBke B 3TH ¥e (pasbl C MHOroTOYHEeM ciaéBa B —cTONY — HONy-
cTuMol okawercss ¢pasa Bp, a ¢ppasst Af, CB, Dp — ueponycriMbimu. Ilpu nox-
CTAHOBKE TYyHa e cadBa Y —kelNTypy —Bce ¢pasn Ay, By, Cy, Dy crano-
BATCH JIONYCTUMBIMH, a NPH TIOACTANOBKE CJIOBa 6 — K O H §l — AONYCTUMOK 6yier
¢dpasa Cé, a dpaset As, BS, D6 — HenonyCTUMBIMH.

Mpbl HasoBeM JiBa ClIOBa o W § axsusasenmHbiMu, e€cid juis 106 0H Qpasts
¢ muororoudeM N unn o6e ¢passl Na u N uegonycTumel, win ke o6e ¢passl
Nz 1 NP nonyctumbL

Cnosa a, B, 7, 8, npuseneHHple BhIlIe, BCE NOMAapHO HeIKBHBAJIEHTHbI, TAK Kak
N9 mapbl CIOB @ — ¢ T0J H p—cTOoNYy ¢dpaza Ao rpaMMaTHueCKH RONYCTHMA,
a AR —Her; g napsl CJIOB @ —CTOJ ¥ Y—KeHrypy ¢pasa Ba Henomy-
c¢T¥Ma, a By nonyctuma u 1. A. Jlerko BMAeTh, YTO ¢JoBa CTOJd M CTYJ SKBH-
BaJEHTHbL. Tak K€ SKBHBAJEHTHbl CJOBA KOPOBY ~ 3a6aBYy, CMOTPIO ~
CUXKY.
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910 COOTHOLIEHUE SKBMBAZEHTHOCTH obianaer CBofictBamu 1°—3° peduiexcus-
HOCTH CHMMMETPHMH M TPaH3UTHBIOCTH. JleHCTBUTENBHO, a ~ @, TaK KaK NpH mo6oi
¢pase ¢ MHOTOTOYMEM A u JIOGOM Cr0Be a (pasbl Aa u Aa OIHOBPEMEHHO JHMGO
JONYCTHMDBI, MO0 HET, TaKke OUEeBHAHO, YTO M3 a ~ B caeayet B ~ a u, Hakouer,
ecan a~ B, B~ 7, TO @ ~ 7, Tak Kak eCiu NpH Jmoboil Qpase A OIHOBpEMCHHO
NONYCTUMBL (HEAONYCTUMBY) Tapa Az AB u mapa AR u Av, To nonycruMa (Heno-
NyCTHMa) OAHOBpEMEHHO W mapa ¢pas Aeq, Ay.

Ho mamu 6bLIO yKa3aHO, YTO B STOM Clydae BCE MHOMECTBO CJIOB MOWHO
paséuTh Ha COBOKYNHOCTh HENMEPECEeKaloMXCsl K1acCOB MONAPHO SKBUBANCHTHHIX
Mexay coboii saemMentoB. Bynem o6os3nayaTh STH KIACCH 60AbIIMMHE TOTHYECKHUMH
éykpamn A, B, €, D, ... 3nawur, ecm o €Y, BEA, T0a ~ B, a ecma€, €Y,
T0 « He skBuBaientHo 8. Tak, kaaccamu Oyayr, HanpuMep, COBOKYIHOCTH CJIOB:

A.cToN, CTYJ, ROM, N0OJ, CTOH, ...
B. cMOTP, CHUKY, BHKY, TUIID, ...
G. supnetTh, CMOTpPEeTh, OPHUTH, ...
D. kopose, 3abase, HanewAe,...

Jiast Toro u4toGbl TMOJNHOCTBIO NPOBEPHTb SKBMBANEHTHOCTh KakoW-TM6O maprt
CI0B, HYWHO Obulo Obl BCTaBIATH HX BO BCEBO3MONHBIE $Paskl C  MHOIO-
touneM. Takux Qpas 6eCKOHEWHOE MHOXECTBO, TAK KaK Mbl B HauleM ofpeneie-
HMM He OrpanuuMBal¥ AJuHy ¢pasbl. Ilo-BUaMMOMY, Hallla KOHCTPYKLMS HE u3-
MEHHTCSl, €Ci¥ Mbl OrpaHuudMcsl, HanpuMep, <dpasaMu JIMHOH MeHblle yeM
B 100 cJjoB, a TOrna (DOCKOABKY HMC/IO BCEX CJOB PYCCKOTO #3bIKa KOHEYHO) s
NpOBEPKM CYILECTBYET ajroput Konewnofl pmunbl '). Ho Be€ pasno u B 3tom
Cllydae MOJHOCTBIO OCYIIECTBHTH MpoBepKy Obiio Gbl umensss. Takum obpasom,
MOWET TOKa3aThCsl, 4TO KpUTEpHHl SKBMBAJIEHTHOCTH 1l1&é MOXeT OblTh NpUMEHEl
Ha MpaKTHKe.

Takoit BbiBOg HeBepeH. Jleno B TOM, 4TO 3Ta CHTyauusl aHaiorduHa B raas-
HBIX uYepTaX CHUTyauud, BO3HMKalolleii npu moCOH NONbITKE OCYLIECTBUTH (il-
3uyeckd, Ha NPAKTUKE MaTeMaTHYeCKkylo cXeMy. Hanpumep, MHOrue ¢uszuyeckuc
BEJHYHHBL ONPEAEJSIOTCH NP NOMOLIM MBICJIEHHOTO SKCIEPUMEHTa». IJTOT Mbic-
JEHHb  SKCIepMMEHT OCYUIeCTBIsieTcsl Ha TpakTHKE JIMML MpubIUsuTesbllo,
W BCerna eCTh HEKOTOpas BEpOSITHOCTb OWIMOKM; TeM He MeHee TakoH c¢ocod
onpenensith (PU3MYECKHE BEIMYHHBl OCTAETCS BNOJIHE Pa3yMHBIM. Tak mpoucxomut
W B HauleM ciyuae. Mbl He MoweM nepebpathb BCe (pasel, 4TOOH joOKasaTh
SKBMBAJICHTHOCTh ABYX c/108. Onnako, nepe6paB ROCTATOYHOE KOJMHECTBO Pa3HO-
o6paskbx (pas, Mbi MOXEM MPUHATH K NPaKTHYECKH OGOCHOBAHMOfl  YBEPEHHOCTH
B TOM, 4TO JalbHefiilas MpoBepKka HHUYEro HE M3MEHUT, M HalM cJIoBa fedcT-
BUTEJBIIO SKBUBAJIEHTHBL

HenocTato BBeleHHOH TONBKO 4TO K/1acCUPHKALMM COCTOMT B TOM, HTO
CJI0Ba, BLIIOJHSIOLIME HECKOJbKO (PYHKIMH ONHOBPEMEHHO, OKA3bIBAOTCA BK/MO-
qeHHBIMH B ocO6ble Kjacchl. Hampumep, HMEIOTCH OTAC/IbHBIE KJACChL

f. OKHO, BECJO, 4€TO0, ...
M. okHY, BeCay, A€TY,...
M. MeTpo, NANDTO, ...

O7HAKO eCcTeCTBEHHO CHHTaTh, YTO CJOBA Kiacca I HONMHUBI OJHOBPEMEHIO
BXOAMTL Kak B kaacc £, Tak u B kiacc 2t [TostomMy BBejeMm clienywilee oOfpe-
nesesue: Mbl GyfieM TOBOPHTB, YTO CA060 o npeduiecmeyem caoey 3, a ca06o §

) T. e. npHieM, MNo3BOJsIOMMA B oOnpeseneHHol INOCNENOBATENbHOCTH Mepe-
GpaTh BCE BO3MOMHBIC (paskl ¢ MHOTOTOSMEM H B K&yl M3 STHX ¢pas nou-
cTaBUTh 06a CJIOBA AAHHOH Mapel, C TeM YTOORI YOEAHTLCS, ABMAIOTCHA JIM 3TH CJOBa
3KBUBaNEHTHRIMH.
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cienyer 3a CJIOBOM a (00o3nauaercst 2 —f uau B «<—a), ecan aisi Besxol Qpasni
¢ MHorotouveM A Takoff, yto Ppasa Az I'paMmarHYecKH JONYyCTHMa, RONyCTHMa
TaKkke ¥ dppasa AB. Hanpumep, OKHO—MEeTPO. OKHY — METPO, OKH O M~
—>MeTpo.

JlokameM crenylomylo Teopemy.

Lnsi nobeix Hecosnadarouyux Kaaccos A u'B u awbux caros a u B, npunad-
Aescautx coomeememeenno smi s Kaaccam (a €N, pE W), umeem mecmo 00HO
u3 mpex ymeepscOenuit: 1) aubo a-—f, 2) au6o p — a, 3) aubo Hu 00HO u3s
ymesepacoenuii @« — B, B—a Hesepro. Tlpu 3TOM eciM OTHO U3 YTBEPHEEHHI
BEPHO J/151 HeKOTOpof maphl 2, f (@ €, § € V), T0 OHO BEpHO M AAA BCAKOH APYToO
napsi o', B ("€, '€ Y). :

B caMoMm peise, ecau yTsBepwicHHe 1) uveer MeCcTo IS HEKOTOPOH fapbl
cioB o€ v BEYW, TO OHO Takwe Bepilo M aus MOGOH Apyrofi mapel CiaoB
<€A FES. :

JlelicTBHTENBHO, Tak Kak a &N ¥ 2 €N, 10 2 ~ 2’, Pppaszsl Az n A2" onlo-
ppEMEIIHO TPAaMMATHYECKH NONYCTMMbl WM HEAOUYCTHMBL AlAJOTHYHO, ONHO-
ppeMenHo IPaMMarTHYeCKH JONYCTUMBl WIM HegonycTumbt ¢passi A3 u AP’. Ho
10Id ecl¥ W3 IpaMMaTHUYeCKoH nomyctHMocTH ¢passl Aa cilegyer rpavumard-
yeckasl oNnycTHMOCTh pasbl A, To ¥ 13 I'paMMaTHYECKOH JONMYCTUMOCTH (Ppa3sl
Ad' caenyer rpaMmarHyeckas 1onycTHMOCTh ¢passl AP, 1. e. ecaum a—§, 1O
ua —f

AHaJI0TMYHO, €CH yTBepRelde 2) UMCeT MeCTO I HEKOTOPOH napbl CJIOB
aCUA u BEY, 10 ouo Bepno ¥ nas 41000 pyrofi napbl cios o' €Y u B'ER.

Ecau we uu 1), un 2) ne umeror Mecta ausi o€ u PEY, TO OTciona Bbl-
Texkaet 3). TeopeMa, tTakuM 06pa3oM, AOKa3ala.

Ha ocnose 310fi TeopeMpl MOKIIO BBECTH chaeiylomlue onpenenenus. Dynem
TOBOPUTH, YTO Kaace A npedwecmsyem raaccy X, a waace B caedyem 3a
waaccom U (oboznauennus: Y —B uzn B«— 1), ecin uMeer Mecto lepsoe W3
nammMx yteepimaeHuil. Tak, B fpuBci¢#HOM Bbine npuMepe B —,-0t — N.

PaccMoTpUM Teneph CHCTCMY M3 lleCKOAbKHX pasanianbix Kinaccor I, B, 6, D,
€, &, ®, H, cBA3aHRBIX APYr € APYTOM TaK, 4TO MX MOKHO H300pasufb, UANPH-
Mep, B BUje cleiylowel cxemhl

— B
| |

— D G 0

Takas cxeMa Bcerna 6yaet obi1afath ABYMsl CAEYIONIMMHM CBOHCTBAMM:

1) Ecau g —0t uw M — N, mo u £ — N (1. e. Ha cxeme £ — M —N
MOXHO NPOBECTH HONOMIMTEIBIYI0 cTpenky ¥ —— N).

2) M-—N u N—0 o0nospemenno He mozym cyuiecmsosamp (1. C.
cxeMa Wt<=N HeBO3MOXKHA).

JlokaweM 3T0.

1) Ecan £ —T0, 10 aas moéoro : € ¥ u moboro p € W u3 rpaMmathyeckoii
nomyctumoctd (passi Ak cleiyer IpaMMaTHYeCKas AONMyCTHMOCTb (pasbi Agp.
Ecau Mt— N, 1o wia modoro p€t u moboro vEN u3 rpamMariieckod Jo-
nycTMMOCTH (passi Ap caenyeT IpaMMaTHyeckas aonycrumocts ¢pasel Av. Ho
¢CJAH H3 TpaMMatHueckod ponyctHMoctd ¢pasbl Al cliegyer rpaMmardueckass Jgo-
nyctaMocth pasel Av s a06BIX A ¥ v, TO 3TO 3HauuT, 9Tt0 Kiacc ¥ mpeaue-
ctsyet kaaccy H: £ — M.
© Y Dyere M — N u N —M. Tak xak W — N, 10 ecan p €M u vEN, TO
13 I'paMMaTHye®koll JonyCTHMOCTH Ap caejpyer TpaMMaruyeckas JOMyCTHMOCTb
Ay, a tan kak W —> N, TO0 u3 rpaMmarvieckoll jgomyctuMoctd Av cieayer

-

—9
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rpAMMATHYECKAs JONYCTUMOCTh Ap. 3HauHT, dpasnt Av 1 Ap onHOBpeMeHHo Ando
ponycTomel, 1u6o net. Ho torna mast jo6oro p€Dt 1 moboro vEN caosa pu v
SKBMBATEHTHbI M Kjaccel St ¥ M noMKMBI COBNAAaTh, 4YTO MPOTHBOPEUHT TOMY,
4TO OHU Pa3JIMYHBL

TMosowenus 1) M 2) nokasbiBaloT, 4TO HA pawmefi cxeme He MomeTr Obith
«3aMKHYTBIX LHKJOBY, T. €. CHCTEM Crpesouex Buia

A .

Jle#icTBuTeIbHO, ecid 6bl CYIECTBOBal LMK M3 TPEX KiaacCow BHJA

61

— PN —
L'a

A

10 no ceolicTsy 1) Ha 3TCH cxeme MOXHO ObLic Cbl NPOBECTH AONOAHUTCILHYVIO
crpeaky A —>@. Ho, no csoiictBy 2), 0a110BpeMeHHo A—C u C—A cyme-
CTBOBATH HE MOTYT. AHAIOIMYIO, M3 UEBO3MOXIOCTH CYMIECTBOBANMS LMKIA U3
Tpex KJaccoB JOKA3LIBAETCH HEBO3MOWHOCTh CYIIECTBOBARKS LHEIA U3 HCTHIPEX
KAaCCOB H T. .

Dynem Tenepb W3 llamed cucteMbl [HanmpuMmep, (1)] ot6pacbiBaTh T€ CTPEKH,
KOTOpbI€ TIOJNYHAKTCH KaK CAEACTBHS M3 OCTaAbHBIX CTPEJIOK f10 cBoicTBY 1), — TaK,

— —_— -
u3 cxembl Y .6 orbpocum cipeaky ¥ —> @, OCTaBHB JHUIE DpoMC-

}yTouHble cTpenkd. Takoe BhIGpachipanue Mbi CyneM TNpOUSBOLMTL 70 TEX 1Op,
[0Ka COBCEM He OCTAHETCs CTpEeJodek, NOMemaniux sblopachiBannio. Octasiinecs
CTPENOYKM MBI HA30BEM aAeMmeHmapHbisy. Tak, cxema (1) nocue yKa3aHHBIX Bhl-
GpachiBanuii CBENETCS K CJEAYWOUICH cXeMe, COpepmallefl TOAbKO SJleMeuTapHbie
CTPEIOUKH:

QI_>Q3_>@ @<—.s;—>'f§—>@3ég} W)

IMpouecc BLIGpacbiBauus CTpeJOYeK H ceenénus nanHo#l cxeMmbl THna (1) Kk cxeme
THna (2) ofs3aTenpllo JOMKEN OKOHYHTBCH, TaK Kak K/acCoB CJIOB HC 6osbue, 4eM
CaMHMX CIOB, a CJIOB — KOHEYHOE YHCJO; CTPesoyeK e CTOJbKO, CKOJIBKO mdp
KJ1aCCOB, @ MX — KOIEYHOE 4HCJO, TaK KaK CaMMX K:IacCOB KOHEHHOE HHCJIO.
TaxuM 06pa3oM, eCiH Kiacc 9 DpemuecTByer Kiaccy B uiaM, YTO TO Ke
camoe, Kiaacc B caeayet 3a knaccoM A (I — ), To BCerna ecTh CHCTEMA 3ie-
MEHTapHhIX CTpenouek, Beayulas u3 A B B (X0T# caMa CTPEAOUKA, BEAVHIAT 113

9 B B, MOIrIa oka3aThCsl He 3JeMellTapHOH M GbITh BBIKH- $
HYTOM). o
CucTeMy 3JleMEHTapHBIX CTpesouexk Tuna (2), ocrarw- ¢ / /
urytocsl TOCJe OKOHHaHusi fpouecca BblOpachibanusi, MBI \ D K
Ha30BeM Oepesor zpaAMMAMULECKOiL OMOHUMUNL WA, 141 =B h
KpaTKOCTH, ApocTo Jepesor. TlpnpoauM 3nech CXeMarth-
yeCKHil PHCYHOK jepesa. \
Hazosem knace St wopHem nepesa, ecju K ITOMY 2 &

Kilaccy He BEJET HHKaKas CTpeska (1. e. HE CYLeCTByeT
knacca N Takoro, uto N — W) aubo ecnu CywiecTByeT Takas Ppasa ¢ MUOIOTO-
ugeM A, uto dpasa Ap npH p €T rpaMMaTHYECKH J0NyCTUMa, a Ppasa Av, rre
vy€N, rpaMMaTHyecKku HenomycTuma npu oo kiacce N —> Wt

HampuMep, KOpHeM fBisieTcs KIacC CJOB CTOJ, CTyJ, JAO0M, TO0J,
CTOH,..., DOTOMYy 4TO K STOMY KIacCy He Beger nukaxas crpeskd. Mo st
We TpUYHHE KOpHSIMH OyAyT KiacChl CJIOB

G. oKHO, BECJO, I1€eTO,...
M. okHY, BECAY, NETY,...
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Bosbmem B kauectBe ewe oanoro npumepa knace N, cocrosmmi u3 IBYX CJIOBI
NR. 310, TO.

K a1OMY Knaccy Beset cTpenka M3 enMBCTBEHHOTO Kiacca £, COCTOSIIEro U3 CIoB

KpacHoOe, 3ejleHoe, WIHPOKOE, ..., K KOTOPOMY He BejeT HHKaKas
cTpenka.

Ecnu uepes A ofo3naunth $pazy ¢ MIOroTOuHEM

A....mes YelNOBEK, TO ACHO, 4TO Ppa3bl «3TO MIed HeJNO0BeKY,
€TO uleJ 4YeJoBeKy PAIMMATHYECKH NONYCTUMBL, a npu MiofoMm BEY ¢pasa
A} (nanpumep, «KpacHOE IIeN YeJOBeKy) TIPaMMaTHIECKH 1e/101y CTHMa.
3uaunt, knace cnos R seasiercss kopueM pepera. Knace £ Tare ssasercs KOpHEM
ncpesa. Knace we

N. MeTpo, ManbTo, KEHITYpPY, ... KOPHEM nepesa uHe 6yaer. Bo
UCPBLIX, K _HEMY BEeQyT CTpe/lKH, HanpkMep, H3 Kilacca CIOB OKH O, Beclo,
7€TO... Bo-BTOpHIX, Kakylo Gbl MBl Qpa3y ¢ MHOTOTOuMEM A HH B3slM, BCerja
nafinercs Takod knace §B(P—N), urto ¢paza An Gyner pomycTuMoi npu nEP.
Hanpumep, ecin A — ¢pasa ¢ MHOroTouHEeM

A5l nyman o...,
TO TAKUM OKAaXETCs KJace
. oKkHe Becse, Nere...

Ilpu apyroii dpaze ¢ MHororousem sTo 6ynet yxe npyro# wkiaace, WO Hail-
neTcsl OH O6si3aTelhLHO.

ConocTaBuM KamAOMy KODHIO fepeBa COBOKYIHOCTh BCEX CJIOB, BXOISMIHX
B 3TOT KJIacC W BO BCe CJEMYIOMIHE 32 HUM KJIacChL BClo 9Ty cOBOKYyNHOCTBH ClIOB
Mbl GyNeM Ha3bIBATL INEMEHMAPHOL zpaMmamimeckotil Kamezopueii. 3Hauut,
SJEMENTapHLIX IPAMMATHHECKHX KaTeropuil CTOJLKO e, CKOMbKO KopHef Y me-
pesa rpaMMatHYecKofi OMOHMMHM.

TlpuMepsl s1eMEeHTapHBIX FPAMMATHYECKUX KaTeropHii:

I.Cton, ctysn, now, noJs, cToH, ...

I. Okno, MmeTpo, conHue, NanbtTo, AeTo, KEeHrypy, -..
[ll. Okuy, MetTpo, conuny, NanlbTo, NeTy, KEHTYPY, ...
IV.3 710, 10, xpacHoe, 3eNleHoe, WIHPOKOE, ...

V.3rTo0, TO.

VI.Cuxy, cTOPOXY, peRy, nJaaBaw, ...

B knaccuueckofi rpaMmatuke kateropusi I cOCTOMT U3 CYIIECTBHTENbHBIX €IMH-
CTBCHMOrO 4HCJIA, MYMCKOrO pOJia, HMEHHTENbHOTO nanewma; Kateropus Il — us
CYIECTBUTEbHBIX €1MHCTBEHHOIO YHCJa, CPESHEro pola, HMEHHTEJbHOrO fagemxa;
kateropusi Il — u3 cymecTBuTe/IbIEIX €AMHCTBEHHONO YHCIA, CPEIHETO pOfa, Na-
TEAbLOIO Tanera, Kareropust VI — us raronos eamucteeHHoro uucna, mepsoro
auua. Kateropuu IV u V B xnaccuyeckoii rpaMMaTike aHAIOTOB He HMEIOT.

MBI NpHBORMM IS WLNOCTPALMM HAlIMX pPACCYKNCHMH TONBKO TIPHMEPEI,
OCHOBAHHBIE Ha WCTIOL30BAHUH CJIOB PYCCKOTO #3bika. Mbl JOMMHHE mpeaynpe-
IHTL YMTaTelsd, 4TO TPYNOeMKas paGoTa NO BHIABAEHHIO SKBHBAJEHTHOCTH HIM He-
SKBEUBAJIEHTHOCTH JAHHBIX CJIOB WIH MCCJIENOBAHMIO JAHHBIX TPAMMATHYECKMX Ka-
Terophii Gblia NpoBeeHa HAMM NAIEKO He NONHOCTHIO, H TIOITOMY HE HCKAIHEHO,
TO HEKOTOphIE M3 MPHBOAMMBIX NPUMCPOB PpasoCpaHBl HEBEPHO, 4TO, KOHEHHO,
He OTpaXKaercs Ha He 3aBUCALIHX OT STUX NPUMEPOB OOLIMX NOCTpoeHusx. Kpome
TOTO, HAaNO CKA3aTh, YTO PYCCKUIl AJBIK SABNAETCS OTHOCHTENbHO Malo Giarofap-
HbIM MaTepualoM il NPHMEpOoB, TaK KaK BBRICOKO pa3BUTasd C(HCTEMa OKOHYaHHii
TIPUBOJHT K TOMY, YTO SIB/IEHHE TDaMMAaTHYECKOH OMOUHMMH BCTpEuaercsi B pyc-
CKOM #I3bIKE PEAKO, U NepeBO OMOHMMHH PYCCKOTO sI3bIKa SIBISIETCS caabo pasBetn-
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BAEHHLIM. T10-BHAMMOMY, €ro YCTPOHCTBO OKaMKeTcsl 3HauuTe/nblo 60.ee CIOWHbIM
IS TakOTO sI3blKa, KaK, HanpuMep, auriuiiCKkui.

bBesycaoBilo, 4To JellaeMple B HACTOsillee BPEMsl MepBhi€ MONBITKH TEOPETHKO-
MHOMECTBEHHOrO NOJAX0Ja K NOCTPOEHHIO TpPaMMaTHKH, B TOM 4dCjle B 1pejlara-
eMoil pabote, oueHb Hecosepuiennbl. OAHaKO HX YCOBEpPUIEHCTBOBAHHE BO3MOWIIO
JMIIb HA OCHOBE OGOJBIIOH SKCIEPUMEHTANBHON palOThl, CBA3AHHOH ¢ HanouHe-
HMeM a6CTPakTHBIX MATeMAaTHYeCKHX CXEM KOHKPETHBIM SI3bIKOBBIM MaTepHAJIOM H3
PasHBIX MO IPaMMaTHYECKOH CTPYKType #3LIKOB. B uyacTHOCTH, Kawercsi OHeHb
aKTYalbllbIM OTRICKAHME DJEMEHTAPHBIX T'PAMMATHYECKHX KaTerOpHid sl pasHbIX
3LIKOB M CpaBHEHME TOJYUMBLIMXCS PE3YJLTATOR C Kaaccudukauueid cios, mnpu-
MelsieMoH B TpamuMLMOHHOH TpaMMmartuke. OcofenHO MHOrOOGEMIAOIEH KaKeTCs
BO3MOMHOCTb TPHIOKEHHMS! STOH CXeMbl K f3bIKaM He HujgoenponefiCKoll cucTeMbl,
TaK Kak TPAMMATHKa TakMX s3bIKOB CO3AaBajlach NO; HEBOJBHBIM BIHSHUEM NPH-
BbIYEK, BO3WMKaBIIHX OpH u3yuenud esponefickux s3pikos. [Toaxoa Ha ocHOBeE
MaTeMaTHYeCKHX METOXOB He HeceT B ce6e mojaoGHofl eBponoueHTPHCTCKOH iipei-
s3sTOCTH. HanpuMep, TEOPETHKO-MHOXKECTBEIHBIHi NOIXO1 MOMET YOMOYb pPell:-
HHI0 CIOPHOTO BOfIPOCA O TOM, UMEKTCH JM B TaKUX SI3bIKAX, KaK MOJMHE3UHCKNH,
MOPQONOTHUECKHE KaTeTrQpHH.

[Monpo6Hpie ucCnenoBanust Ha KOHKPETHOM MaTepuane YKawyT, B YaCTHOCTH,
B KaKHMX MMEHHO YJyHdIIEHHSiX HYMUIaeTCsl BBEJCHHOE B 3TOH pafote onpenenene
NOHSITHS! 3jeMenTapHOH I'paMMaTH4ecKO# KaTeropu.

B 3aksouenne yKamxeMm HEKOTOPYIO JMTEepaTypy NC NpUMEHeHHIO MaTe-
MaTHYECKHX METO/OB B JIMHIBHCTHKE.

Cneayoliye KHUTH W CTATbH MOCBSIIEHH BOMPOCAM MALIWHHOCO nepe-
Bozja:

1. Machine Translation of languages, New York, 1955. (Pycckuil nepeson:
Mawmnsumil nepeson, WJI, 1957.)

2. Report of the eight annual round table meetings on linguistics and langu-
age studies. Research in Machine Translation, Washington, 1957.

3. AD.Booth, L. Brandwood, . R. Cleave, Mechanical Resolution
of linguistic problems, London, 1958.

4. J1.¥0. TMMauos, A. A. Jlsnyuos, M. C. Myxuu, Asromatusauus
nepesoja C oxHOro sidblka Ha npyrofi. C6opuuk «Ceccusi AH CCCP no HayunbiM
npo6ieMaM aBTOMATH3ALMH 1IPOM3BOACTBAY, 15—20. X. 1956 r.».

[TonpiTKaM MaTEMAaTHUECKOrO WCCEA0BAHNS rpamma'mquKoﬁ CTPYK-
Typbl $13biKa NOCBSILLUEHBI KHUIHI

1.J. Greenberg, Essays in linguistics, N.-Y., 1957.
2. J. Choms ky, Syntactic structures, Grawenhage, 1957.

OO6iupe BONPOCH JIMHFBHCTHKE W TEOPHH CBI3H O0CYmAAIOTCS B KHHTE:

C. Cherry, On Human communication, A review, a survey and a criti-
cism, N.-Y.— London, 1937.

CraTuCcTHYECKUM np06n~emam JUHAIBUCTUKU MOCBALICHBI KHHIHM:

1. 0. Herd an, Language as Choice and Chance, Groninden, 1956.
2. Bonpochl cratuctuku peun (Martepsanbl cosemaunsi), lsp-so Jlenuurpan--
ckoro yu-ta, 1958.



60 P. J. IDOBPYIIUH

Vkamem Taxwe nepuonuyeckue usganust u cOopruxkd, B KOTOPbIX
cucTeMaTHyecky nyOGIHKYIOTCS MAaTEpHaliel MO 3aTPOHYTHIM B CTAThE MPO-
Gnemam:

1. Fronaerenb ofbeiuiieHHss no mnpofreMaM MalMlHoro nepesoga, Ysg-Bo
1-to Mock. roc. nea. uH-Ta MHOCTP. s3bikoB (¢ 1957 r.).

2. «IpoSieMbl kuGepHeTHkH», Pusmarrus, M. (¢ 1957 rJ).
. «Mechanical Translationy (c 1954 r.).

. «Information and Controly (¢ 1957 r.).

«Language and Speech» (c 1958 r.).

s 0

Conepwanyie HACTORILEH CTATHU BO MHOTOM ONPEAEJHIOCH B LpPYWe-
ckux Occenax asTopa ¢ B. A. YcnenckuMm, ApUBAEKINMM €ro BHUMAHHE
¥ sompocam JsiuurBucTHKY, ¥ B. B. MBanosbim. QOuenp BawubimMu  Oblin
TaKke MBICAH, BhicKasmisasmkecs neoanokpatio A. H. Konmoropossims
Bonpuiyo nomols B Hanucanuu crarbM  oxasana M. C. JoOpyuiunsa.
ABTOp NPHHOCHT UM CBOID HCKPEHHIOW 6/1arofapHOCTh.



KOMIIIEKCHBIE YMCJIA U UX NNPUMEHEHUE B TEOMETPUN

H. M. Sdzaoxm

(Mockga)
L

Tema HacTOsilllell CTaThU KacaeTcsi OLHOBPEMEHHO W anreGpwl, W reo-
setpur. CBf3u MexAy STHMH ABYMS AHCHUINTHHAMUY OUYCHB PA3HOOGPA3HHI
U ANONOTBOPHB AMAf Kakaol u3 Hux. Muorue npuveHeHns anre6ph K reo-
MCTPHH ¥ reoMeTpuu K anrefpe ObM W3BECTHH Y€ B JIANEKOH ApeB-
HOCTH:  MOCTATOMHO  BCIOMEWTL 1po  BhBOA  Gopmyas (a-+b) =
=a* -} 2ab-} b°, onuparoumiicsi na pasGuenne KBaapata Co CTOPOHON
n-}-b wa nBa meHburMX KBaLpaTa W NBA NPSMOYrONbHUKA, WM APO anre-
Opanucckull MeTOL PpeuleHusi 3amay Ha TnocTpoeHue. Bamike k Hauemy
BPEMEeHH, Y€ B STOM BeKe, B MaTeMaTWKe MNOSBHINCDL Oonbilue HayuHbie
HAMPABMCHNUS, B OLHHAKOBOH CTeReHd OTHocALmecs U K anreGpe, 1 K reo-
METPHH; XOpOWUMH DPUMEPAMH 31€Ch MOryT ClHy&uTh anrebpanueckas
reoMeTpHsi, a TaKwe AaKTHRHO Ppa3BUBAlOLleeCs HANpaBjieHHe, KOTopoe,
32 HeWMEHWEeM JNy4Iero Ha3BaHHs, fOKA TIPUXOMUTCH HA3LIBATH  «JNHEH-
Hag anrebpa ¥ MPOEKTUBHAK reomeTpus». MuoruMu HUTMU CBH3AHO C reo-
meTpredl # BO3HUKILEE B paMkax anre6ph yuyeHHe O KOMIUVIEKCHBIX 4uc-
nax; B Hactosuled ctathbe OyneT roBOPUTHCS TOABKO 00 OLHOM U3 3THUX
cBizel.

1. PA3JIHYHBIE THITbI KOMITJEKCHbBIX YHCEJ

1. Uro Ttaxkoe wxommiaexcuwie uncna. C rwomnaerxcubinu uuciranu
cuntaet cebsi 3HAKOMBIM KWW, u3yyaBliuil B CpeaHel wKojge warte-
MaTuky. Tak Ha3LBalOT CHCTeMY BeauduH oCoboro pona, npeactapis-
embix B Bune cymv a--b-i wm a-}bi, rne a v b— o6bKHOBeHNEI®
(BeulecTBeHHbIE) uuCNa, a [— TAaK HaswBaeMas mwumasn edunuya. Cno-
WeHUe U BHUYUTAHUE KOMINEKCHHX ydCen MNPOM3BOAUTCA Kak CJio-
WeHHe ¥ BHIYHUTaHHEe CYyMM:

(et by (c+diy—=a-‘ctbiddi=(a+c)4-(b-d)i (la)

/
(a-+ biy— (c -+ diy = (@ — ¢) + (b — d) i. (16)

M3 storo onpepenenus cjenyert, 4To CnoXeHue v Bhlthranmie KOMIIJIEKCHBIX
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4HCeN MO CBOMM CBOHCTBAM BECbMAa ONM3KH K CACKEHWIO H BHLUMTAHUIO
BELIECTBEHHKIX YHCeN; TaK, eC 2, = a—-bi, z,=—=c}-dinz,— e -} fi —
KaKHe-TO KOMITeKCHLIe 4ucja, TO

ez, =242, [=(t o+ 6+, |
@ +z)ta=z+@t2) [=@tctotwtdtnif
H

zl——zz:-z]—l—(——zz), (26)
rie —z,=(—¢)-(—d)i — Takoe umcno, UTO z,-}-(—2z,)=
=0-}0i—=
Onpenenenne YMHOX@HUSI KOMIVIEKCHHIX 4dCen ywe TpebyeT HeKo-
TOPHIX JONOJMHUTENbHBIX Cornamenunii. EcTecTBeHHO CuuTaTh, 4TO

- - . . - *
(@ bi)-(c +diy=ac -} adi -} bei - bdi®. (3)
Onnako nnss Toro, 4To0Bl BHSICHATH CMBICHA MNOCNENHErO BHPAKEHHH, HAM

HAMO YCNOBUTBHCS, 4YemMy paBHa Bemuumnna i°. Coo6paxenusi, CBA3aHHbIE

C BOPOCOM O PEIIeHNH KBAaAPATHLIX YPaBHEHUH, NENal0T eCTeCTBeHHLIM

npennosnowenve: i>=—-—1. B takom cnyyae mm Oynem uMeth

(a1 bi) (c+di):(ac—bd)—|—(ad—l—bc) i. (4)
Takum 06pasom, NpousBeneHue NABYX KOMIMICKCHBLIX YHCEJ TaKkKe SBAsCTCs
KOMDJIEKCHBIM  4HC/IOM; TipH  STOM, KAk Jerko IIPOBePHTb, APH MIOGLIX
KOMIIeKCHBIX 2,, 2, U Z,

2,2,==2,2,, (2,2)-2,=2,(2,2) n (2,7} 2,)z,—z2,-} 22, (5)

Heckonbko cnownee oOGCTOMT feno € feNeHUeM KOMIJIEKCHBIX
uncen. OueBMHHO, AN TOro 4TOOH HAYUHUTHCS JEMUTH KOMIUICKCHOE
YHCNO 2, ==C-|-di Ha JIPyroe KOMIEKCHOE 4ncno z=—a-}-bi, nocra-

TOYHO onpenenvtb, 4YeMy PpaBHO 4HacCTHOE —;; nocsne 3Toro aeneHue KOM-

NJICKCHLIX 4YUCen CBeneTCs K U3BeCTHOH yxe€ HaMm onepauurd yMHOWEeHUs:

1
ziz=2z,"—. (6)

3ameTuM Tenepb, YTO CYLIECTBYIOT TAaKHe KOMIIEKCHHIE uucjaa 2, AJs
1
KOTOPHIX ONPENEe/ICHHE BEIUUHHE — He MPEeICTaBmsieT HIKaKoro Tpyna,—

970 uncna a1 0.4, KOTOpble eCTeCTBEHHO OTOXAECTBHTH C BeULECTBEH-

ubiMp gucnamn: @ 0-i=—a. Otciona Mbl  3akm0dYaeM, 4TO  1pH

1 1
'—.:—— U chenoBatTenbHO
a7=0 - T 0 ) I )

A= etan =421 2

PaccmoTpum Teneph NMPOM3BONBHOE KOMINEKCHOE uucno z=a-}-bi.
ConpsiZkeHHBM K HeMy Ha3LIBAETCH KOMINEKCHOE 4ucno a— bi; OHO
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o6o3Havaetcs uepes z. Oncpauusi B3fTUS COMPSDKEHHOTO  KOMIJIEKCHOFO
yucna o6nagaeT MHOTMMH 3aMeuyaTenbHHMH CBOHCTBamM#; Tak,

2=z (8)

(160 ecnu z—a -} bi, 10 2=—=a—bin (2) =a— (—b)i==a-}bi=2)
) 4

zl—l_zz:zl—l_zz’ 2, B, T2 T 2y B "Z,7=2,0%, (9a)

(nanpumep, ecnn z,=—a-+-bi, z,—c--di, o 2z -z,=(ac—bd)—
— (ad -} be) i = (a — bi) (c— di)=2,-2,); ACHO TaKkKe, HUTO KOMIIEKC-
HOE YHCJAO JUILb TOrAa COBMAfaeT CO CBOUM CONPSHKEHHBLIM, €CAd  OHO
ABASIETCSE  BeueCTBeHHbM, T. €. umeeT ¢opmy a-0i. Ho nauGonee
BAXHO ST HAC TO, UTO npou3seOeHie 08YX CONPANHCEHHbX KOMNACKCHLX
yucen gcez0a Gydem HUCAOM  BEWECIMBEHHBIM: TIPOU3BENCHUE Z-Z==
= (a -} bi) (@a— bi)=a* -} b* ecTb KBanpaT uucna r=Va b, na-
3LIBAGMOTO M0O0ytem 2 N 0003Ha4aeMoro 4depes |z| To, 4TO MpOU3Bene-
HHe COMPFMKEHHBIX KOMIIEKCHLX YUCEN BeUeCTBEHHO, TO3BONAET CBeCTH
nenenyie MpPOM3BOJBLHBIX KOMIVIEKCHHIX HHCen K pasoOpaHHOMYy YWEe Bhile
Cyyale JejieHds Yucija Ha BeuleCTBEHHOe:

, (10a)

unu, nonpoGuee,
ctdi  (cdh(@a—bi)  (acHbd)tlad—boyi
a-+bi~ (atbiyla—bi) a®+ b2 —_
__actbd , ad—bc .
eyt Eren

(106)

OTveTuM KCTaTH, 4TO 3TO OrpeneneHye YaCTHOFO JIBYX KOMILICKCHBIX
ypcen MOKA3bLIBaeT, YTO B MOJNHOM cornacuu ¢ paseHctBamu (9a)

z,12,—2,12,. (96)

Briocnencteui Hamu Takwe GyneT UCHONb30BaHO TO OGCTOSITENBCTBO,
YTO0 CyMMa 2z-}2z .ABYX COMPSOKEHHBIX KOMIUIGKCHHIX 4ucen BCernaa
SIBASETCSE YNCNIOM BeutecTBennbM |(a - bi) -+ (a— bi)=2a]: oua paena
yABOGHHON geujecmeennoli yacmu a uncna z. Pasnoctb z—2z JBYX co-
NpMKEHHBIX YUCeN SIBSeTCH YMCAOM YHCTO MHHMBM (T. €. UMeeT BHA
2bi, rne 2b— BeuleCTBEHHO).

Mtak, koMnnekcuble 4ucjia MOXHO CKNafbLIBATh, BHYUTATh, YMHOXATb
¥ [euTh, TpUYeM BCE 3aKOHB, KOTOPbLIM MONYMHAIOTCH 3TH NeHCTBHS,
TOYHO COBNANAOT € 33aKOHayW JIeHCTBUH Haj OOLIKHOBEHHHIMH BeLecT-
BeHHHIMH uncsamu '), B qac‘Zoc M, KaK M B CJyyae BELIECTBEHHLIX 4HCe,

1) C aareGpauyeckoil TOUKH 3peHHs) 3TO O3HAYaeT, YTO KOMILIEKCHLIe HHCJIa,
¥aK M 4HCJIa BellecTBellllbie, 00Pa3ylr KOMMYymamiieHoe nose.
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LleneHne Ha KOMIIeKCHOE 4ucio 2z=—=a-}-bi BO3MOXHO He BCerma:
Jnsi BHINOJIHUMOCTH ieNienysi HeOOXOAuMO, 4TOGL MOLY b |z|_—_]/az—}—b2
4pcna z Oblnl OTAMYMEH OT HY’si, TaK YTO CYWECTBYeT eAUHCTBEHHOe
KoMinekcHoe uncio 0=0-}0i, nenexne Ha KOTOPOE HEBOIMOWHO. B Tex
cyuasX, KOTJia HEBO3MOWHOCTh JIeJeHHSI HA HYIb NPENCTaBIsieT Heymos-
CTBa, YC/NABAHMBAIOTCS CYUTATH, YTO YactHoe 1:0 CYWIECTBYET, HO SBASETCS
4uCIOM 0CO00TO PoAa, ANSi KOTOPOro BBOAUTCA CreIManbHOe 06o3Haue-
HUE ©O; PYrHMU CNOBAMH PACHLPSION MHONECMBO KOMIACKCHOLX YlLCeA,

1
BBOJIS HOBOE YHCJI0 o0 («OCCKOHEYHOCTEY ), MO OlpE L e e HH 10 PaBHoOE ;- ).
IpaBuna ne#icTBuit HAL CHMBOIOM OO ONPEfENSIOTC CAEAyIOUIM 06pa3oM:

z-foo=00, z—o0o=00, z-00=00, —=0p, ~=0; (1)

31eChb Z— NPOU3BOJLHOE YHCAO, DPUYeM B TpeTheM paBenctee z =40,
a BO BTOPOM ¥ B JBYX IOCNENHUX Z=/=00; PA3HOCTH OO — 0O, MpOU3Be-
) 0 1
nenne 0-00 ¥ OTHOLIEHUE P (a TaKke u 01H01r|e|meU=0-—0—:0.oo)
NPUXOAUTCSE CYUTATH, BOOOUIE TFOBOPH, HE WMEKLHMA CMBICN3, npuHueM
31eCh YKE HHYEM MOMOYbL Hesb3si °).
B psne cnyuyaes okasbiBaetCsi Oonee ynoOGHoi uHasi dopMa 3apucu

KOMIIJIEKCHOrO 4uCia Z=—=a-}-hi, BLABUralowas Ha 0NEPBHE INaH ero
monynb |z |=1V a®--b*. BuiHecem uncio |z| 3a ckoOKku:

. TR e a b .
z=at-bi=Va b (1’a2+b2+1/a2+bzl) .

a " b

Vatry Vair

JAT TeM CBOHCTBOM, 4TO CyMMa WX KBampatoB paBHa 1; oTtcioma cae-
AyeT CYuleCTBOBaHHE TAaKOro yrnia ¢, 4To

Crosiluve B ckKoOKax BeleCTBeHHble 4ucia

obna-

b
Vets

Cos g — Sin'\‘a:

V_a”—;t}—ﬁ’ (12)

) AunanoruygbM o6pasoM CTPOSITCH ¥ CaMH KOMIIEKCHBIE HHMCAA: IKejallne
cnenaTb BCE KBajparHble YpaBHEeHH# Pa3pelIMMbIMH  BBIHYJIA€T CUMTaTb, 410
xopesis ¥ — 1 CYLIeCTRYeT, HO SBISETCH 4YMCAOM OCOGOTO POJA; 5TO «UHCIO» H
o6o31auarotT 6YKBoO# i.

a-o +b
%) OTMeTuM, BNPOYEM, HTO OTHOllEHHe ———— , The a, b, ¢, d — npous-
c-o0+d
1
azb *T0 1
BOJblIbIc KOMIUIEKCHBIE 4HCNA, B CUNY TOXIECTB = H —=0,
cz+d 1 0
etd

a
cyienyeT cuuTarte MMEKINHM BIOJAHE onpeneljeHHoe 3HavyeHde, 8 HMEHHO —c— . JT0

3aMedaHHe HaM GY,HET NMoAe3H0 BOOCAEACTBUH.



KOMITJIEKCHBIE YUCJA U WX TNMPUMEHEHUE B TEOMETPUU 65

Ecmu eme o6o3naunts monyns |z|= ) a*-}-b* uucna z onnoit Gyksoit
r, TO Mp Oynem uUMeThb

z=r(cos g+ isingy), (13)

7 1z a . b
e r=1"a"4b u cosg=--, sing=--. Yron ¢ (onpenensieMbiit

papencteamy (12) ¢ TOYHOCTHIO LO C€AAraemoro, KpaTHoro 27) Ha3LIBACTCS
apzymeHmon 4ucna z v 0003HAYACTCA uepes Argz. Ecniu ero orpanu-
YuTh, HAaOpuMep, ycdoBdeM — M< @=IT, TO ANS  [OJOWUTENbHBLIX
BELIECTBEHHHIX uncen oy 6ynet pasen 0, a 15t OTPUIATENBHEIX — DABEH T
conpmkeHHBe uncna GyAyT WMeTb OANHAKOBHH MonyAb 7 W APOTHBO-
AOJIOWHBIE APTYMEeHTH @ 1 — @.

dopma (13) 3anucy KOMINEKCHHIX 4dcesn Ha3LIBAeTCs  MmplizoHoMenm-
puneckoii gopnoit. Ona upessbvaiiHo ynoGna, KOrja npuXoOAHTCs nepe-
MHOWATH JIBA MM HEeCKOMbKO KOMIVIEKCHHX umucen. B camom nene,

r(cosy—tising)-r, (cosy, |ising )=
— rr,[(cos g cos g, — sin @ sin @) -} i (cos g sin g, +-sing cos ¢ )] =

=rr,[cos (g 9¢,) -+ isin (e +9,)k (14)

Takum 06DA30M, M00YAb NpOUZEEOeHUsl 08YX KOMIACKCHBLX HuCes paser
npousgedenuo #o0yaeli COMHOMNCUMENel, a apzymenm npouseeoeriss —
CYyMME QpZYMEHMOE COMHOCUMENels [cp. co 3HauuTenpho Menee ynoG-
noit coopmysoii (4)]. Otciona BeITekaeT Takwe, 470 MOOYAb HQACMHO20
08yX KOMMACKCHbLX H“uces pagen HaCmHOMY Mm00yeil  amux Huces,
a apzyseHm HACMHO020 — PASHOCIMIL COOMBEMCMEY WU ap2ZY MeRMOE:

z,  ry(cos¢,J-ising,) r, .-
= = -1{cos (g, — Y i sin (@, — 9) | 15
z r (cos ¢ ~}- i sin ¢) r[ (¢, 2+ (¢, o)] (19)
M3 s9THX npaBun Cpasy BLIBOASTCS 3aKOHBI, MO3BONSIIOUME BO3BOAUTH
KOMIJIEKCHOE 4Y¥CI0 Z B J06YI0 CTefeHb ¢ HM3BMEKaTh H3 HEro KOpEHb:

[7 (cos g -}~ i sin @)]" == r" (cos nyg - i siv ng);

l’yr(cosnp—}—isinq;):"yr—(cos —:';——l—isin—;’;—) (16)

(n pasnuuHbIX 3HAUGHHH KOpPHS 71-H CTENEHH Mbl TONYHHM, BHIOpaB B Ka-
yecTBe ¢ B nocaenneil ¢gopwmyie 7 3pauenuil aprymenta @=—¢,-1-2km,

=0, 1, ..., n— 1, g, —KaKoe-TO ONHO "3 BOIMOMKHBIX 3HauyeHul
aprymeHTa).

Cnenaem Teneppb elle Oy mar B CTOPOHY nanpHeiero 06obuienyst
[NOHSiTHSI KOMDJIEKCHOTO uYncna. Beliie ™Mbl ropopuns, UTO Corhallenue
o ToM, ut0 i*=—1, DuKTyeTCH CO06paWEHUsIMY, CBSI3AHHLIMA C Teo-
pueil kBanpaTHhx ypabHenufi. Ho B mRacTosiueli cTaThe Mbi cOBCeM
He GyIeM MHTepecOBATLCS BONPOCOM OO YPABHEHMSX M HX KOPHAX. A ecn
TaK, TO SIBASIETCSE JH JUJIsi HAC STO COrjalleHxe 00s13aTe/bRbIMP

3 Maremar. npoceenienne, Bbin. 6
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Copocum cebsi, umo uzmenumcs e wauux paccycoenusnx, ecau mot
TOAOJCUM GesuutHy I* pasroi He — 1, @ Kawomy yzodHo Opyeomy
KomnieKcHoMmy uucay p -+ gi? OueBunHo, 4TO Onpeneiente (1a,6) cnowe-
Husl ¥ BHIYMTAHUSI KOMILTEKCHBIX YHCEN MEI CMOXEM COXPaHHTh, CBOHCTBA
(22,6) sTux nelicTBul npm TOM He AOARCPTHYTCH HHUKAKNM W3MeHe-
nusM. Take uw onpenenenne (3) yMHOWEHHSI KOMONEKCHMWX 4uCen  HAM
He nano Gyner wmewnate. [Ipaena, B cuny paeencTea i*=p-}gi Buecto
(4) Ml Tenepnr Gynem umeth

(a—l—bi)(c—l—di):ac—]—adi-—]—-bci—]—bd(p-—]—-qi): °
== (ac +-bdp) 4 (ad - bc |- bdg) i, (17)
HO ¥ Terepb, KakK Jerko NpoBepuTh, MPMBHIYHHLIE CBOHCTBA (5) yMHOwe-

HU OCTAHYTCSE HENpPUKOCHOBeHHLIMU. Jlanee, mas Toro uTobu onpene-

z, c+di
JUTh 4aCTHOE ?:a+bi paccMaTpuBaeMbiX 37eCh «OOLUX» KOMILIEKCHBIX

4yuces, HAA0 JIb CyMeTh NONOOpPaTh AAf KAWAOrO uucna Z:a—l—bi

TaKOe YHCNO Zz=a, -} b i, 4TOOL NpOU3BeNEHUE 2Z WMENO BHI A+40-i,
T. €. SIBIANOCH BEUICCTBEHHBIM; MOCNE 3TOFO ML CMOWEM [O-TIPeXHEeMy
ucnone3oBath dopmynsl (7) u (10a). Ho Ttax kak B cuay (i7)

(@ bi)(a, -+ b,i) = (aa, -+ bb,p) -} (ab, -} ba, -+ bb,gyi,  (18)

9

— ab, — bb,
TO MLl MOXEM [OJOWWTBL, Hampumep, b =—=—b, a,— 5
=a-}bq, 1. e.
z=(a -} bg) — bi; (19)

npy 3TOM ¥ JieNeHHE «OOUIMX» KOMIJCKCHHIX yucen GyTeT Orpenensitbest
no toit we dopmyne (10a), 49TO W ANS OOHKHOBCHHBIX KOMITIEKCHLIX
yucesn.

HTtak, Wbl BUIMM, YTO pO3AUYHBIX CUCMEM KOMIACKCHBIX 4UCEA
umeemcsi 6eCKOHEUHO MHOZO; NNS TOTO 4YTO6H BLIOGPATH KaKyl0-Hupy ib
OIHy ¥3 STHX CHCTeM, JOCTAaTOYHO 3aMaTh (NPOM3BOMBHBIM 0OGpasom!)
1Ba (BELIECTBEHHBIX) Yucaa p u ¢. CaMbiMy BaXHLIME U3 9TUX  CHCTEM
KOMIT/IEKCHBIX U¥Ces SBNSIOTCH CAenylolye:

OOBKHOBECHHB €

KOMNAekcHble yucna a-4-bi, i*=——1 (3necw p=——1,g=0);
pyanbube yucna a-tbe, =0 (3necs p—0, ¢g=0);
nsofinbe yucna') a-}be, =1 (3nece p=—1, ¢=0).

) O6 stux uucnax cm. cratoio J. . UBnesa ua ctp. 197—203 nacroswero
BBITYCKa.
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MOXHO AaKe [0OKA3aTb, 9TO BCE CHUCTEMbl CaMulx OOUMX KOMIINEKCHBIX
yucen B HEKOTOPOM CMbIC/IE CBOASITCHS K STHM TpeMm CHCTeMam ‘).

OO6LKHOBEHHBIE  KOMIJIGKCHBIE 4HMC/a TeCHO CBSI3anbl € BOMPOCOM
0 pelleHny ypaBHEHH{l BTUPOH W BWCHMX CTelEHEeH; OHM HrpaiT OCHOB-
HYI0 ponb B anrefpe M BO MUOTHX pa3ienax MaTeMaTH4eCKOro ananmsa.
[Iponcxodiensie 3TUX YHUCeN NPOCNENUTh HEMCrKO; CHUHTARTCs, 4TO BRep-
BHIE WX CTaan ynoTpebadaTh NTANbSAHCKHE MaTeMaTHKH XVI Beka Jhxupo-
aamo Kapnano u Padasns BomOGennu, ONH4KO B HESIBHOM BHIC
9T YNCIa MOXHO HAafiTh ¥ B Gonee paHHux padoTax; € APYrod CTopousl,
eute poaro nocne Kapnano u BomGennn nawce BoiAaouiHecs MaTeMaTHKy
He MMEMM OTYETMUBOIO MPEelCTaBieHus O KOMIUIEKCHHIX uucnax. [lyans-
HLIC K€ ¥ ABOfHBIE UUC/IA HE UMEI0T HUKAKOoro OTHOIUeHHS K TeopuH
KBAAPATHHIX yPaBHEHHH C BELLCCTBEHHBHIMH KOI({pHUMenTaMs ¥ BOOOLIE
CPaBHUTENBHO MANO CBH3aHH C anreGpoil; OCHOBHLIE NPUMEHEHNsT STH
yicna nHaxomitT B reomerpuu ’). [yanbHble uucna, 0-BRANMOMY, BrEpBLIe
paccMaTpUBan W3BeCTHu HEMElKHHE reoMeTp KOHUA MPOWIAOTO W Hayand
storo seka Eprenudt LU Tynw; nBofinpie uucna Ouuv BBENEHHl COBpEMEH-
pikod 1ITyas anrauiickum reomMeTpom BHabsiMoM Knuddoprnom.

OCHOBHWE NPYMEHEHUS IBOHHBIX 4YHCen OTHOCATCS K HECBK:MIOBOH
reometpud JloGauepckoro3); 1no3toMy B HacTOsuled CTaThbe Mbl COCPENO-
TOYMM HAlle BHUMAHHE B MEPBYID cuepelib HA OOLIKHOBEHHHX KOMILJEKC-
HBIX YHCJAX M HAa AyaJbHHIX YydCNAX.

2. Jlyanbubie uncna. Cnoxenue, BolYMTaHHC U YMHOWEHAE NyAIbHLIX
ypcen onpenensetcs Qopmynamu

(a-}-be) +1c +de) =(a+)+b-+d) e,
(a4-bs)—(ct-de)y=(a—c) - (b—d) s,
(a-}+be)-(c +de) =ac-(ad 4 bc) e (20)

[cp. (12,6) u (17)]. Wa nocnenmeif opyynn, B 4aCTHOCTH, CEAyeT, 4TO
[IPOM3BENEHNE NyaibHOrO 4HMCa 2==a—{-bz Ha conpAKeHnOe Iyalb-

noe umcno z=—a—be [cp. (19)] GyneT sewecTBEHHBIM:
z.z=\a-}be) (@ —bz)==a’. (21)
KpappaTuui#i KopeHb @ 3 fIPOU3BE/EHNS 22 (coBnanaionmii ¢ nonyCyMMon

24z -
—t CONPSHKENHHIX YUCeJ 2 W Z) HABHIBAKT MOOY./eM IYyaNbHOIO 4uCna 2

1y Jns unrtatens, anaxkoybro ¢ Tepmunonoruei, npuusTOl B COBPEMEMION
anredpe, VKawes, 4TO 2100as CUCMeMa KOMILACKCHbIX HILCEL uzoMmopgra cucmeme
OGLIKHOBEHHBLX KOMNACKCHBIX dIlce, 0YanbHbLX ducer ual 080IHbLX HUCEN.

%) HekoTopbie NPAMEHENUs 3TH CHCTEMbl KOMIVIEKCHBIX duCe HAXOLAT TaKKe
B TCOPHH HHCEJ.

3 M K NeKOTOPHIM APYTHM I'€OMETPHAM, OTIMYHbLIM Or (puBHINIION reoMerpan

Epxaupa (Hanpumep, K TaK Ha3biBaeMOH ncesd0ear O8Ol 2e0Memplill, AT PalolLel
$yHAaMEHTAbHYIO POb B TEOPUH OTHOCHTEILHOCTH).

3*
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H 0003HaYaloT 4Yepes |z| (oTMETHM, YTO MOAYNb AyanbHOrO uYucaa
MOWeT ObTh M oTpuuatenvuniM!). Cymma z-{-2z=—2a¢ IByX CONpPsHKEHHHIX

ynces fBASETCH BEUIECTBEHHOH; Pa3HOCTh 2 — z=—2bc ABNACTCH UYUCIOM
YUCMO MHUMBAL (T. €. OTJMYAeTCsT OT € JHUlb BEuleCTBEHHBIM MHOWHU-
Tenaem). 3aMeTuM eunie, 4YTO—B TIONHOH aHANOrMM € OOBIKHOBEHHLIMH
KOMIJIEKCHBIMH  4UC/IaMH — AyanbHOE YUCAO 2 TOrAa W TONBKO Torjaa

COBMafiaeT CO CBOMM CONPFIKEHHBLIM Z, KOrJa OHO fIBNISICTCS! BELLEC TBEHHBLIM;
¢dopmynnl (8) u (9a) Takxwe oCTAIOTCH CAPABEANUMBHIMY A5 NyanBHbiX Yucer.

[TpaBuno nenenvsi Ha nyanpHoe wncno z=—a-}bs Mpl Teneps Mowem
3aMmicath TakK:

ctde  (ct-de)la—be)  cat-(—cb+tdaye ¢ —cb}da

a-be (@ad-be) (@ —be) a? _7—{_ a? €
[em. (106)]; w3 sTOrOo DpaBuna BHITEKAET, YTO AN AYaJbHHX uYuCen
octaetcs B cune u npaBuno (96). Otciona xe cnenyer, 4To I8 BO3-
MOXHOCTH JeJeHusi Ha JyanapHoC 4Yucio 2z HeoGxomumo, 4700 MOAY.Nb
|z]=a s710ro uncna Guin OTAUUEH OT wWyns; DPH 3TOM, B APOTUBOIO-
JIOWHOCTH OOBLIKHOBEHHBIM KOMITICKCHBLIM uYdcnaM, OyabHOe HUCA0 Hyae-
8020 MO0y camo Moyxcem Goimp omauunbim  om Hyas. Tlockonbky
HEBO3MOXHOCTD JEMeHHUs Ha 4uCJa HYJeBOro MOAYJNd siBAsieTcsi B psiae

C/lyuyaeB OrpaHuyeHyieM CTECHUTeNbHLIM, Mbl OyleM CYdTaTh, 4TO YAaCTHHE
1 1 »
+ ¥ 7 SBSIOTCS HuMCnamMu HOBOH DNPHPOILI, KOTOPHE ycaoBAMCs 060-
3HayaTh uYepe3d ® U 0O; BBeleM TaKwe B pPACcCMOTPEHHE BCEBO3MOWHBIE
yycaa Buna cw, rae ¢ BeuectseHHo. [lpu stom moGoe ayanbHOoe YHUCAO

6ynetr nMeTh oOpaTtHOe emy:

1 1 1

e IpH s =00,

@ "M bFEG g
[lpaBuna neficTBuit Ha;m CHAMBONIOM ©O 371eCh OMPENEsSIOTCS TEeMH ke
dopmynamu (11), 4710 1 Bule (npuueM Yucao z B 3TUX GOPMYAAX MONET
OHITH ¥ YHCIOM BUJA (w); npaBuna neHcTBuil Hajm «4yuciamu» a@o onpe-
nensiotTcst Tak'):

(a—l—be)-—]—-cw——cw (a—l—be)—cw—(——c)w (@t b2)-co = (ac) v,
atbe

cw
PR Zw’ o — —e cw+do—=(c+d)o, cw-do=—oc. (23)

(22)

c

co 3
—_— eCTeCTBEHHO
atbe atbe

c ¢ at-be a-t-be e (a - be a
—_— =2 L=L CYUTATb PaBHBLIM ﬁz— c.
e(@atbe) ae co ce ¢ c

oo
He umeromumn CMbica OC1aK0TCH BhIpameHHs o 1 0-o0; Bnpouem, 3Haue-
z4b

cz+d
B CJyuyae OOLIKHOBENHBLIX KOMILIEKCHbIX yHCea (CM. CHOCKY %) Ha cTp. 64).

!y 3necb MBI HCXOAHM M3 TOTO, 4TO, llaANpHMEP,

NPAPaBHATH

Hue 11p06ﬂ npu z = o0 MOXHO OMNpEeAEJHTb TdK e, KaK MBl 3TO pneJanys
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3ameTum eue, 4To 4Yucjia HYJAEBOro MOLY J1si XapaKTepU3yrTcsi TEM, 4T0
npoudBeneHue TaxKoro yyuca €€ HAa OTJAUYHOE OT HYJNS AyalbHOE
YUCAO 2 MOXET PaBHATBHCS HYMO:

ce-de — (cdye* == 0; (24)

NOSTOMY STH 4YNUCNA HAIHBAIOT OesuMmensimi HY A5
JlyanpHeie YMCNA HEHYJCBOrO MOLY/S @ MOXHO TaKike 3amHCathb
8 opMe, 6an3K0i K «TpiironomMe TprtecKoit Gopmer (13) KOMILIEKCHOTO YHC.1a:

a—l—be:a(l—l—%e\)zr(l—]—eap); (25)

anech. Kagk npexae, r — a o6o3nayaeTt MOAY/b | z| uncna z—a-}be, a
b ~
OTHOWIGHUE — == HA3LIBACTCS Ap2yMeHmMOoA STOro ypcna v 0003HaYaeTcs

yepes Argz (r MOweT OBITb UPOU3BOJBHBIM  BEUIECTBEHHHIM HHCIOM,
OT/AMYHLIM OT HYJS, & — NPOU3BONLHEIM BELECTBEHHHIM HUCOM). Quesnano,
4TO BeniecTBeHHHe uucna a==a - 0-& XapakTepu3dyloTCsi PaBEHCTBOM
HyMO WX AapryMeHTa; CONPSHKEHHbe JlyanbHhie 4ducna z=—a-}+bz n
Z=—a— be UMEI0T ONUHAKOBHLIE MOLYAb 7 ¥ APOTHBOIOJONHKIE APryMEHTH
U —y.

dopma (25) 3anucu ayanbHeX UUCEJ OYEHDb ynoGua B Tex caydasx,
KOrZA STH YHC]A NPUXONMTCS NepeMHowaTh M aenutsb. JleHcTBHTeAbHO,

r(1-4-eg)-r, (14-e9,) =rr, (1 e +ep, - "9p,) =
rr, [1+ele ol (26)

CNeNIOBATENBHO, MOOYAb Npouseedeniss 08yx OYAAbHbLX HUCES pABEH
npouseedentio modyAeil COMHOICUMENEI Y}, @ apzyMeHM npou3eeoeHiLss —
cymme apzymenmos (cp. Bpiie, CTp. 65). OTciona BHITEKaeT, 4YTO
MOLYJb 4aCTHOTO MBYX KOMIIEKCHBIX 4HCEJ PAaBEH HaCcTHOMY MOLLY et
9THX uuCes, 4 apryMeHT YaCTHOro — PasHOCTH COOTBETCTBYIOLIHX apry-
MEHTOB:

Il

1 (14-3) 1
e e BRI OB 1)

Hakowel, 43 STUX 0NPaBun BHBOISTCH TAKie ¥ 3aKOHH, TO3BOASOLAE
BO3BMIIATH NyanbHOe YHCAO B MOOywd CTereHb ¥ W3BAEKaTh W3 HEro
KOpPE€Hb: <

rQfeg'=r"(teng; Vr0Fen=i/7(14e5) @9

) 310 yTBEpHAEHUE OCTAETCS B CHAE M B TOM Clyyae, KOrja MONYJb OIHOrO
WM 0GOMX CoMuoxureneit paed Hyao [u6o ecau |z|{=0, T0 u | 22, | =0, Tax,
Hanpumep, ce-(a 4 be) = (ac) €]
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(13 nocnennelt Gopmynsl BHTEKAeT, UYTO KOPEHb HE4eTHOH cTeneHd u3
LyaneHoro udcna npu r=~0 onpenenseTcss OMHO3HAUHO; KOPEHb ¥He
4eTHOH CTeneHu ne CyuwecTByet, ecmu r <0, ¥ uMeeT JBa 3HaueHus,
ecnu r >0").

. TEOMETPHYECKHE HHTEPAPETAUHH KOMIIJIEKCHBIX YUCEJ

3. OObIKHOBEHHBle KOMIUISKCHBIE 4YMCTAa KaK TOYKM IJTOCKOCTH.
Pasputiie Teopn# KOMANEKCHLIX YMCEN B 3HAYNTENHHON CTENEHH CB3aHO
C reoOMeTPUYECKUM HCTONKOBAHHEM OOLIKHOBEHHHIX KOMITIEKCHLIX uYHcesn
KaK TOYEK [JIOCKOCTH, BIEPBHE OTMEYEHHBIM, [O-BUANMOMY, AATCKAM
matematukom XVIII B. Kapnom Beccenewm, Ho BBenennnim B Hayky
B nepeyio odvepens tpynamu Kapna Ppuapmxa Faycca wu Oriocrena
Kouru. 370 uCTONKOBaHHE COCTOUT B TOM, Y10 TOYKE MAOCKOCTH
€ NEeKapTOBHIMU MPAMOYTOMBHEIMY KOOPAMHATAMH X, Yy WAM C NOMAPHHMHA
KOOPIMHATAMH 7, ¢ CONOCTABIAETCS KOMIIEKCHOE YHCIO0

z2=x-iy=r(cos ¢} isin y) (n
(puc. 1). Ilpn 5T0M, OYEBMAHO, BEUIGCTBEHHBIM uHCAaM Z=—x 0.y
) OTBEYAIOT TOYKH OCH X
4.5/ (Bemecmeentas oce 0); uuc-
| Jam mopyns r =1 ortBeuaiot
1-_ TOYKH OKPYWHOCTH C LEHT-
S | \\ /TZ poM B Hauyale KOOpPAMHAT
l | , )\‘/’ O n pannycom | (edunuunasn
/ /TU/ ! ly okpyxcrocmy S). [IporTu-
. ——er——————— 0% BONONOMHHBM yucJaaM
[ “\.\7{ z=x-tiy,—z ——x—iy
/-—‘ ‘\\ l ”,‘ “\‘é_ OTBE€YAKT TOYKH, CHMMETPpHY-
ze . z HHE  OTHOCHTENbHO  TOYKH
‘{ O; CONPMKEHHBIM  KOMIIEeKC-
l HuiM - 4ucaam z=x-tiy u
2 = X -— iy OTBE4aI0T TOUKH,
Pac. 1.

CUMMETPUYHBIE OTHOCHTENBHO
npsimoit 0. B nanbredimem tou-
Ky, OTBEYAIOULYIO KOMIIEKCHOMY YUCNY 2, Mbl 4acto 6ynem o603Hauath TOM
we OyKBOH 2; TPH 9TOM pPaBeHCTBA

Z=—z(a) n 2 =2z (6) (2)
MOMHO TOHMMATHh KAaK 3anuCd ONPEACNCHHBHIX TOUYe4YHHX mpeolpa-
30BaHUH, CONOCTABNMIOUIMX KAWIAOH TOUKE 2 HOBYIO TOYKy 2'. Dtu

npeoOpa3oBanysi OPEACTABAAIOT COOON CUMMEMPIIO OMMHOCUMEABHO MOU-
ku O 0 cummempuio omHoCUMeAsHO NpaMoil o.

) HetpynHo Bumeth, 4TO KOpens MLesolf cTeneud n1>1 W3 Nyaibloro
uucaa z=>be, MONY/b |z | KOTOPOr0 paBeH HYMO (T. €. U3 4UCIA, ABJAIOLICIOCS
JeJuTeieM HYas), M3BJeub Helb3s.

,
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3auKcHpyeM onpeneneHnble KOMIEKCHHE uucna (Toukn) ¢ =a--ib
u p=1(cosa - isina). PaBenctBo

Z—z4q [ 4iy)=(-}iy)+(atit)] (3)

osnauaer, uto X' =x-a, ¥y =—y-+b, T. e. uto BexktOop 27 (BeK-
TOp C HAYAJZOM B TOYKE 2 W KOHLOM B TOYKe 2’) COBlNalzaeT ¢ BEKTO-
poM Og (reoMeTPHYECKHUH CMBIC/I CNOXEHUA KOMINCKCHBX
Yucen); NOITOMY paBeHCTBO (3) oOmpenensieT napaLferbHbll neperoc

fiJIOCKOCTH Ha BEKTOP O_q (puc. 2). PasencTBoO .. 2244
2 =pz [r'(cosy +ising’)= ?g /'

= f(cos a-+isina)-r(cos gt ising)] (4) \ //:9 /_E

o3nayaer, uto r'=tr, ¢ =y-+t+a, T. €. 1, iZ '

MeTpHuYecKdH CMBICN YMHOMXEHHN

koMnnekcHbx yucen). [lpu stom cum-

gon / { Oz, O2 } osnayaeT TaK nasbiBae-

Mbil  OPUEHMUPOBAHKBIL Y204 MEKAY Nyya- Puc. 2.

ma Oz u 02, T.e. yron, Ha KOTOpHIH HANO

noBepnyTs Oz NpPOTHB YacoBOB CTpPpenKH, NG TOrO H4TOCH
nonyunth Oz’ (ecar BpalleHye NPOHCXONMT B HATNPABNEHHM IO YacoBOH
CTpenKe, TO YrAY TPHINCHBAETCH 3HAK (MHHYC»; OPHEHTHPOBAHHBI
yron Meway IBYMS AyyaMM ONpelessieTcs ¢ TOYHOCTBIO 10 Cjaraemo-

wro 02’ =1-0z, / {0z, 0z'}=qa (reo- l]IT, ¢ &
|
|
|

?!/
Ztp7 v 2
‘\\ l Ar I ,P ~.
S N1 g§ F A e
; \.17/ ,’ '._. ’ ] / //
:‘ % ; g —=— T ]LI> 0 —=—T
} N ; . Ny,
\l‘~ I /,' \\ ' \\ !
‘*..\\‘ {l - ’." '\_‘\ i )‘ﬂ
et g
I g I o
Puc. 3.

ro, kparsoro 2m). TaknM oGpasoM, paseHcTBO (4) onpenenser Tax
HA3LIBAEMOE UeHMpaAbHO-N0000HOoe 6palijeriie TNOCKOCTH, COCTaB/SIONIE-
ecsi u3 Bpaulenns Bokpyr O Ha yron o (B HalpaBneHWd TpPOTHB
4acoBOH CTPEJIKR) W HeHmpaAbHo-1nodo6Ho20 npeobpa3sosanus (2omome-
muy) ¢ uentpom O wu xosbduumentoM uopobws ¢ (puc. 3, a). B
4aCTHOCTH, ecAH MOy b | p|==1 xomunekcHoro yncna p pasen 1, npeoG-
pazosanue (4) npencrasnsier coGoH gpaujenie na yron o (puc. 3, 06).
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Kawnoe nBmxeHue MAOCKOCTH MOXKHO T[PEACTABHTD KAK BpalleHHe
BOKPYT uKcHpoBanhoit touxkn O, COLPOBOKAAEMOE NaPaAIE]IbHBIM [epe-
HOCOM, WNH KaK CHMMETPHIO OTHOCHTEnbHO (QHKCHPOBAHHON npsiMoli o,
COMpPOBOXKIAEMYIO BpallleHHeM BOKPYr BuiOpaHHOH Touku O ¥ napanneib-
oM nepenocom '). OTciona crempyer, 4TO KawOoe OBUJCEeHUE NAOCKO-
Cmu MOJXMCHO 3anucams 8 6uoe

Z=pz+q (lp|=1) (5)
WM
Z=pz+q (Ip|=1". (52)
Ouesunuo, 4t0 paccmosiiue d=I(z,, z,) Mexdy 08yms mouxanu
z, u z, naockocmu cosnedaem ¢ nodyaen |w|=lz, —z,| romnrerc-
Zz
g / & IV 20202, //
] W=zrz, 4 } f /! 74
| /f '!Zi l / / Ve
1 | L f
l/  —==T ﬁ"k g A
.UI gl
I g | 9
Puc. 4.

Hozo 4ucaa W=z, — 2z, (60 BexTOp 2,2, paBen BexTopy Ow, puc. 4, a);
NPYTHMA CAOBAaMH,

d=|z,—z,|, d*=(z,—2)(z,—2,). (6)

Hanee, yzos €, mexncdy 08ymsi npsimuipiil, TEPeCEKAOLMMICT B Havane
1] 4]

xoopannat O W ornpenensgeMuiMM TOYkaMmul 27 U 2y (puc. 4, 6), pasen,
OQ4YeBHIIHO,

z

60=Argz—o (= Arg z; — Arg 23). (7)
1

oo

STo 3aMeyanHe NO3BOMAET ONPENENUTb TAKKE yron & Mexny MpsiMbiMH,
llepeceKalolUMICs B . POM3BONBHOA TOYKE 2z, W TNPOXONSLIHMH 4Yepe3
TOUYKH 2z, U z,. llpocteiimmm nemxkennem, nepesonswuM z, B O, sb-
JRETCA napannenbHbifl 1epenoc

[}

'——.— -
=z—2;

"y Cm., Hanpumep, M. M. Siraowm, ['eomerpuueckue npeoGpasosauns [, M.,
Coctexuspat, 1955.

%) AHallOTHYHO MOWHO [IOKa3aTb, 4TO KazcOoe npeobpasosanue nodobus
RAOCKOCIU MOJMCHO 3anucams 8 snode

2 =pz4qg wm 2z’ =pz--q.
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9TOT nNapanfeibHuil [epeHoc MepeBOAHT TOYKM 2, W 2z, B TOYKH
z‘,’_—_zl——zo i .zgzz,!——-.z0 (puc. 4, 6). Orclona cnenver, 4TO yron 3
paBen yray €, Mexy NPAMbIMH, [ePeCceKalOLINMHCH B Hadane KOOPILMRAT
¥ IPOXOMAUINMH  Yepes Zy U zy, T. €.

p=—=Arg22— 70 [=Arg (2, — z,) — Arg (2, — 2,)]. (8)

Sz, — 2,

3ameTim, 4TO 6 — 3TF yron, Ha KOTOPHH HAmO [OBEPHYTH MPOTHB
e

yacoBOW CTPeNKH nyu 2,2z, nepso# npsamofi s toro, utoObl COBMe-
—

CTHTb €ro C AYUYOM 2,2, BTOpO#i mnpsiMOiL. [Ipsimasi, onmnO W3 HBYX
nanpasiennil KOTOpol BHIENeHO (3TO HanpaBNeHHEe MOWXHO 3a1aTb, YKa-
3aB OlpelenerHbli Nyd TpsiMol; HA YepTewax BhIIENERHOE HalpaBsicHue
OGLIKHOBEHHO YKA3bBAGTCH CTPENKOfl), HA3LBACTCH OpUEHMUDOBAHHOIU
npsimoil WAM OCbIO; BBILENERHOE HANPABAEHHE OPNEHTHPOBAHHOH TPAMOH
4acTO HA3HBAIOT 70A0JcUMeAbHbA. [IpOXOAsfLLYI0 yepe3 TOUKH Z, ¥ Z,
OPHEHTHPOBAHHYIO MPAMYIO, MONOXKHTENBHOE HANPABIIEHNE KOTOPOH COBIa-
JaeT ¢ HalpaBieHueM OT z, K Z,, Mbl Oymem 0003nauath uepes [z,z,].
Opuenmuposannbiii yeor /{1, I} nesdy opueHmuposaHHvLmy npsi-
apmu I v [, onpenensieTcs Kak Yrol, Ha KOTOPHIE HANO TOBEPHYTDH
{IPOTHB 4aCOBOH CTPeNKH Tpsmylo [, AN TOro 4ToOH ee MONOWHTe/lb-
HOe HATpPABNEHHE COBMANO C MONOKHTENbHHM HalpaBneHdeMm MpsiMoit
9TOT Yron 3anaetcsi € TOYHOCTHIO 1O [POM3BONBHONO  CNAraeMoro,
kpathoro 2w. Takum oGpasom, ¢ eCcTb OPHEHTHPOBaHHBE yron
MEKILY OpHeHTHpOBaRHHMI psiniink [2,2, 1 [2,2,] (8 == £ {[2.2,], [2,2.]})-

Veaosuem mozo, 4mo mpu mMoUKU Z,, 2, U Z, Aexam HA 00HOL
npsmoii, sasemcs: paenctso nymo win o yena /£ {[2,2,], 22,1} wm,

z2,—z
B cuny ¢opmysl (8), sewecmeeHHOCmb OMHOULEHLLS Viz,, z,, 2,})= z”—zz
17 %2

amux mpex mouer; 3TO yCNOBHE MOXHO TAKWKE 34MHCATH TaK:
Zo"zzzzo_ 2 (9)
z, — 2, 2, — 2,

Otciona BHITEKAET, 4TO [POXOmsilllas yepe3 TOYKH 2, W 2z, npamas [—

3T0 TeOMETPHYECKOEe MECTO TAKHX TOYEK 2, A KOTOPHX
zZ—2_ Z—1 (10)

2 — 2 2y — 2,
JlpyruMu CnOBaMM, MOXHO CKa3aTb, YTO ypaBHeHHe 3TOH npsvo#i
pveer Bup (10} wnn sun/
L4
(2, —2,) 2— (2, — 2,) 2} (2,2, — 2,2,) = 0. (10a)

Takum 06GpasoM, ypagsHeHue KQHCOOL npPsmOl  NAOCKOCMU  JMOIHO
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3anucams 8 ghopme
Bz—Ez_—l—Czo, C— uncto muumoe ). (11)

Hetpynno nokasate, yro n, obpaTHo, Kascdoe ypasuenue suda (11)
sa0aem HeKomopyio npsamyo auniio
(IPOXOAsLYI0 4Yepe3 Takue TOYKH

z, Wz, 4710 z,—z,—B,
z2,2,—z,2,=C). 3

Yeaosuem mozo, umo yemoipe
MoKy z,, 2, z, U z, sewam HQ
00HOIl oxpyscHocmu (uau npsmod),
SIBASIEMCSL PABEHCTBO HYJIIO MAH 0 pas-
woctn yraos  /{[z.z,], [z,2,}} —
—ZL1{12.2,), |2,2,]} (puc. 5), unu 8
cuny (8) sewecmsenHocms «080iiH0z0
omuomenusy Wiz, z,, z, z)=—
Puc. 8. _ 2y 2y  Z,— 2,

Tz, —z, 2, —2

YeK; 3TO YCJIOBHE MOXHO 34MWCATh TAK:

1? 29

IMUX yemblpex mo-
3

. %29 — Zs (]2)
Z2y—2, 2y — 2

Otciona BeiTeKaeT, 4TO ypaBHEeHHE OKPYWHOCTH (Wau npsvoit) S, npo-
Xonsillell yepes TOUKM Z,, Z, W Z,, UMEET BHJL

2o — Ry, 20 —25_ Zy— 2,

2, —2, 2, — 2,

tez. 2oz 7.7, . 7-% 3
21_22. Zl_zs_ El —;2 ;,—;3
Wm o o
(_Z—Zz) (Z_za) [(Zl_za)(zl—zz)]:
=(2—2)(z—2,) [(2, —z,) (2, — 2,)],
T € _ S
Azz+-Bz— Bz -} C—0,
rne

A=z, —2) (2, —2,) — (2, — 2,) (z, — 2,),
B=—z,(2,—2) (2, —2,)} 2(2,— 2,) (z, — 2,),

C:zzz—a (2, —Zs). (;1 _Zz) ——Z.,Ez (z, '_22) (El —;)

') Ouesnnuo, uto yron /{1, o }. xoTopHit o0pa3yeT onmckiBaemas ypasHe-
uneM (11) npsMas ! ¢ BewectseHnofi OCwio 0, paben Arg B=Arg (z; — z,)—
= — Arg (z, — z,); nanee, TaK Kax |Cl=|Bz — Bz |<<2|B]||z| (|1Bz— Bz |=
=2|B||z|, ecau Bz yucto MHuMoe, T. €. ecau ArgB+Argz——Argi), Yo

’

. c
sl Touex z npsaMolt I umeewm |z |;m, OTKYyja creiyer, ‘”O‘z_lFl ecrb pac-

CTOSIHME UpsMOH ! OT Hauasa KOOpaMHar.
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Takum o6Gpa3om, ypasHeHue Kaxc0oll oxpyxcHocmu (Uil npsmoit)
nAoOCKOCMU MOMCHO 3anucams 8 caedyioueil gopae'):

Azz+Bz—Bz-}-C=0, A w C— 4uCTO MHHMHeE. (14)

OO6GpaTHO, 2E0MeMPUHECKOe MECMO MOHer, YOO0EBACMEOPSIOWUY A1060MY
ypasneHuro  8uda  (14) (ecnn TONBKO TaKwe TOYKH cyuectByior )
npedcmasasiem cofoil OKPYICHOCME UAU NPSIMYIO.

Mbi yxe 3HACM, uTO ypasHeHue (14) sotpasicaem npsmyio npu

A=0. (15)

Hanomennoe Bhillle MO3BOJAET MCMOIb30BATh KOMILIEKCHBIE YHCIA 45 JOKasa-
TeAbCTB3 MHOTOYMCASHHBIX TEOPEM, KaCaloLIMXCs OPHMbLIX H OKPVIKHOCTEH. 3iech
MBI OFpP2HHYMMCH  €JMICTBEHHBIM MPH-
MepoM TAaKOrO pOna.

Teopewma. [lycmbs Ha nAOCKO-
cmi OaMbl  demobipe  OKPYHHOCMU
S S, Say Sy; 2z, uw, — moukn nepece-
uenusn S, u Sy 2, I W, — MOUKL Nepe-
ceuerst S, u S, 2z, u W, — mMOUKL
nepecevenusi Syt S;; HAKOHeL, 2, U
w,— mouku nepecenenusn S, uS;. Toz-
da, ecan mOuKH Zy, Z, Z5 Il 2, A€-
2Hcam Ha OOHOLL OKPVHCHOCIMIL UAL NPS-
MOl T, MmO U MOUKL W, W,, Wy Il W,
nescam Ha OOHOIL OKpYHCHOCMIL WAl
npsaoii S (puc. 6).

HokazatenbCcTBO. TOUYKH z,,
2,, W, M W, NEKAT HA OKPYKHOCTH S,;
TOUKHM Z,, Z5, W, M Wy — Ha OKPYIHOCTH
Sy TOUXH Z4, 25, W, H W, — Ha OKPYM-
10CTH Sy TOUKHM Z,, Z;, W, W Wy — Ha OKPYIKHOCTH S,. Orciona BbireKact, 4to Be-
LECTBEHHb] CJEAYIOUHE YeTHIPe ABOHHBIX OTHOLIEIHS:

Puc. 6.

2y —2y %y — W
W, — 2, Wy — W,
: Z,— 2, 2y — W,

Wiz, Wy, 25 Wy)— - 1
20 Wa £z ®2 o T
W, — g Wy — W,

W (zy, Wy, 2, @) —

Wzy @, 24, Wy)=

2, — 2 2, W,

W(z,w Zy, W,) — : -
a Y £y 4) W, — 2, W, — W,

1) [Tpe1oCTaBHM YHTATENIO CAaMOMY YOemHThCsl, UTO PamlyC /' OKpYKHOCTH (14)

éCA—i;—BB, a €e UEHTPOM CJIYHHT Tqua-ﬁ—.
Otcroaa cneayet, urto npu AG-- BB=0 ypasnenuio (14) ynoeiersopsier enuu-

onpenensiercss U3 GopMYJbi r2 = —

B _
CTBeHias TOUKA Z=—y mwiockoety, a upu AC-}-BB>0 eMmy ue ynosier-

BOpsieT 1K O.1Hd TOYKa.
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CrenoBarenbHo, BEUIECTBEHHO H BbIpaweHHe

Wz Wy, 2, @) Wizy, w,, 2, @)
Wizy @,, 25, W,) W2y, @y, 25, @y) -
(2, — 2, 2, — 2,) [ —w, @, —w,)
\2s— 2, 24— 2,) \W,—w, W, —w,)
- W(zlv 23, 29, 24) W(wv Wy, Wy, Wy)-

[TostoMy u3 BEUIECTBEHHOCTH ABOHHOIO oTiomenuss W(z,, z,, Z,, 2,) BbiTEKaET
TJKHE W BEILECTBEHHOCTb ABOHHOIO oTHOWenus W (w,, w,, @, @,), 4TO H JAOKa-
3LIBAET TEOPEMY.-

a

4. JlyanbHble 4YuCJa KaKk OPUEHTHPOBAHHLIE NpPsAMbIE MJOCKOCTU.
Huxe Mo GymeM MMETb 1EA0 TOYTH HMCKMOYHTEABHO C OPHEHTHPOUBAH-
HbIMH TIPAMBIMH; TIPH STOM TpHi1aratellbHOE «OPHEHTHPOBAHHAS» Mbl 4acTO:
OyneMm onyckaTb. Y240m MeXLy [OPAMbIMH
a u b mbl 6yneM Ha3bBaTb OPHEHTHP O-
Baunw it yron / {a, b} mexny opueHru-
POBAHHKHIMK TIPAMLIMH  (CM. Bhle, cTp. 73);
paccmosiHiesn sencoy 08y ms mouxanu A u B

Puc. 7. npsimoit {—OpPUEHTHPOBAHHYIO IIH-
Hy oTpeska AB, o6o3nayaeMyi0 uepes
{A, B} n o3ravaioulyl0 OOLUHYIO AJMHY, B3ATYI0 CO 3HAKOM ILIOCY»
WIH «MHHYC» B 3aBHCHMOCTM OT TOro, COBHAZA€T JW HanpaB/eHHe OT
A K B ¢ nonowutenbHLM Hanpabiendem npsMol / uam  nportmsoro-
NOXHO eMy; paccmosHuem om mouxu N 0o (OpHEHTHPOBAHKOW) nps-
Mmoli I—opuentuposannoe paccrosane {M, I} ot M no [,
T. €. paccTOsiHhe, B3ATOE CO 3HAKOM «IJIOC» WAH MAHYC» B 34BHCH-
MOCTH OT TOTO, JewuT A M cnepa wunM ClpaBa OT OPHEHTHPOBAHHOMN
npamodt /. Jlse OpHeHTHPOBaHHHE MpAMbie Mbl OyIeMm HA3LBATH Napas-
AeABHLLMU WL B TOM CAyyae, eciau OHH NapaiienbHbl B OOLIYHOM
CMbIC/IE ¥ HANPABJEHWs 3THX [pAMbIX cOBHajalwr (puc. 7, a); napai-
NenbHBIE TpsMbie MPOTHBONONOWKHLX Hampasienuid bl Oynem HHOrAa
HA3LBATDb npomugonapassessivimu (puc. 7, 6). Tlon paccmosnuen om
npsmoit a 0o Henepeceramowell ee npsmofi b Mbi Oynem 4acio TOHM-
MAaTb OpHEHTHpOBAannoOe pacctosune {«, b} or a no b, 1. e.
OPHEHTHPOBAHHOE paCCTOsiHHE OT NpPOW3BOABHOH TOYKK OpsiMOit 2 1o
npsivoit b; ouesnnuo, uto {a, b}=—{b, a}, ecau a u b napaniean-
uot v {a, b}={b, a}, ecan @ u b UPOTHRONAPANNEIbH.

Bcenomusum  Tenepb, HTO [OJSPHbIE KOOPAHHATH TOYEK IIOCKOCTH
onpenensloTcsi 3amanueMm HexoTopo#ft TOukn O (nosoca CHCTEMBl KOOP-
nuHat) u npoxonsiuiedr yepes O (opHeHMPOBAHHON) UPAMOH o0 (nOAspP-
noll ocu); KoopauraTamp Toukn M caywat 3nechb paccrosune r— OM
9TOH ToukM OT nomoca u yron ¢=— /{0, m}, obpa3osanunii C nps-
MOl 0 (OpHenTHpoBanHO) TnpsaMoll m, coemmmsiomed O wn M. Awnano-
THYHO STOMY MOKHO OMNPENEeNUTb NIAAPHbIE KOOPOUHAMb. (OPUEHTHPO-

0)

9
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BaHHBIX) 7psiMolx TUIOCKOCTH, JJIS 3a1aHWsl KOTOPLIX HAN0 TaKXKe YKasathb
HEKOTOPYIO (OPHEHTHPOBAKRKYIO) TPSMYIO O (F0ASIpHYIO OCb) W NEWALLYIO
ra o Touky O (noswc); xoopauwataMu npsMod [/ ciywart  yron
b— / {o, 1}, obpazoBanubiit / ¢ noNspHOH OCBIO 0 W (OPHEHTHPOBAH-
noe) paccrosune s={ O, L} ot O no toyku L nepeceuenus / u o
(puc. 8, @). OuesnpgHO, YTO KOOPIAHHATA S OPHEHTHPOBAHHOH npsMoil [
MOXET HMeTb JI00De 3HAYeHHE, 3aKMIOUEHHOE MeWdy - oo B — oo;
koopnrnata ) — moboe 3Hayenme, 3aKkmoveHnoe Mexay 0 u o 2.
EctecTBenHo cuntatb, 4to H=—0 #/s npsMbix, napannenpHuX TOAAPHOR
ocM 0, a fl=m A% NpEMBIX, TPOTHBONAPANNENbLHBIX 0] KOOPIMRATH S
npsiMasi, He [epeceKalollascs ¢ o0, He uMeeT (MOXHO CYWTaTh, 4TO
B 3TOM Clydae §=——-o00).

\:
|
™~
e

Ny

[]
i
1
e
1
s .5 g
0 iL 4 g I/ a
PR ! 511
/ '! :
i, r * ; : T
L
: @ Gl

Puc. 8.

YcnosuMcs Tenepb COIMOCTaBAATL (OPHEHTHPOBanHOM) npsmo#t [ ¢ no-
NSPHBIMH KOOpaHHaTamu ) W s nyanbHOE YHCIO

>

6 0
z:tgi(l—{—ss)_—_u—{—sv, =185, V=Ig S (16)

[lpn sTOoM npsmMbM, TapanielbHHIM TOAAPHON OCH 0, Mas koTophix H=0,
eCTeCTBEHHO COOTHOCHTL YHC/A HYNEBOTO MOMYJs, T. €. NeNUTeNs Hys gv
(cm. Bble, ctp. 69).

Hnst  Toro 4TOGH yCTAHOBHTbH COOTBETCTBME  MEXAY [IPAMHIMH,
fapannelibHbIMH 0, W JeNHTeNsiMH HY/s, 3aMeTuM, 4YTO PpaccTosi-
nne d={ O, [} npsamo#t I, we napannesbnoit o, or nomoca O paBuo

2tg v 2s tgg N
. 2 2 v
d—=ssinl=s \ F = 0:1-1—‘]2]2; (17)
1} tg? o 1 4-tg?

o]

ecn¥ wenath, 4TOOb 3Ta QopMyna coxpaHmia CWIY M AAS UPSMBIX 77,
napaniellbibix 0, TO TaKOH npsMoit m, oTcTOsiell OT o Ha paccTos-
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nne {0, m}=d, npuneTcs CONOCTABUTH HHCNO

z=ge (r.e. z=u-tecv, rne u=0n =2v=—d).

20
T+iz]?
Ilanee, Ttax xax nBe mnpsuwle / u /,, nepecexaiolwe 0, OTARYAIOUIHECs
TOJIbKO HAMpaBJleHWeM, MMEIOT noasgpunie Koopmunats (f, S) u (n+0, s),
70 UM OTBEYAIOT JyalbHbie 4ucia

z:tg%(l—{—es) n zl:tg“—;o(l —}—es):——ctg% (14-es)=
1

Nl =
.e

tg %(1 — €8)

CHuTasl, 4TO 3TO COOTHOMIEHHE COXPAHfACT CHIY H AN [IPAMBIX, HE ne-
pecexkawulix 0, Mbl YCJOBHMCH OTHOCHTH ﬂpﬂMOﬁ m,, NPOTUBOMNApae/b-
noii o, orcroawel ot 0 Ha paccrosinun {0, m, }=d,, uncno

(sameTuMm, uTO ecnm paccrosinve {o, m} or o no npumolr m, uapan-
NeNbHOR 0, coBnanalleli M0 MONOWKEHMID HA NNOCKOCTH ¢ m,, PaBHO d,
To d=—d,). Haxoneu, npavoii o0,, oTnnuawoulelica TONBKO Hampasne-
HHEM OT NONAPHOH OCH o0 (npomugoocu), Mbl COLOCTABUM YHCAO

1= oo
0 .

TeM caMbiM Mbl YCTAHABMBAEM MOJHOe COOTBETCTBUE MEXIY OpHeH-
TAPOBAHHBIMH MPSIMLIMK MOCKOCTH H AYaTbHHIMA YHCAAMH, BKIIOYAS B Y4KCAO
TIOCJEIHAX TaK¥e qucna vw (v=~=0 BeulecTBEHRO) H oo

OueBHHO, UYTO BelleCTBEHHBLIM YHC/IaM z——u—tg 5 (1 -}-20) otre-

yaT npsMble, MNpoxoasuye +uepe3 nomoc O; uyncenam Monyas 1 — nps-
o

Mbi€, IEPNERINKYSIPHHE 0 (TowHee — TaKue npsmue Z, uto /{0, m V=5

BoOOILE YHCNAM TMOCTOSIHHOrO MOAYAsS 4 OTBeyaloT mnpsimele [, o6pasyio-
mHe ¢ O nocTosHuui yron {0, [}=2arcigu; «UNCTO MHAMBIMD
yHCnaM Ve (YHCNAM  HYJEBOTO MOAYNA) M «yucnam OCCKOREYHOrO MO-
LYAA» WO OTBEMAIOT NpsiMLie, HapajilelbHHe W [POTHBONAPAaNael/ibHBIE O.

4 — 0
ConpsieHHLIM YHCAaM 2 =— tg7 (14-es)m z=tg 7(1 — €S) oTBEvaIoT
npsiMbie, CHMMETPHUHNE OTHOCHTEHHO noruoca 0; npomsononomnum umC-
il
nam z2=tg - (1+4-es) w ——z___—tg—(l—}—es):tg (1—|—cs)—

npsimbie, CHMMETPHUHLIE OTHOCHTENbHO IlOﬂﬁpHOH OCH O (_T e. npsiMble,
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nepecexalne o B OfHOH # TO# ke Touke L u oOpasywiupe ¢ 0 pas-
1
nue yoaw: {0, 2} = /{—z, 0}—cm. puc. 8, 6); yucnamz B — =
z
OTBEUAIOT MpsiMble, OTAMYAIOLHecs TOAbKO HampasnenneMm. Taknv o6pa-
30M, paBeHCTBa
- 1
=z (a), 22=—2 (6) u 2=—— (8) (18)
- z
MOYHO [OHMMATb KaK 3allfiCH ONpelefleHHbX Mpeobpa3oBannii B MHOMe-
CTBE OPHEHTHPOBAHHLIX {IPAMBIX TUIOCKOCTH: a) CuMAempul 0mHOCLME ABHO
mouru O, 6) cummempur omHoCUMeNbHO NpPSIMOL 0 B B) nepeopueHma-
yuu (M3MCHEHHH HampaBieHws BCeX TPAMbIX [JOCKOCTH Ha [POTHBO-
NO/I0KHOE).

— Y/ . .
0 “—7;7 4 L4
S ¢
a)
Puc. 9.

BoisicHMM Tenepb, KaK 3arnuCLIBAIOTCA € (IOMOUIBID NVAdbHLIX YHCEN
[POM3BOJIbHLIE O8udceHust (K YUCJAy KOTOPHX MH OylleM OTHOCHTbL W repe-
OPUEHTAIIMIO, TAKKE HC MEHSIOULIYIO PacCTOfIHAA MEXNLY TOUKaMi MJ0CKO-
ctr). [Ipexne Bcero siCHO, YTO NapaAsenbHblii nepeHoc 800ab 0 na pac-
CTOSIHHC f nepeBOAHT MPAMYI0, KOTOPO# OTBEYaeT JyanbHOE YHCIO

z2= tg% (14 es), B npsMyl0, KOTOPO#l OTBEYAET HMCIO
' 0 , ]
? =gy (1+es) =tg 5 (1 e (s 1)
[puc. 9, a: BI]OC.TIC.H.CTBHH Mbl 6YJleM B TaKOM Cayyae KpdTKO TOBOPHTB: «Ile-
PEBOMUT NPSIMYIO 2 =—tg — (1 -}-es) B npamyio z ——tﬂ—(l —-e(s+1) »]

OTciona BHITEKAET, YTO 3T0T napannenbubm nepeHoC MOYHO 3annucaTth Tak:

2’ =pz, rne p:1+et, [p]=1 (19)
(w60 [1(1 -{—st)]-[tg%(l—kss)] =tg [1—|— (s8] Danee, napaas-
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seNbHblll nepenoc Ha paccmosHue t, 8 Hanpasaenuu, nepneHouxyAsp-

Hom o (B nanpasnceun npsmoii I, Takoh, uto /{1, o }_—:—;—), nepeso-
6 , o’ ,
T npamylo  z=—tg (1 4es) B mpsmyw 2'=1ig - (I +es)y=

=tg o[l +e(s ¢, ctg 6)] (puc. 9, 6). Ho
0
£, (I — tg27>

zu:tg%[l —{—e(s—{—tlctgﬁ)]:tg%(l +ES)+etg—;--——o——_

2tg?

=tg + (1+es)+e——e—'tg 5 ——-z—{—e———e-tzz.

Mocnenniolo GopMyny MOWHO 3anucate B Goslee H3SIUIHOM Bllie. 3ame-
THM, 4TO

+ oz

z—{—e———et—z _—_[ +e- ] [1-——5%‘2]:

n
o T
o

Takum o0pa3oM, paccMaTpHBaeMblii 1apaniefbHbill MepeHoC 3anHchLBAETCH
¢opmynoH

r z4¢q
Togz 1

OTtciona BoiTeKdeT, HTO HPOU3IBOABHLIL NAPAANEAbHBLI NePEeHOC, T. €.
NEepeHoC HA PACCTOsiHKMe f B HAMpaBieHHH O M Ha PacCTosuHe I, B Ha-
npaBnennn /, 3anmuceisaetcs Qopmynod

r__ p2)+t-gq _ b
T e (p_l_l—d’ = 2)

z rie q:e%, lg|=0. (19a)

t
WM, €CAu BeeCTH OCO3HayeHye p==p? (T. e. pp=1-4-¢ 7) H BOCTIONb-

t t - t
30BaTbCH TeM, 4TO q:e;‘:et—é(l—{—e—g):qpl, p=1—e5=
l _
=-—g, T0
=59 q
z.=p32+qp, _ pzda _ prtg 20)
= — — = =
e wiz+pep, 9z tn — g9z +p

t t,
p,=1—l—e—2—, l]:E?; ,pxlzl’ l(],:O.

Mepelinem Teuepb K 6pawjeHuss mnockocT. OueBuino, 4TO noBo-

4
pot BOkpyr O Ha yroj o MEPEBOAHT IPSMYIO z:tg7(1 -+ ¢cs) B nps-
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rne '=0-4o (puc. 10). Taxmm obpasom,

, oy
MylO Z :tg—2—(1+ss),
tg t z|tg = +tg =
, ﬂ+a = + g2 I |+ g? 4 g?
|2 |=tg—5—= - = 2 (21)
l—tggtg—Z— —tg7|z|+1 —tg§z+1
M 2z, — NyanbHbie YACIA, TO

YyToO ecqin Zl
l ) .

z, |zl

(3necy ucpoab3yetcs  TO

‘Z 4=z |=’zx',ilzzl' lZ,zzl___|z ”zz| H

O

0

Puc. 10.

ectn d m d — pacctosinva npsMpix z W 27 0T nomoca U, TO
ssinl=d—=d' =s"sinl/

[cp. dopmyny (17)]; mostomy
Ao 2 — 5" — sinﬂ_s sin §
gz =S =Sqv— sin (9 +a)°

C npyro#t CTOPOHH, TOCKOJBKY Artr(u-l—c'v)———— T0
a
z+41g - \
Arg—az————Arg (z—\—tg—%) — Arg (——tg%z—}—l ) =
—tg z+1
itgg—(l—i—ss)—i—IJ =

; (1+es)-tg %] —A.rg[——to

= Arg [tg——
a
stq7 —stg tg — 5 (tq —2 )
] —_ e S=
¢ f) a 2 o
t tgi—l—-tg? l—tgitg? (tg—Q— —2) (l——tg—tg )
t f , @ I} a\? o0 K
- g 5 sec® 5 | cos 5 cos o o sin €0s .
- -0
sina b cos 21 a*b sin +b cos fi
2 2
(22)

______qme s=Arg2
Tsinfa07 g%~
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M3 (21) n (22) cnenyer, uto naue Bpaulenne 3amuchiBaercs dopmynon ')

Z’= Z—I—-q,

—qiz+1

Haxouneu, comoe o6uee Osurcenie npencrasaser co6oi BpalleHne

(23) soxpyr O mna wuexoTOpwii yron a, COMPOBOXKIAEMOE TMAPANIEIILHBIM
nepedHocoM (20)

, Tme ¢,=gq,=tg-, Argg,=0. (23)

S —az ] — —gr)ztpatq
—g-iEre 4 —(na, +9) 2+ (p, —qq,)
- qlz+l
=20 (242)
—Qz+4-P

rne P—=p, —qq,, Q=p,q,+ g, vm cummerpuio (186) OTHOCHTETBLHO
NPAMOi, CONPOBOXIAEMYIO BpalleHHeM BOKPYr O WM Napajini ibueHM [epe-
HocoMm (24a)

’ — Pz B

7= —Pz10 , (246)

Qz+P

UH, Hakoweu, nepeopuentauuio (18a), conposoxnaeMmylo onmuM 3 npe-
obpasopannil (24a) nim (246), 1. e.

i
—P—1Q —

. = DEEC e P —Q Q=—P (248)

(?)_L_i_[—) — Wzt P

z
Wi
P =1 -

z’: Z] :—_Pl_z +_Ql , rne P,:—Q, Q‘:P (241‘)

_(T):_+[j @z + P,

z

Oucernno, uro (opuentuposannmil) yzor &= /{z,, z,} wmexncdy
0 ]
npanean z, ==1g - (1-4-es,) n z,==1g - (14-es,)  papen f,—0,

o a
'} B stoit dopmyne uucay qlztg? MOWHO TaKkwe [pulaThb 3HAYEHHE oo,

4TO OTBENACT Bpallenuio na yroa 180°. Ecau ¢, — oo, TO umeeM

. zdew i
2= —w-z-+17  z

(cm. cHocky %) Ha cTp. 64); 370 NpeoOGpasOBaHUe, OYEBUINO, CBOTHTCE K CHMMETPHH
oruocutesbHo Touku O ({18a) u nocaenyioulelt nepeopuenTaum (186) [oTmeTum,
UTO OUpejelcHHas Bhllle cuMmeTpus (18a) ornocutennbiio Touku O He COBO a-
AaeT C BpaueHuem Ha 180° rokpyr O).
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{puc. 11,a); 970 MOXKHO 3anHcaTh TaK:

0 0
. to 2t n
tgi,__ & 2 & 2 EAEED Zy— 2,
— 0 0, - ~,
2 l—{—tg—z’—th‘ IS ENIEN 14 2,2,

Tonyuennpili pe3ynbTaT MOXHO MPENCTaBHTh Taxwe B Cjenyloulei cam-

MeTpuutoil Qopme:

2__8____ (zz—zl)(z_z—'zl) (25)
27 (I 4zz) (1 +22)

u tg

Haiimem Temepb (opnentnposannoe) paccmosnue d=/{[z,z,],[z.2,]}
meacdy mouramu [2,2,] u 2,2, nepecenenuss onpedenenroil npssol z,

a)

Puc. 11.

€ 0BYJus1 Opyaudili RPIMbIMU Z, U Z, (PHC. 11,6). OueBHanO, "ITO PacCcTOAHNE
60

N o . 1 0

d, MeKIy TOUKAMU rnepeceuentisi psiMofi o ¢ NpPAMbIMK z‘l’_th(l +esy)

0

6
n Zy—tg 72(1—}—552) paBHo

o
2

(]

Zy

d, = Arg (== Arg 23 — Arg 2] =53 — $}).

o
2l
TMpumep HBUKEHVS, nepeso\nmuero NAHHYIO0 NPSIMYIO Z, B NpAMYyIO o,
naetcst (opMyno
' zZ—2 .
- — ’
zpz -+ 1
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3TO IBUXEHUE TIEPEBOANT IMPAMLIE Z, W Zz, COOTBETCTBEHHO B IIPAMbIC

2, —z z,—z
2= S0 gy op0—_"2 "0 QOrcroga nosnyyaem'):
. 2,2, + 1 2 2oz, 1 Y )
d=—Arg L2 =2 2T 1) __ Arg (—2’ — 2, 20z 1) (26)
(z; — zp}:(zo2z, -+ 1) \%Z, 2% 24z, -1/

! 2, — 2 Z,2 1
= ArgZ2 %0 Arg Aﬂz—"‘ .
21— % z92,+ 1
VYenosues mozo, umo mpu npsmee z,, z, u z, Hepecexaiomcs
8 O00HOiL mouxe, NBAACMCS PABEHCTBO HYJO PACCTOSHHS MY
TOUKAaMH Mepecevyennst 2, M z, ¢ z,, T.e., B cuny ¢opmyns (26), seue-

z,—2, 7.2, 1

CMBEHHOCMb OMHOULEHUST = ; 3TO yCJOBHE MOXHO [epernu-
2y =2y z,z, 1

CaTth TaK:
(zo — 25) (;221 + 1)_ ___»(;o - Z_z) (22—21 + 1)
(z: — 2,) (2220 +1) o (z, — z,) (2,20 +1) )
CrenoratesibHO,  YpagHeHue mMouki», T. €. YCJIOBHE, KOTOPOMY YIOB-
JETBOPSIOT NPAMEIE Z, NPOXONYiME UEpPe3 ONHy TOUKY [2,2,], useem 6uo
(z—2,) (2,2, 1) __(z—72,) (z,2, + 1)
(Z—2z) (2,2 1) (2, —2,) (z,z 1)

(27)

i
Azz+Bz—Bz— A=0, A—uncTo MumMOe (28)
[3necs
A=z, (z,— 2,) (2,2, +1) — 2, (z, — z,) (2,2,-+1)= (2251—2122) (14-2,2,),
B={(z,—2z,) (2,2, + 1)}-2} (2,—2,) (z,2,-1)].

O6patuio, HeTpynHo yGemMThCs, YTO Kawaoe ypasHeHHe Buna (28) Bui-
paxaeT TOUKY.

Hafinem Teoiepp ycnoBme TOro, 4YTO ueTnipe OPHEHTHPOBAHHHIE NPs-
Mble 2., 2,, 2, ® Z, NPAHALIE!KAT OLHOH OPHEHTHPOBAHHOH OKDPYKHOCTH.
tlpn atoM non opuenmuposaHHoli  OKpYHCHOCTIBIO Mb 31€Ch TIOHHMaeM
COBOKYMHOCTh («reOMETPHYECKOE MEeCTO») BCEX OPHEHTHPOBAHHLIX TIpS-
MBIX ¢ OpueHTHpoBannoe pacctosinue (O, /) KOoTOpelX OT naHHOH TOUYKH O
(4ermpa oxpyxHOCTH) uMeeT (HUKCHPORAHHOE 3Havenne 7. YHcno r ua-
3bIBAETCH paduycom OKPYKHOCTH; TakuM o0pasoM, padlyc opuenmipo-
BQHHOML  OKPYHCHOCIMU  MOXMcem Oblmb KQK HOLZOJNCUMEAbHbIM, MOK 1t
ompunameasrubii. (Ecin r==0, 10 OpUeHTUPOBaHHAT OKPYIKHOCTH Bhi-
poXmaeTcss B TOUKY, KOTOpasi, TakHM OOPA30M, AIBAAETCS YACTHBIM Cny-

') Ecan onHa M3 npsMBIX 2, z, (WaH 1axe 06e STH npsuMble) He rnepecexkaer
Zg TO ONHO H3 4HCeN (2, — 2,)1(2,2, + 1) n (2, — 20):{2z42, + 1) (au oGa 9TH um-
C.1a) HEe NpPUBOZMTCA K (OpMe (20) m. 2.
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yaeM oOkpyxHOCTH.) Ha ueprewax OpHeHTHPOBAaHNAsi OKPYXKHOCTB M30-
GpaxaeTcsi KaKk OObIUHAsi OKPYWHOCTB, CHaOwmeHHas CcTpe/ikoH, yKasbl-
paollell OnNpene/eHHOe HanpapieHie 00Xona, B KaXIo# TOYKE COoBManaio-
llee C HANPaBIEHHEM KACATEJIbHOH K OKPYKHOCTH B 3TOH TOYKE (pHC. 12).
W3 onpeneiedusi OPHEHTHPOBAHHOIO pPACCTOAHMS
(0, 1) ot Touxn O mo npsvoit £ (ctp. 76) cneny-
eT, YTO PpalHyC OPHEHTHPOBAHHOW OKPYIKHOCTH ’
6yneT NONOKATENbHBIM, €C/IM Hanpasienne o6xona
TIPOTHRONOJIOKHO HAMPABJICHHIO BPAILEHHs Y4COBOKH
¢TPEeNKH, H OTPHLATENbHHM — B IPOTHBHOM Cllyvae.
MOXHO MOKa3aTh, 4TO #embipe (OPHEHTHPO-
BAHHLIE) RpsiMble Z,, Z,, Z, U Z, 8 MO MOAb-
KO 6 mom cayuae npunadaedicam o00HOI (OpH-
EHTHPOBAHHON) OKDYNCHOCMIL UL RPOX00sm He-
pe3 00Ky MOUKY, eCcall

{[2022], [2122]} + {[2123], [2023]} — Puc. 12
:{[zazo]’ [zzzn]} + {[2221]’ [zazl]}‘), (29)

Jnst Toro uToOB yOennuThCcs B 3TOM, PAaCCMOTPHM pHC. 13, Ha Kotopom
H306pakenbl YeThpe (OPHEHTHPOBAHHBIE) KaCaTeNbHBlE Zg, 2, 2, 1 2,
(OpHENTHPOBAHHON) OKPYKHOCTH S (ecqm mpsaMble 2z, Z,, 2, W Z, NpoOXo-
oAT 4Yepea OIHY TOUKy, TO yciosue (29), pasymeercs, BhmoaHgercs!),
kacaloumecs S coorserctsento B Toukax M, N, P u Q; touxn [z,z,],
[2,2,], [2,2,] v [2,2,] mnsi xpatkocTn obosnauens uepes A, B, Cwu D.
[lpn 3TOM, O4ERHANO, HMeeM (Bce (UIypHPYIOLIHE HUXKE PacCTOsHHS OpH-
enTHpoBRanHbiel) *)

{4, B} {C. Dy = {4, P} -{P, B} +{C, @} +{Q D}
(D, A} (B, C}={D, My 4-{M, A} +{B, N}-+{N, C).

Ho Ttak kak, B CHJIy H3BECTHOTO CBOMCTBA KacaTeNbHBIX K OKPYMKHOCTH,
(A, Py={M, A}, {P, By={B, N}, {C, Q} ={N, C}, {Q, D} ={D, M},
TO BO BceX Cayuasx Bunonusercsi ycuosme (29):

{A, BY4-{C, D} =1{D, A} 4-{B, C} .

1) Cp. ¢ YCiOBMEM TOIO, UTO UYETHIPE TOUKH Zo, Zy, Z, H 2Z; MPHHALIEWaT
ONHOH OKpYHHOCTH, KOTOpOE MOXHO 3aMucath TakK:

Z :[2022], [lezu +Z {[leal’ [2023” = £ {1252, [Zzzo]} +Z “Zzlllr [Zszln
(cMm. m. 3, cTp. 74, B YACTHOCTH PHC. ).

%) 3pech Mcnoar3yetcs 1o, 4T0 ecan X, ¥, Z — TpH TOYKH OpHEHTHPOBAaHHOK
npsMOH, TO BO BCeX cAyudasix

\X, Y1 +{Y, 2} =1{X, Z}.
%) D10 ecTh TOuHas (GOPMYyAMPOBKA HM3BECTHOH TeopeMbl WIKOALHOTO Kypoa
reoMeTpHH O PABEHCTBE CYMM [POTHBOMOAOKHBIX CTOPOH ONHCAHHOTO YEThIpEX-
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Hetpyano ybemutbed, ut0 u obpatHo, ecau pasercmso (29) umeem
MECIMO, MO Yembipe HpSmbie Z,, Z,, Z, U Z, NpUHAOsescam OOHOL opl-
EHMILPOBAHHOL OKPYIKHOCII UAL NPOXOOSAM 4epe3 00HY moury ‘).

I4
2 ;
6! 10
/”Il Z&r\\\ //’ /
p =" T\ Tl /
)
I
I

1}

1}

v N1 g
] / )
)

,/ A

24 C\Zt

\z

Puc. 13.

Bocnonb3zosaBuluch Ternepb ¢GopMyao# (26), Mel MO¥EM nepenicathb
yenosre (29) caenylouyM o6pasomM:

Z,— 2 z,z, 1 Z,— 2 Zy2, 1
Argz‘—z——Arg,—“——i—Argz"TZ:—Ar Bzl

0 %2 z2,2,+ 1 Eaz,—]—l—
____Argzz—zn_Argz_022+1_‘_Arg2?’;zl_Argz_lz3—+l A
23— 2 z,2, + 1 2% 2,2, + 1

yroabiiika. OTMETHM, YTO OTKa3 OT OPHEHTHPOBAHHBIX PACCTOSHUE BENET K 3Ha-
YUTENHLHOMY YCIOKHEUW0 (OPMYJIHPOBKH STOH TEOPEMBL B Cayyasx puc. 13, a
W 6 Mbl npuxoadm kK pasenctsy AB+CD—=AD - BC (pacctosuus He oOpd-
eHTNpOBanHbIeY), a BCayyasx pic. 13,6, 2u 0 — k pasenctsy AB — CD=AD — BC.

Y} Cp., nanpumep, K. Anamap, Diementapuas reomerpus, 4. 1, M, Yunen-
tus, 1957, peuense 3aiauu 87.
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—

Heckonbpko yOpoOCTHB JIEBYIO YacTh MOCNENHEr0 pPaBeHCTBA H Hpe-
obpazoBas npaBywo, Oynem HMETh

Arg (_._i ’_:_’_) — Arg (ﬁ ;E@L_‘)z

29— 2y Zp 24 2,2, +1 22,11

— g (B2 BT E) g (Bl 20l

— 23 2,20+ 1 23z, 1
Ho
(zl_ iz B2 it ) N Zn_—ﬂ.zo—za\
Arg \z, —z, ZO—Z>— Arg(zl—zz.zl_'za}
60 2, "% . % "% . Zp— 23,20 24
Z,— 2y Zy— 24 Nz, — 2y, 2, — 24
" z z, -1
Arg<zz,+1 2,7, +1) _Arg<zzg,+1:z,gl+ )
2,204 1 2,2, 1 2,2, 41 zz,41
[mo 2,2, - | .5sz,+1:<z2z‘,+1:zs§,+l>J .
2,2+ 1 242, + 1 2,2, +1 22,41

Takum 006pa3oM, pasencTso (29) MOXHO mepemHcaTh B Cienyiouiei
npoctoii Qopme:
Z, Z2,— 2 Q4
Arg BT 5 5T R ) . (30}
Z,— 2, 2, — 24
JIpyrumu CIOBaMH, YCA0BUEM MOZO, 4IMO HeMblpe NPAMbLE 2, 2,, Z, U Zy IPU=
Hadsnexcam 00Hol (OPHEHTHPOBAHHOU) OKPYIHCHOCTIL (HequeBoro pannyca

HNY OKPYKHOCTH PANHyCa HYJb — Tque) BASLEMCS GEULe CMBEHHOCMb (8011-

zz. 2y — 24
Hozo omuoweruss W(z,, 2y, Z,, 2,) =— z ol Imux yemolpex nps=
17T %2 417 “2
abix (cp. Boille, ctp. T4).

[Mocnentemy ycCJOBHIO MOXHO TaKiKe TPHAATh 3HAKOMYIO YWE HA
dopmy (12):

29— 23,225 20—22 zo —Zs (12)
: , -
2,—2,2,—2, z,—z, z,— 2,

OTKYIA BHTEKAET, UTO ypaBHEHIE OPHEHTHPOBAHHOH OKPYKHOCTH (xoTopas B
YACTHOM CJlyyae MOXKET OKA3aThCsl M TOUKOH), OlPEeNessieMOH TpeMs NaHHtb! -
MH IPSIMbIMY Z,, Z, 1 2, mieeT BAn (13) 1):

zZ—2,, Z—2, _ ?——Zz z

= _?“.(13) q

2, — 2, Zy — 25 7. — _
1 2 1 3 Zl Z2 Zy Z3

) 3ameTtHM, 4TO B TO BPENT KaK Tpex

JaHHHBIX HEOPHEH THPOBAHHBIX NPAMBIX Kaca- a) 4
107Cs1, BOOGIIe TOROPS, UeThipe pasHbIE lle-
OpHEeHTHPOBAHIIBIE OKPYXKHOCTH (puc. 14,a), Prc. 14.

TpH OPHEHTHPOBaHHBIE MpsAMble ONpeze-
NA0T € A M HC T B€HHY 0 OPMEHTHPOBAHHYI0 OKPYXHOCTb (pHC. 14, 6).
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‘Takum 06pasoM, Mul ybexnaemcs, uto ypasHenlie raxcoolt (OpuenTHpo-
BaHHOM) oxpyscrocmu  (uan TOUYKH) NAOCKOCIMI  MOMCHO 3anucams
8 opnme (14):

Azz_—}—Bz—EE—I—C—_:O, A 1 C—4quUCTO MHUMHIE; (14)

MOXHO yGennThcs, 4TO W ofpatno, ypauenne (14) Bcerma pnipamaet
OKPYXHOCTh (MAH TOUKY).
Mut ywe 3naem, uto npsiMy0 ypasuenwe (14) puipaxaet 1pH

AtC=o0. (31)

Pa3Butan BHIUE Teopua NO3BOASET HCMOMAL30BATh AYaAbHKE YNCAA IAS 1OKa-
32TEJLCTRA MHOIOYUCACHHBIX TEOPEM, OTHOCHLIHXCA K TOYKAM, DPSMBIM U OKpPYM-
HOCTSM; TIPH STOM 6Ju30CTh PE3yabTaTOB HACTOSLIErO NYHKTA K pe3y/abrataM I. 3
NO3BOASET 324aCTYI0 HCHOAB30BAaTh OAHY ¥ TY Me BbIKIAAKY AJ JIOKa3aTelb-
CTBa ABYX pasiHunbiX NpeasoxeluH, CYNTas B OAHOM ClyyYae ¢urypupyolive
B pacCywienun Yucila OOBIKHOBEHHBIMH KOMIUIEKCHBIMH YMCAaMHM, a BO BTOPOM
CIyHae — JyanbHbIMH yHcAaMu. Mpl OFpaHMyuMCH 346€Ch OIHHM MPHUMEPOM noI06-
HOTO poja.

Teopewa. [lycmy na naockocmu Oanst wemsipe (OPUEHTHPOBARHBIE) OKp yoic-
Hocmu S, S,, Sy 1S, z, u w, — obwue xacamervhve S, u S, z, 1 w, — obwue
Kacamewuvie S, u Sy, z, n w; — obugue kacameavivie Sy u Sy, 2z, uw, — obutue

9
OC

Puc. 14. Puc. 16.

racamenvive S, u S, Toeda ecan npsamie z,, 2y, 23 Ul 2, KACQIOMCA OOHOIL
(OpHeHTHPOBAHUOH) OKPYIICHOCMIL AN RpOXOOLm wepe3 OOHY mouxy, mo u nps-
Mble Wy, Wy, Wy U W, KAcaomes O0O0HOL (OpueH THPOBaHHOM) OKpyxcHOCMU Ul
npoxodam uepe3 00HY mouKy (pHC. 15).

[KacatenbHbIMH OpHEHTHPOBaHHOR OKpyxnOCTH S 316Ch CUHTAOTCA opne(m—
POBallHble MpsAMble, BXoAfllMe B COCTaB S, MOHUMAaeMOH Kak «reoMeTpHuecKoe
MECTO npAMbix». OUEBHANO, YTO B TO Bpems, KaK 1Be OBbIKHOBEHHBIE (HCOPHEHTH-
POBaHHbIE) OKPYIKHOCTH MMEIOT, BOOGILE TOBOPS, YeThipe OOLIME KacaTeJbuble, ke
OPMEHTHPOBAHHBIE OKPYXHOCTH S, ¥ S, We MOryr uMeTs GOablie HBYX OGIIHX
KacaTeNbHBIX: 3T0 OYynyT ofuive BHemiHme KacaTeabHbe, €CJH S, u S, umeror
OIHO H TO Xe HalpawieHue, U OCLIHEe BHYTpEHHHE KacaTelbHble — B MPOTHBHOM
cnyqae (puc. 16, a, 6).)
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M3 ycnopust TeopeMbl BLITEKaeT, UTO BellleCTBEHHB! JBOHHbIE OTHOIICHHE
W(z,, ©,, 2, ©,), W (2 w,, 25 w,), Wizg, @, 2, wy) u Wiz, w,, z,, w)),

a takwe npoiiHoe otHowenue W (z,, z,, z,, 2,); TpeOyelcs 10Ka3aTb BellecTBeH-
Hoctb sBoHnoro otnotienuns Wiw,, w,, w, w,) (cM. BHIIE cTp. 75—76). [loka-
32TeIbCTBO STOTFO OLIIO AAaHO B KOHLE I1. 3 (CTp. 79);, mpusegenHble TaM paccysie-
HMS OZHOBPEMEHHO JOKashlRalOT M TeopeMy, C(OPMYIHPOBaHHY!O Ha CTp. 75, H
HACTOSLLYIO TeopeMy.

II1. KPYI'OBBIE ITPECEPA30OBAHHSA

5. O6GuiKHOBEHHbIE KpYroBeie mnpeoOpa3osanusi (npeoOpasoBaHus
Mébuyca). B sTom nmyHKTe pacCMOTPHM MPOM3BOJIbHBIE NPOOHO-NHHEHHHE
QYHKUMA KOMIZIEKCHOrO TIEPEMEHHOro M OTBEYAlOUIME UM, B CHIIY H3J0-
WEHHOrO B M. 3, OpoOHO-AUHejiHble npeoOpa306aHUsT HAOCKOCMU, T. €.
ripeoGpa3oBanyis, 3amuCHBaeMbie (opmynamn ')

,  az-b ., az-t+b
z = 1 HZ—=——. la
aya D i (1a)
ab
Ecmm A— c d':O, T. e. a==kec, b==Fd, oyuxunu (1) n (la) ceo-
naTes K 2 = &; TakAM o0pa3oM, HHTepeC mnpeacTapjdeT JMUIb CJyuaii,
a b
Korna A— cd =~=0; HmKe Mbl BCE€ Bpems Oynem mpeanonarath Nocjael-

HEe YCJIOBHE BLITTONHEHHBIM.
[lpu stom npeoGpazosaunst (1) m (la) OyAyT S€BNAATBCH B3aHMHO
ONHO3HAYHLIME NPEOOPA3OBAHHAMA TJIOCKOCTH KOMILIEKCHOrO [€PeMeHHOro,

. 1
PACIUKPEHHOM BBEJGHHEM 4HCNA o == 00, — KAXIOMY “HCAY Z COOTBET-
CTBYET eNHHCTBeHHOE uHcho 2°, onpelensemoe (opmynoit (1) nm (la)
a
(B 4YAacTHOCTH, YHCAY Z==00 OTBEYAET 3HAYEHHE z':;’), a 4ueay

4

d
Z==—_-, COOTBETCTBEHHO Z=-——, TaKOmy, HTO cz-+d=0 um

cz--d=0, orteevaerT 2 =00), W KaxIOMy B3HAueHmIc z OTBCYAET
eAMHCTBEHHOE 3HAayeHue 2, KOTOpoe JIerk0 HaiTH 3 T1ex we Qopmya
(1) u (1la):

dz’ —b dz’ —b
e MW z::——_zz_,_l_a

YacTHBIM clydaem npoéﬁo-mmeﬁﬂux npeoOpa30BaHnil ABNAOTCH /L~
HeliHble npeobpu308aniLs

Z=pz-tq p#£0 wm 2Z=pztgq, ps£0, (3)

Y Cp., HanpuMep, A. V. MapkymeBuy, IiaeMeHTH TEOPHH aHATHUTHYE-
ckux ¢yuknuii, M., 1944, ra. 5, § 3.
2) Cp. cliocky %) Ha crtp. 64.

2= . 2)
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K KOTOpHIM Mbi IIPHXOAWM, nNoJOwUB B ¢opmynax (1) u (la) c=0 u no-
narast p::—Z- ,
CrBeHubiMNE  OpOGHO-AUHEHbI M npeoOpa3osanisiyull, a TpeoGpa3oBaHus
(12) — 3eprasbHbi Ml O pOOHO-AUHEHHbIMI NPEOOPA30BAHUSIMI.

Beuile mMul yXe BHpenH, YTO reOMeTPHYECKH nnHeiinoe npeobpa3sopa-
HHe mpencTaBisier Coboit npeobpazosarue no0oGUs, CKIAanbBaolleecs U3
LEHTPAJbHO-MONOOHOrO BpalileHuss (rOMOTETHH W BpalleHHss ¢ 0OuuM
nertpoM O), cONPOBOKAAEMOro MNapaJsuleslbHLIM ePeHOCOM H, ObiTh MOWKeT,
cuMMeTprell OTHOCHTENBHO TPSIMOH; B uyacTHOCTH, NPH |p|=—=1 npeobpa-
30Banpe nomoOHsi sIBAsIETCS NBMweHHeM (cM. 1n. 3, ¢tp. 72). Mwm pac-
CMaTPHBalM TaKkKe HEKOTOPHIE MPOCTEeHINe KOHKPETHhIE NPAUMEPH! JINHEHHKIX
npeobpa3oBannil, Kak TO npeoOpazopaHus

Z=—2z (a) n 2=z (6), (4)

q:%—. Muorna npeoBGpasopauust (1) HasmBaiotr co6-

npeacTasmsomyie coboit cummempuro omrocumesvho mourxu O u cum-
JMempuio OMHOCUMeAbHO npsiamoll 0, a Takwxe mnpeobOpasoBanusi

=z-4q (a) n Z'=pz (6), (5)

T. €. napaAAeNbHblll HepeHoC U LeHmpaabHo-1no000Hoe spamenue (n. 3,
ctp. 71). 3nech Mu Gonee NOAPOGHO W3YUHM FeoMeTPHUECKHEe CBOHCTRA
NPOHM2BOABHHX NPOOHO-NHHEHHBIX npeoOpa3oBannii.

3aMeTuM Npexne BCEro, uTO OpoGHO-aliHelHble npeobpa3osanus co-
cmaeAsiom 3pynny B TOM CMBICJIE, YTO TMPOM3BELEHUE (pe3y/bTat ro-
€€0BATENIbHOTO OCYINECTRIEHHs) NBYX NPOOHO-NHHEHHBIX npeobpa3osa-
HHH TaKxe 9BJsieTCsi JPOGHO-IHHEHHHIM TPpeoOpa3oBanieM; TOXIECTBEHHOE
{(nnn  enmMnRyHoe) npeoOpa3oBanne, OCTABIAION(EE BCE TOUKH TJNOCKOCTH
Ha MecTe, fIBAfAETCS YACTHRIM CiydyaeM IPOGHO-JAUHEHHOro npeobpasoBans;
npeofpa3oBanie, 0O0paTHOE NPOOHO-HHEHHOMY (T. €. MepeBOAsllee Kax-
Ay TOYKY 2  [JIOCKOCTH B Ty TOUKY 2z, M3 KOTOpPOH nonydanach 2’
B pe3ysibTaTe HCXOAHOro mnpeofpa3oBanmsi), TaKwke fBRNsSiETCs JIPOOHO-IN-
uednnM. MleitcTBATenpHO, ecnu, HanpuMep,

az+-b , a,z,} b
ATt " P T )
TO
az+h
. cz—|—-d+ ___(aya4-b,0) 2 4 (a,b F- by d)
o az+b+d c,a+dcyz+(e,p+-dd) °
cz—|—-d

AHanormyHo HAXONMTCA TPOM3BeNeHHe COOCTBEHHOrO M 3€PKaJib HOro
NpOOHO-ANHelHLIX npeoGpa30osannii HAM NBYX 3€PKaJbHBIX NPOOHO-TUHEH-
HHX npeofpas3oBaHpil; TowIeCTBEHHOE mpeoOpas3oBaHHe 3anNuCHBAETCH
thopmy noit

(66)

’

Z =z, D)
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aBsstolleficd yacTabiM caydaem gopmyas (1) (npr b —=c=0, a=d = 1);

npeobpasosanne, obpatnoe (1) wim (la), nmeer BUA
) dz —b . dz —b
Z—=——F— Wl 2 —=—=——
—cz+a —cz+4a

[cp. ¢ dopmynamn (2)].

OtMeTnM Terepb cneaylouiee ¢dyHaaMenTanbHoe CBOHCTBO ApoGHO-
nuHedHBIX npeobpasosannit: ecau Z), z,, z, u z, cyms uembpe mouxu

naockocmi, 8 rKomopbie hepesodum OpobHo-AUHeliHOe Rpeobpa3osaHie
(1) wau (la) Oannbie wembipe mouru z,, 2,, 2, U z,, Mo

{8).

Wiz, 2, z,, Z)=W(z,, 2,, 2,, 2,)
un

Wiz, z,, z,, 2)= Wiz, z,, z,, 2,), (9

2, —23.2,—2,
Z,— 2, 2, —2,
yeK (CBOHMCTBO MHBAPHAHTHOCTHU ABOHHOTrO OTHOW EHHS).
HeiictBurtenbHo, nanpuMep, u3 dopmyan (1) nonydaem

rne Wiz, z,, z,, 2,) = ABOHHOE OTHOLIEHHE YeTHpex To-

’

W(z‘, z,2, 2)=—
, , , az+b az, b az, b az,+b
AT B —F 4 ez, 4d cz,4d_ ez +d cz,4d
z;—z;' 22’—2; azz‘!“h_aza‘f—b. az,+b _az, 4 b

cz,4+d czy;4+d cz,+d cz,4d

__ lad — be) (z, — z,)]:(cz, +-d) | [tad — bc) (z, — 2 (cz, +d) .
Tl —Be) (2 — 2] ez, + &) [ad — o) 2y — 2] CEa E D)
Z,— 24 2, — 2,
z,—2;'2,— 2,

=Wz, 2,, z,, 2,).

AnanornyHo npopepsieTcs, 4TO W(z',, Z;, Z;, 24') = Wiz, 2,, 2, 2,), ccnn
zn 2z cesizann opMynoii (1a).

M3 cpoiicTBa HMHBAPUAHTHOCTH ABOMHOrO OTHOUIEHHST [PEXAe BCEro
BLITCKAET, YTO OpobOHO-AUHElHoe npeodpaso8aHue nHepesooum Hembipe
mouKy, npuHaOAescanyite  OOHOML  OKPYNCHOCHIUL UAW RPAMONL  JUHIL,
8 uembipe MOYKU, MaKyce NPUHAONeHCAlLe OKPYHCHOCIIL UAL NPSMOL
AuUHLL (KPYTOBOE CBOHCTBO ApOoOHO-TUHeliHBHX npeolpa-
30BaHNWH); NEHCTBUTENBHO, | U3 BEUIECTBEHHOCTH ABOHHOrO OTHOLIERIS
Wiz, z,, z,, 2,) HCXOAHBLIX TOYCK BHIIEKAET TaKKe BELICCTBEHHOCTD
npoiinoro oTHouewvs W(z,, z,, 2, 2)) npeoOGpasosanumbx TO4YEK (CP.
n. 3, crp. 74). Otciona B cBOW Ouepenb BHTEKAeT, YTO OpPOOHO-AuHell-
Hoe npeobpa3ogarite nepesooumm KAMOYI0O OKPYNCHOCME WAL NPAMYIO
AUHUIO  RAOCKOCIUL  CHOBQ 8 OKPYICHOCHb UAL HPAMYIO  AUHUIO. 3TO
00CTOAITENbCTBO JaeT OCHOBaHMe JUisi roro, 4YTto0bl HA3BBATh APOOHO-~
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e r— e

MHefiHEe NpeoGPa3OBaHus TIOCKOCTH KPy2zoBblAL npeodpa3osanussi’);
TaKk KaK 3TH NpeoOpa3oBaHMs BIepBHe OCHOBATENBHO HM3YYalHCh HEMel-
kuM reometpom ABryctom depnnHannom Me6uyCoOM, TO HX 4acio Ha-
3uBalOT KpyropuMu mnpeobGpaszomsanmamMn MebGuyca. Moxno
TaKiIKe TOBOPHTb O COOGCMBPHHBIX W 36PKAAbHbIX KPYTOBHIX NPeobpasopa-
HUSIX, TIOHHMas TOA 5TUM npeoGpasopanms (1), coorsetctBenHo (1a).
Hetpyano nokasatbh, 4TO cymecmgyem eOUHCMBeHHoe Co0CmBeHHoe
Opobro-auneiinoe npeobpasosarue (1), nepegodsuee mpu OQHHble MOUKIL
2,2, W 2, § mpi Opyaue 3a0QHHbe MOUKUL W,, W, U W,. HeiicTButens-
Ho, ecnd npeobpasoBanne (1) mnepeBomMT TOYKH 2., Z,, 2, B TOYKH
;
w,, W,, W, U NPOM3BOJIbHYI0 TOUKY Z IVIOCKOCTH B TOYKY 2, TO B CHIY
nokasannoro sume W(z, z,, 2,, 2,) = W (2, w,, w,, w,), T. e.

2 —w, 2z —w, z—2,, Z—24
W, — W, W, —W, Z,— 2, 2Z;—2Z,

. (10)

Ho pasencteo (10) onpesenseT ApoBHO-JMHeHHOe npeoOpasosanue: ecyu
BHIPA3UTh W3 HEro 2z u4epe3 2, TO Mbl MONYYHM
, _ 'Az4B
~Cz+D

rie

A= (zl - 22) w,w, + (22 - 23) W, W, + (za - zl) WW,,

B=|[(z,— z,) ww, + (w, —w,) w,2, + W, (2,w, — z,w,) (2, — 2,),

C= (w,2, —w,2,) + (w,2, — wszz) + (w,2, — wlza)’

D=(w, —w,)(2,—2,)(2,— z,)-

TOYHO TaK e JOKA3HBAETCS, 4TO Cyljecmsyem eCUHCmBeHHOe 3ep-
KasbHoe GpobHo-uneinoe npeobpa3osarue (1a), nepesolsuee z,, z, u
z, 6 w,, W, & W,; 370 npeobpasosanne sanaercst opmynoit

W, w, w, w)=WI(z2, 2, 2,, 2,)
Hin
2 —w, 2 —wW,  z2-—2, Z— %

1= . (10a)

W—w, W, W 2y — 2y Z3,— 24

[ fem—

DTH e pacCyNUIeHHs NOKA3HWBAT, 4TO 045 mozo, umobui uembipe
danmbie mouKu z,, 2, Z, U Z, MONCHO Obi/l0 hepesecmiL KpyzoBbii npe-
06pasosaniess 8 wembipe Opyzue MoKy W,, W,, W, U W, Heo6x00uiro
u Qocmamouro, 4mobbi UMeN0 MeCrmo OCHO U3 pQBEHCIE:

Wi(w,, w©, @, @)=WI(z,, 2,, 2, 2,)
uau

Wiw, w, @, w)=WI(z,, 2,, 2, Z,).

) MOWHO TOKa3aTh, YTO B C€ Mpeodpa3oBaHus MIOCKOCTH, MEPEBONAIINE OK-
PYMHOCTH MM TPSMBIE CHOBA B OKPYMHOCTH KM UPAMBIE, HCUEPNBIBAIOTCS npodno-
AuteliHbIME  ipeobpazoBanmamu (1) 1 (1a) (cp. M. M. flrnowm, eome rpuyeckye
npeoGpazosanust 11, M., 1956, § 4 ro. II, cTp. 246—253).
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J—

M3 pnokasanuoro cnenyert, 4TO 100y10 OKPYMCHOCMb WAL HPAMYIO
JOMHCHO Nepesecmis (TPHYEM MHOTHMH CnocoGamu) xpyzoseir hpeo6pa3o-
sanuen (1) [nmm (12)] 6 wobyio dpyeyro 3adanmyio oxpyscrocms uiu
RpsiMyI0; NEHCTBHTENBHO, AJS 3TOrO HAAO0 TONLKO M03aBOTHTHCS, UTOOH
Kaxkue-mibo TPU TOYKM TepBOH OKPYMWHOCTH mepentin B (Kakue yroauo')
TP TOYKM BTOPOH OKPYWHOCTH. B 4acTHOCTH, 4100y10 oKpyscHOCHb
MOHCHO  BECHILCACHHBLM  MHONCECMBOM CHOCOGOB nepesecmis 8 npsmyio
AUHII0 — OOCTOATENBCTBO, KOTOPOE 4YaCTO UKa3uBaeTcsi nosesHuM. Ta-
KiM 00pasoM, ¢ TOYKH 3pEHHsi KPYTOBLX TPEOOPa30BAHHH BCe OKPYIIKHO-
CTH W TNPsINBIE SIBJSIIOTCH  COBEp-

LIEHHO PABHONPABHHIMH; MO3TOMY \

B BONPOCAX, CBA3AHHBIX C KPYro-
Bhlnill 1pe00pa3oBaHUIMH, OOLIYHO
HE Pas3nuyarT Mexny coboil nps-
Mble JIHHHH M OKPYWHOCTH, CYH-
Tast népBble YACTHLIME C/IyYasMy
NOCHAEIHHX (KOKPYWHOCTH Gecko-
HewyHo GonbLIOro paguycar). Tak-
e M MHl B 1a/IbHeHlIeM 3a49acTy10
OyneM roBOPHTB MPOCTO «OKPY K-
HOCTBb» B TexX Clyuyasx, Koruia
npaBuibHee OO OB CKa3aTb
COKPYWHBOCTb HIM TPSIMasny.

Paccmorpum  Tenepsr  Conee Puc. 17.
noapobHO, KaKoH reoMeTpuuecKuil
cMblcs HveeT nBoinoe otnowenne W (2, z,, 2,, 2,) HeTHpEX TOYEK 2,, 2,, 2,
# 2,. Mbl yxe 3naeM, 4TO 3TO ABOHHUE OTHOUIEHHE OyAeT BellecTBEHHO,
T. e. apryment Arg W nsoimoro ortHomennss W Gyner pasen Hymo
B TOM M TONBKO B TOM Clyyae, eC/1M TOYKH Z,, Z,, Z, M 2z, IICHAT Ha
onnofi oxpywnoctu. B ofuem we cayuae, odeBHAHO, HMeeM
21— 23,21 — 2.\ ___
22_23.22_24)_

=AgA=nArg DB ez, 22— Lz, 2,2}
29— 24 Z,— 2,

4

(

’

Arg W(z,, z,, z,, za):Arg(

[em. dopmyny (8) ma crtp. 73]. PaccmoTpum Terepb NBe OKpPYWKHOCTH
(omna u3 HHMX, WM Oaxe 06e OHH, MOTYT OOPaTHTBHCH B NPSMYIO), 1npo-
XOIfIUIHE Yepe3 TOUKM 2,, 2,, 2, U Z,, Z,, Z,; 3TH OKPYKHOCTH Mb Oy-
zeMm o603HauaTh uepes [2,2,2,] u [2,2,2,] (puc. 17; BooGLIE OKPYKHOCTD,
TPOXOAAILYIO 4epe3 TPH TOYKH 2, U H @, Mbl OyJeM Ha3bRaTh OKpPYN-
HocThio [zvw]). Tlposesem eme Kacatenbhble 7, W #, K 3TUM OKPYWHO-
cTAM B Touke 2,. M3 M3BecTHWX TeOpeM O BOMCAHHHX yrnax crenyer,
YTO HE33BUCHMO OT MOJOXEHHS TOll(il{ z, W 2z, Ha OKpYWHOCTIX [2,2,2.]
u [2,2,2,]

LAilzz) [zl =LAlz2) 6} v Lilz2) 22 =L {22, t)
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MNO3TOMY HMEEM

Mg Wz, 2, 2, 2) = L2z 6 — Llz,2) 1) = Ll 1. (1)

Yron Meway KacaTeabHbMH K ABYM OKpywHOCTSM S, u S, npose-
ICHHEIMI B TOYKE Z HX HepeCeveHus], Ha3blBACTCH Y2L0M MeHCDY OKpyc-
Hocmamu S, u S, u o6osnavaercs uepes /(S,, S,); ecam paccmatpu-
BaETC OPHUEHTHPOBAHHBLIH YrOn MeKIy KaCaTe/lbHHIMH, TO FOBOPAT
06 opuenmuposanmon yeae [ {S,zS,} mexrdy oxpymrocmanu S, u S,.

L Iakum 00pasoM, Mbl BHOAMM, 4TO apzyﬁzenir:
Arg W (z,, z,, z,, 2,) 060itHO20 omHowens
W (2,, 2,, 2,, 2,) uemsipex mouer z, 2,
z, u z, paster (OPUEHTHPOBAHHOMY) yaay
LA[z2,2,)2,12,2,2,]}  mencoy oxpymcno-
cmanu |2,2,2,] u [z,2,2,].

M3 cBOiCTBA MHBAPHAHTHOCTH JIBOHKOrO
OTHOLIEHHH YeTHPex TOYeK BLTEKaeT, 9UTO
cobcmeennble Kpyzosbie npeobpa3o8anus He
MEHSIIOM  OPUECHMIUPOBAHHOZO Y20 MeH Oy

Puc. 18. nepecexqIOUULMILCT OKPYWCHOCMAMYE, Q 3ep-

KQ/bHble KPY20oBbie npeobpasoBanis Mersont

3HaK (T. €. HATIPABNEHHE BPALLEHHS), HO He aBCONOMHYI0 BeAutuny 3IMozo

yz/za’). D10 Ba}WHOE CBOHCTBO KPYrOBHX npeobpasosaHuil 4acTo KPaTKo

OPMYJIHPYIOT C/EAYIOUHM 00PA3OM: Y2/bl MEHCOY OKPYIHCHOCHSAML COXPQ-

HSIOMCS KpL KPY2oBbix npeobpasosanusx®). B wacTHOCTH, kacaiouuecs

oKpyHcHoCcmi (OKPYXHOCTH, YrOJ MexAay KOTOPHIMH DPaBeH Hymo) nepexo-
Osim npu Kpy2o8os npeobpa306aHULL § KQACQIOULECST OKDYNCHOCIL.

Ty Jlpyrumu caosamy, ecau coOcTBeHHOE (3epKajibHOE) Kpyrosoe mpeobpaso-
BaHHE MELEBOJMT OKPYWHOCTH S; u S, B OKpYKHOCTH S, W S, u TouKy 2z, mepe-
cevennsi S, M S; B TouKy 2z, 10 £ {5,2S,} = /£ 15,2,S,}, coorsercreeHno
218:2,8,t =— £15,2,S,}. [3aMerum, uto ecan gBe oxpyxuoctd S, u S, nepe-
CEKAIOTCSl B TOUKAX 2y H 2, T0 £/ 182,85, = — /£ 18,2,S,} (cp. puc. 17); nostomy,
ropops 00 OpHEHTHPOBAHIIOM' YIJIE€ MEXNY ABYMS NEpPECceKaloIlMMH OKPYHHOCTAMH,
HeOOXOIMMO YKA3blBaTh TOYKY MNepeceueHss, B KOTOPOH paccMaTpHBaeTcsl 3STOT
yros (HEOPHEHTHPOBAaHHLIH YroNl MEXNy OKPYXIUOCTMH He 3aBHCUT OT Bhifopa
TOYKU HX liepecedenus).)

2) Tak kak yroa Mexnuy NByMs NIOOBLIMHM KPHBBIMH T, H Y, Nepecexkain-
LUIMMHCS B TOUKE 2, (IO ONPEAeJeHHIO STOT Yo copilaflaet C yrJIoM Memay xa-
CaTeNbHBIMH K 7, U 7, B TOUKE 2,), pasel YIray MEmny nNPoXOJsulMMH uzpe3 z,
OKPYHHOCTAMH S; H S,, KacaiouMMHCs HAllMX KpUBBIX (puc. 18), u kpyrosoe npe-

00pa3oBaHue, MePeBoNsilce KPHUBbIE 7; H 7, B HOBble KPUBLI® Y, M Y, TNEPEBOAHT
S,u S, B oxpyxuocty S, W S, xacaoulwecs |, M Y, TO OTCIOfla CIENYET, uTO

yeabt MeIc0y NpOU3BONAbHBLMIL KPUBHLMI COXPAHAIOMCS RPIL Kpy206bix npeotpa-
s06aHIsix. Bece npeobpasosanus, o6aagawonlve 3THM NOCAENHUM CBOHCTBOM, Ha3ne
pawTcsl KOHGOpMHBIMH npeobpasosauuamu. TaxuMm obpasoM, kpy-
206ble  11peOGpaA308aHsL S8 AAIONCA KOHGHOP MHVMU Npeospa3o6aHsMil.
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ITepeiinem Temeps x Momysmo | Wiz, z,, 2, 24)| JBOMHOTO OTHOLlIE-
avst W gernipex Touwexk nnockocTH. B ocuny dopmyns (6) wa ctp. 72
uneeM

2y 23 .2, — 2,
2, —23°2,— 2,
_ lzi— 2z .17 — 2| (2425) (2429)
—_lzz_zal ) |Zz—24|—-(2223)'(2224) ’

Wiz, 2, z, 2)[=

(12)

rie (z,2,), (2,2,) ¥ T. K. —paccTosinusl MEWAY TOUKAMH 2, H 2Z,, Z, U
(212,) . (2,2)
(222_3) : (ZZZA)
HbLM OMHOULEHILEM PACCINOSIHILL MeHCOY HembipbIMIL MOUICOMUL 2., 2,, Z, U Z
u obosnauate uepes Wz, z,, 2,, 2,); TakiM 00pa3oM, HMeeM

| Wiz, 2

Z, 1 T. 1. BeuiecrseHHoe uucio Mbl OynemM HasbBaTh O80f-

4
29

» 2 2) | =Wz, 2, 2,, 2,). (12a)

Vi3 cBOHCTBA WHBAapHAHTHOCTH JBOHHOIO OTHOLIEHHS MM MOWEM Terepb
3AKOUHTD, 4TO Kpy206ble npeolpa30BaHILsT COXPAHAIONM OGBOIHbE OMHO-
UleHUST pacCmosiHLll MedcOy HemBepKaMiL mouer.

Tenept Mbl MOXeM TO-HOBOMY COPMYJNHPOBATH yCA08US, Heobxodu-
Mble 1L Jocmamoutie Onsl mMozo. 4Molbl emgepKy mouex 2., z,, 2, U z,
MOJCHO CblAG nepesectu KpPy208bii Npeobpa308aHueM 8 HeMBEPKY mo-
seK Ww,, W, W, U W, A UMEHHO: I 3TOr0 Hano, YTOOH yz0.4 Mmemncdy
oxpysxcrocmanu |2,2,2,] u [2,2,2,] Gon pasen yeay mexcdy orpyscro-
cmanu |w,ww, ]| v [w,w,w,] 1 0soiinoe omHolLeHLe paccmosHuil Moy
MoYKQMU 2., 2,, Z, U Z, PABHANOCH OBOUHOMY OMHOULEHUIO PQCCMOSHUI
MeHoy moukamy w,, w,, w, n w,. Tak xax / {[2,2,2,]z,[2,2,2,|} =
=Lilzzl [zal—L{zz)blzzl 0 W, 2z 2, 2)=
_—::—22:—-&::), TO MO¥HO, B YaCTHOCTH, CKa3atb, 4TO 0.5 mozo, 4mobu
BLINYKABLIL HEMBIPEXY2ZOABHUK 2,2,2,2, MO2 Cbimb NepeBeder K py206bin
npeo6pa3o8aritesi 6 GHINYKAbIL 4emblpexy2obHUK W, W,W,W,, Heobxo-
Ouno u Gocmamouro, #mobbl CYMMQ NPOMUBONONOHCHX Y2408 Z, U Z,
71epBOZ0 4embLpexXy2zo0AbHUKQ PABHSAQCL CYMAMe RPOMUEONONOICHOLY Y2-
(2425) (2,2,)
(2525) (2,2,)
71pouL38eCenlit NPOMUBONOAONCHBLX CIMOPOK NEPBOZO  Hermbipexy2o AbHUKa
(wlwﬂ) (w2w4)
(w,w) (w,w,)
CMOpPOH  8MOp020  Hembipexy2oibHitkG (3AMETHM, YTO OPHEHTHPOBAHHLIE
yent Z{[2,2,] [2,2,]} v 2 {[2,2,], [2.2,]} nanpaBnens B pasusie cTo-
POHLI, H TNO3TOMY HX PAa3HOCTH CBOAMTCH K CYMME TONOWHTENbHHX YIJIOB
2z, v 2z, Y4eTHPexXyronbHuka, cm. puc. 19)').

A08 W, U W, BMOPOZO HemMbPEXYZOAbPHUKQ L OmMHOoULeHue

DABHSINOCH OMHOULEHLIO npou3sedeHuis npoMILEONOAOICHbIX

Y M3 noxasadHoro BblTei(?eT, YTO KaxcOwil 6BINYKABIL uembipexyz0AbHILK

242,232, MONHCHO KPy208blM n1peoGpasoeaniesm nepesecmit 6 NaApannenozpamm
0,0,0,0

2,2,2 32, Y2/Abl KOMOpPO20 pasHbl ROAYCYMMAM HPOMILBONONOHCHBIX Y2A08 2,2,2,.2,,
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Kochemcs ewe sonpoca o FCOMETPHYCCKOM ONMCAHHH TIPOH3BOJIbHKIX
Kpyrosbix mnpeobpasosann#i. Kak mm 3uaem, anxelinple npeoBpasoBaunst
(3) mpencrasasmior coboi npeobpasosanusn nodobus. Tlpu stoMm H npomua-
BEACHHC NBYX M/ HECKOJbKHX JIMAEHHbLIX npeoOpa3oBannii CHOBA SIBAS-
€TCsl JHHeHHBIM npeofpa3osannem '); TOSTOMY BCE KPYroBme npeodpaso-
BAHMSI HE/b3sl CBCCTH K OAHHM JIHWb NPeoGpas30BaHUsM NOLOGHS.

Puc. 19. Puc. 20.

TlpocTefinmi Kpyrosunm NPEOOPa3OBAHKSIMH, OTJIHYHLIME OF npeo-
pasosauuit noLOOHS, SIBASIOTCS npeoGpa3oBanus

7 =L (8 u =1L (6), (13)
z z
KOTOPHIE MOXHO TAKKE ONHCATH PABEHCTBAMH
Argz' = —Argz, |2’ IZITII (a) wu Argz'—Arg 2, fz'l:lTll. (6)
(14)

U3 stux aByx npeofpazosanuii Gosee TIPOCTOR TCOMETPHYECKUU CMbICH
umeeT npeobpaszosanve (136), HazmBaeMoe eOUHUUHOL unsepcueir. [lpu
MHBCPCHH KaMiasi TOYKA 2 IJIOCKOCTH NEPEXONHT B TAKYIO TOYKY 2’ Jayya
Oz (npunapaexnocts 2’ Ayuy Oz BHITEKAeT W3 paBeHc rea Arg 2 = Arg 2),
47O

-~

(02') =@'2—) wmn  (Oz)-(02') =1 (15)

(puc. 20). Musepcus sBasiercss oMM M3 CaMmbix NPOCTHIX KPYrOBHIX Mpe-
obpasosannil. Kak » ecskoe Kpyrosoe npeoGpa3soBaHHe, Kawayio OKPY-
HOCTb HJH TIPSIMYIO OHA TEPEBOMHT CHOBA B OKPYWHOCTb HJIH apsSIMYI0;

a Keadpamet CcMOPOH — npoussederusm [POMIEON0NOICHBLX CIMOPOH  Z,2,2,2,.
Otciona MOXMHO BbiBECTH Ueabifl psin Pa3HOOOPA3HbIX 1'€OMETPHUECKUX CBOGCTB
YeTbIPeXx yIoJbHHKOB.

'}y Tak, nanpumep, eciu zZy=az+b u z'=a;z, 4b,, 10 2’ =Az -} B, rane
A=aa, B=aob+b,
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yrael Neway (nepeceKalouuMHCs) OKPYMHHOCTSIMH HHBEPCHS COXpaHsieT
(BipoueM, 3HAKH OPHEHTHPOBAHHBIX YIVIOB MEHSIOTCS TpH MHBEPCHH HA
06pPATHHIE — MHBEPCHS BISCTCS 36PKQAJbHbLAL KPYTOBBIM npeoGpasoBaHueM);
[BOHHbLIE OTHOLIEHHS] PACCTOSIHMI HYETBEPOK TOUEK IJIOCKOCTH IPH MHBEP-
cup Takie He MeHsioTcs. TOUKH EIMHHUHOM OKpYxHOCTH 2Z==1 nepe-
XOASIT NPH MHBEPCHH caMd B ce6fi; KpoMe TOro, KaxJas BHEIUHSA NO oT-
HOUICHUMIO K OKPYXHOCTH 2z=—1 TOYKa 2z TCPEXOJHT BO BHYTPCHHIOW
touky 2z (aexamyio wa sywe Oz W Takylo, 4TO pamHyc (0z,)=1

Puc. 21.

ENIMBHYHON OKPYXHOCTH SIBSICTCS CPEIHIM TIPOTIOPIIHORAMBHEIM MY IUIH~
namn orpeakos (Oz) u (02'); cm. puc. 20); Touka 2z’ nepexomHT 06paTHO
5 z. Bce 9TH OBCTONTENBCTBA HAIOT OCHOBARWE /ISl TOrO, YTOGH yIoO-
Tpe6/sTh HAPSLY C HA3BAHHEM EJMHHUHAS HHBEPCHS TAKWKE W TCPMHH CUM-
MeMmplisl OMHOCUMEAbHO eOUHUUHOL oxpyacHocmu ).

[Ipeo6pazosanne (13a) e 3acayKHBaeT CNEUHANBHOTO PACCMOTPEHHS —
9TO €CTh, OYEBHIHO, NPOM3BEIEHHE €XIHNYHON UHBEPCHH (CHMMETPHH OT-
HOCHTE/IPHO EIHHHYHON OkpywHOCTH) (136) M cummeTprn (40) OTHOCH-
Teapno nousipHoli ocu o. Takke CBOAMTCA K PacCMOTPEHHBIM panee 1pe-
OGpA30BAHHAM H UHBEDCUS NpPOU3BOALHOL CMenenu k:

’ k

7= (k BellecTBEHHO), (16)

z
NpEeLCTABMSIIOWAN COOOH Npon3Besnerne enuunyroli unsepcun (136) u ro-
moTeTHH 2z =—kz ¢ kosdduunentom k. W soobuie, Kaxcdoe Kpyzosoe
npeodpazosanue npedcmasasemn coboil npousgederue npeolbpasosaHUsT

l) JlonoanurteabllbiM CTHMYJOM 3j€ecCh $BIAAETCH TO, 4TO nmobast OKPY XXHOCTb,

NpPOXOAsilas uepes OTBEUAIOWME APYT APYLY B €AHHAYHOH HHBEPCHH TOUKH Z nz,
6yneT nepneHOUKYAAPHA eOUHUNHON OKpYHHOCHIL zz =1 (puc. 21, a), nonobHO
TOMY, KaK Jio6asi OKpYKIOCTb, NPOXOmsillas uepes fBe CHMMETpHYHBIE OTHOCH-
TeabHo N psMoOH ! ToukH z H z, Oyjer neplelgMkyaspha ! (Cp. puc. 21, 0).

~

4 Martemar. npoCeelleline, BhiN. 6
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nodobust u uHeepcuu — NOK33aTEJIbCTBO STOrO MPEIIOWKEHHS (OCHO B-
HOli TeopeMmh O KPYFroBHX npeofpa3oBaHuUuaX) H COCTaBasgeT
Hallly OCHOBHYIO LEJb.

Yr1ounuMm npewne Bcero ¢OpMyJbl, ONHCHBAIOLIHE TIpeoOpa3oBaHHe
nnBepcH. [eoMeTpHUECKH E€IMHHYHAs HHBEPCHS ONPElessieTCd KakK mpe-
-06pa3oBaHne, NEepPeBOUsILIee IIPOH3BONBHYI0 TOUKY 2 [IIOCKOCTH B TaKYIo
Touky 2’ nyua Oz (1ouka O ¢HKCHPOBaHa), 4YTO BHIMOJHSETCS COOTHO-
wenne (15). Taxknum o6pasoM, B reoMeTPHYECKOM ONHCAHHH HHBEPCHH
BaXHyl0 posb urpaeT Touka O; 3Ta TOYKA HABKIBACTCH HEHMPOM WRBEP-
cui. Ecau LEHTp HHBEPCHH COBIANAET € [MOAKOCOM CHCTEMhl KOOP/HMHAT,
TO HMHBEpPCHs 3anuchiBaeTcs Gopmynoit (136); ecan ke UENTPOM CAYWKUT
IPOH3BOJIbHASI TOYKA W NJOCKOCTH, TO HHBEPCHS, OYEBHIIRO, 3aNHINETCH
TaK:

e g =)
zZ—w zZ—w

) (17)

Jlanee MOWHO TIPOBEPHTH, 4YTO Kadcooe cobcmeerroe Kpyzosoe Npeo6-
pasosanue (1), omauuroe om npeobpasosanuss nododus (T. €. Takoe,
410 ¢5%0), s8AsIeMCS npouss eOeHiems npeobpazosanust nodobus (36),
20e L)
c? acd — ccd — ach
p———, - A'_-—_

A cA

70,

ab
cd

u unsepcuu (17), 20e
a
W=,
c

@ waxcdoe 3epKasbHoe Kpyzogoe npeodpasosanite (1a) — npoussedentie s
npeobpaszosarnusi nodobus (3a), z0e

. — = =
p:__c__ __aad —ced acb’ A%O,

a’ cA

I moii sce unsepcuu, umo u guie. B camom nene, ecnw, Hanpumep,

S 25+ (1-%)
c? z—+aad—ccd—acb W 2 c ! cc

2, == —— — — —_= —
! A cA = a ’
2y — —
¢
TO BMEEM
if_iz+m\+(l_‘£)
, c 1 A cA I cc az+b
2 =—. = .
cz - d

c? . aad — ced — ach
' cd

sl



KOMIVIEKCHBIE YHCJAA W HX TIPUMFHEHUE B TFEOMETPHH 99

Taxkum 06pa3oM, BCe OTAMYHEE OT npeoOpa3osanisi MOLOOHS Kpyro-
Bhi¢ NpeoOpa30BaHHs TIFIOCKOCTH CBOASITCS B ONPELEICHHOM CMBICTE K €ln-
HHYHOR MHBEPCHH ').

6. OceBble Kpyrosbie mpeoOpa3osanusi (npeo6pasosanus Jlareppa).
37ech MH PaccMOTpHM ApoGHo-nnHeiunie dynkuun (1) w (la) dyase-
HO20 nepemeHHO20, I'le TENepb MNPHAETCA Tpe6GoBaTh, 4YTOOH Ofl-
ab
cd
mHe 9THM (QYHKUHSM NpeoGpPa30OBAHH MHOXECTBA OPHCHTHPOBAHHLIX IIpsi-
MbIX (OCeil) eBKJARIOBOM IJIOCKOCTH, KOTOpHIE Mbl OyleM Ha3uBatTh dpoo-
HO-AUMEIIHBLMI  0CeBbIMU NpeobpasosaHusiu ®); TPH ITOM HaMm, Kak H
puie, GyneT HHOraa yaobHee HA3HBATH NPEOGPA30BARKS (1) cobcmsen-~
HbMU  OpOOHO-AUHelHbLML  OCeBblMl npeobpa3osanusnu, a mnpeobpaso-
Bannsl  (la) — 3epraabhbimi  OpoOHO-AUHEUHBILMU  OCEBbLMLL npeoépa3o-
sarusmu. JlpoGro-nuHefinble (DYyHKUMH AyaJbHOTO TICPEMCHHOFO SIBASIOTCH
onHO3HAYNEIME (DYHKUMSAMH, ONPEIEJCHHBIMH HA MHOXECTBE BCEX Jya/bHbIX
yHcen, PACIUAPEHHOM BBEJICHHEM HHCEN €O (€ BELIECTBEHHO) H 00°);
COOTBETCTBEHHO STOMY HPOOHO-JIHHEHHLIE OCeBHE npeobpa3oBanns AB.sI-
10TCSl B3aHMFO OIHO3HAYHLIME NPeOGPA30BAHMAMH MHOXECTBA BCEX ocedi
(OpPHMENTHPOBAHHEIX IPSIMBIX) NJAOCKOCTH. HACTHBIMH CyyasMH JAPOGHO-JH-
HEflHBIX OCEBHIX NPeOOpPA30BAHHH SIBJSIIOTCH  CUMMemMpusl OMHOCUMELbHO
mouxu O, cummempusi OMHOCUMEAbHO nNpsmoOli o L nepeopuenmanus

peneanTelb A= He JBJSIICH HNeauTelieM HYyJisl, a TaKXe oTBEYaro-

Z—2(a), Z=—z (6) 1 2 = —~ (8), (18)
z
a TakKxe npoussonbﬂoe Gsu:ﬂceuue
z’_—:—p—z_‘*_—q, z':lz—'__—q, P24 gy z’::_w;
—qz+p 9z +p —qz+p gz+p
A=pp-+qq0. (19)

B TOYHOCTH TaK Xe€, KaK B I. 5, MOKA3LIBAECTCH, UTO OpoOHO-AuMel-
Hble ocesble npeobpasosanusy cocmagastom zpynny. OCOGEHHO BAWHLIM
175t Hac 3nech OyneT TO OOCTONTENBCTBO, YTO e/l 20, Zay 25 U 2, cyms
uempipe (OPHEHTHPOBAKHLIC) 7psIMble NAOCKOCMU, 8 KOMOpble nepesoournt
dpobHo-suneiinoe ocegoe npeobpasosanue (1) uau (la) Oannvie uemsvipe

) M3 g0Ka3anHOrO clellyeT Takke, 4TO Kaoscdoe omauuHoe om npeobpaso-
saHils noOOGUA Kpy2080e npeolpa3eaniie MOMCHO npedcmaslms 6 elle npou3-
ee0eHIIst UMBEPCULIL KaKkOil-mO cmenexit k 1 OBUL¥HCEHILs; STO NpPEANOKEHHE TaKKe
MOKHO Ha3BaTh «OCHOBHOM TeopeMul O KPYroBbiX NpeoGpa3OBaHUsIX».

2) B npoTHBONONOXKHOCTb 9THM NpeobpasoBanUsiM PacCMOTPEHHbIe B Ipebi-
AyllieM NYHKTEe [po6HO-uHeHHble npeo6pasoBallusi MHOXECTBa TOYEK IIOCKOCTH
MOXHO OBIIO OBl Ha3BaTb fMOHEUHBLAMI OPOGHO-AUHEIHBIMIL npPeobpus0sarHLAMil.

%) Cp. cHocky ') Ha cTp. 68.

4*



100 H. M. SICAOM

npamvie z,, z,, z, U 2,, Mo uneem aecmo coomuouierue (9)

Wiz, 2z, 25, 2) =Wz, 2, z,, 2,)

win Wiz, 2, 2, 24):“7(21, 2,, 24, 2,) (9)

(CBOHCTBO WHBAPHAHTHOCTH LBOHHOTO OTHOWIECHUSR); HO-
Ka3aTeJIbCTBO 3TOro CBOHCTBA TakKWe HHYEM HE OTJMYAETCS OT JOKA3a-
TEABCTBA COOTBETCTBYIOUIErO mpeiiowennss B n. 5. OTciona cpasy Bbl-
TCKAET, H4TO OpolHo-suHelinbie ocesbie  npeobpas3osanus nepegoosam
uembipe (OPHEHTHPOBAHHDIC) NpsTMble, npunadencauue odHol (OPHEHTHPO-
BAHKHON) OKPYICHOCMU uAl mouke, 8 wembipe npsible, mMOKce npunao-
Aexcaujlie O0HOL OKpYICHOCMU WAL MO4Ke; NPYrHMH CJOBAMH, Opobro-
JUHelHoe 0cesoe npeobGpasosanue nepesodum KaicOYI0 (OPHEHTHPORAH-
HYI0) OKPYJCHOCMb UAL MOUKY CHOBA 6 OKPYICHOCMS UAL mouxy. ITO
OTCTOATENIbCTBO TIO3BOMSIET HA3KBATH APOGHO-NHHEHHBIE OCEBLIE NPEOGpa-
30BaHH TWIOCKOCTH oCesblM Kpyzosoiil npeofpaso8anusimuu’®) (npruem
nipeoOpasosannst (1) Ha3LIBAIOTCH coGCMBeHHbLMUL OCEBHLML KpY208bl AL
npeobpasosanusimy, a 1npeobpasosanus (1a) — seprasvrbinu  ocesbinu
Kpyzosbiauu npeobpasosanusnu). Tak KaK oCeBHE KPyrosme mpeobpa3o-
BarHsl BNEPBHIC pPAacCMATPUBANIHCD (DPAHILY3CKHM MATEMATHKOM S IMOHIOM
JlareppoM, TO HX YaCTO Ha3LBAIOT npeobpasosanyamu Jlazeppa.

Tak we, xkak B n. 5, TIOKA3LIBACTCSl, UTO Cyuecmsyem eOUHCMBEHHOE
OpobHo-auneiinoe ocesoe npeobpasosanue (1) u eouHcmsennoe 3eprany-
Hoe OpobHo-iuneiinoe ocesoe npeoGpasosanue (1a), Komopble nepesoosin
mpu 3a0anHbie (OPHEHTHPOBAHKEIC) Npsmble 2z, 2, U 2,, HAKAKHE JIBE H3
KOTOpHIX HC napassenbHel, 8 mpu Opyzue 3a0aHHble (OPHEHTHPOBAHHLIE)
npamble W,, W, U W;, HUKAKHE IBE H3 KOTOPHIX TAKKE HE NapasJesb-
Hbl— 3TH NPEO0PA3OBAHNA 3aNHCHIBAIOTCS (DHIYPHPYIOLINMH B II. 5 paBeH-
cteamn (10) n (10a):

2 —w, 2 —w, z—z, z—2, (10)
W, — W, W, W, 2, — 2, 2, — 2,
Z—w, 2 —w z—z, z—z,
z: e = By (10a)
W, — W, W, — W, 2y — 2y Z,— 2,

C npyrofi CTOpOHH, ueTbipe (OpHEHTHPOBAHHBIE) NpsIMBlE 2, 2,, 2, H
Z, HEe BCCrja MOXHO MEPEBECTH OCEBBIM KPYrOBHIM NpeoOpa3oBanHeM B ye-
Thipe Apyrue (OPHEHTHPOBAHHHE) npsiMble w,, W, W, " w,; 418 TOro,
4TOOH 3TO OLWIO BO3MOWHO, HEOGXOMIMO H JOCTATOYHO, YTOGH HMEJO0

1} MowHo noxasath, 4TO B C e npeobpasoBaHusl MHOMECTBa OPHCHTHPOBAHHBIX
NpAMBIX 1JOCKOCTH, NEPEBONAIINE (OPHEHTHPOBAHHLIC) OKPYXHOCTH (K UMCAy KO-
TOPLIX NPHUUCASIOTCH TAKKC M TOUKH) CHOBA B OKPYXHOCTH, HMCYEPNLIBAKTCA
npobuo-nuHelnbMu  npeobpazoBanusmu (1) u (1a), CONPOBOXKIAEMbIMU elle, OhiTb
MOXeT, npeobpasosaieM nogobus (cp. V. M. ra o, Feomerpuueckue npeo6pa-
sosanuy, II, § & ra. I, cTp. 314—321).
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MECTO OIHO W3 PABEHCTB
. )
Wiw, w, w, w)=—W(z, 2, 2y Z,)

HIH W(w,, w, w, w)=Wi(z, z,, 2z, 2,).

M3 noxasansoro cnenyet, uto .2/06y10 (OPHEHTHPOBAHHYIO) OKpYIiC-
Hocmb ual moxry ModHo (M NpH STOM MHOMHMH cnocobamn) nepesecmi
OCesblaL KpY2z08blM  npeolpa3osanuesr 8 A106YI0 Opyeyio  OKpYICHOCMb
uau mouky; AN 3TOTO HaLo JIHWb
NOTPe6OBATh, YTOOM TPH (OpPHEHTH-
POB3HHBIE)  KacaTesJbHHe  IIEpROM
OKPYXHOCTH IIEPElIIH B TPH (KaKue
yronuo!) OpHeHTHpPOBaHHHE Kaca-
TEJAbHLIE  BTOPOH OKpywHOCTH. B
YACTHOCTH, 2/00yi0 (OpHEeH THPORAR-
HYIO) OKPYHCHOCME MONCHO OCEBbLM
Kpy208blAr npeodpaszosaniiers nepe-
secml 8 mouky, B CHIy 4e€ro B
BOMPOCAaX, CBA3AHHKIX C 3ITHMH Mpe-
0fNPa3oBaHmAMH, OOHLIYHO HE pPA3JH-
4a10T MeXIY c000#t TOUKH H OKPYIK-
HOCTH, CYHTas NEPBLIC  YaCTHLIM
Cly4aeM NOEJEHHHX (<OKPYWHOCTH
HYJIEBOrO pajnycar).

Busicanm, kaxo#ft reomeTpHue-
CKHE CMBICJ HMEIOT aprymedT Arg W

Puc. 22.

21— 23,2, 32,
YETHPEX (OPHEHTHPOBAHHHX) NPAMLIX Z,, 2Z,, Z, W 2,. Buwe (cm. n. 4)
Mbl (PAKTHUYECKH JOKA3aJH, 4YTO

ZA

Arg W(z,, 2, z)= Arq — Arb E—

=5 {22, 2]} + {[zzqu, [2:2,]} — {[zqz,], lz:2,1} —{l2:2.], [2:2.]H

(cp. cTp. 8D u cnen.). PaccmoTpum Teneps aBe (OpHEHTHPOBAHHLIE) OKPYIK-
HOCTH, OMpEnessieMble IPSIMBMH 2, 2,, 2, K 2, Z,, Z,, WK, KaK MLl Oynewm
ux o0o3navyaThb BIIOC/ICCTBHH, oxpymnocm [z z z,J u [z,2,2,] (puc. 22).
OGo3naunm TOYKH KacaHmsi OKPYxHOCTER S, B S, C IPSIMBIMH 2,,\Z,, 2, H
z,, 2,, z, uepes P, P,, P, COOTBETCTBERHO Ql Q,, Q,; xpome TOro,
yC/I0BHMES! 1181 npOCTOTbI BMecto [2,2), [2,2,), [2,2,] n [2,2,] mncats A4,
B, C n D. Tax xax, oueBHnHo {cp. Bmule, cTp. 85),

5 ({AB}-{CD} —{DA} —{BC) =

D) ({Apa} +{PaB}+{CQ4}+{Q4D}—
—{DQI}—"{lel}'—'{PxA}—{sz}—{PzQz}—{ch})

u monyab | W] meoiinoro otwomenuss Wiz, z,, z,, 2,)=—
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H, TIIO CBOﬁCTBy KacaTeJbHLIX K OKPYXHOCTH,

AP} ={PA}, {PBY={BP,}, {CQ)={Q,C}, {Q.D}=1{DQ,}
{PzQz}:{lel}:—{PlQl}’

Arg W(z,, z,, z,, 2y=P.Q,. (20)

TO TOJYYHM

Ilamna orpeska ofwielt kacaTenbHOR 2z HBYX (OPHEHTHPOBAHHHIX) OKpY K-
HOCTeH S, m S, MOWIy TOUKAMH KACAHHS HA3HBACTCH KACAMEAbHBINM pac-
CMOAHUEM STHX OKPYWHOCTE# M 0603HauyaeTcss uepes (S,, S,); ecan
PaCCMATPHBACTCS OPHEHTHPOBAHHAA JUIMHA OTPE3Ka OOl Kaca-
TEJbHOH OKpyWHOCTEH S, n S,, 10 rosopar o6 OPUEHMUDOBAHHO Nt
Kacamevron paccmosnuy {S,28,} s1ux okpymuocTel. Takum obpasom,
Mbl BHIAWM, 4TO apeysmenm Arg W 0soitnozo omuowenus W(zl, 2,, 2,, 2,)
uemvipex (OPHEHTHPOBAHHBLIX) NpSMBIX 2, 2, 2, U 2, pagern (OPHEHTHpPO-
BaHHOMY) KacamersHony paccmosnuio {[z,2,2,] 2, [2,2.2,]} oxpysicrocmei
[2,2,2,] u [2,2,2,].

V3 cBoOficTBA MHBAPHAHTHOCTH HBOKHOTO OTHOIIEHHS yeThpex (opHex-
THPOBAKHKHKIX) MPSIMBIX CJICNYET, UTO COBCMBeHH e 0Cesble xpyzogsle npeodpa-
S0BAHILS He MEHSION OPUEHMIUPOBAHHOZO KOCAMeNbHOZO PACCMOSIHILA OK Y-
JHCHOCMeL, & 3epKANbHbLe OCesbie KpY2z08ble Npeobpasosanuss MeHsiom 3Hak,
HO He QGCONIOMHYIO BeAUNURY 3M020 pACCMOAHUSL. DTO BAKHOE CBOHCTEO
OCeBLIX KPYFOBHIX NPE0OpasoBanuii OGHIKHOBEHHO QOPMYJIHPYIOT TAK: Ocesble
Kpyzosbie npeoGpa30saHIIs COXPAHSIOM KACAmeAbHble PACCmo THILS oK PYIHC-
Hocmedi'). B uwacTHOCTH, xacamouuecs (oprenTnpoBanuLe) orpysicHoCmL
(OKpYXHOCTH, KACATEIbHOE PACCTOSHHE KOTOPHIX PABHO HYI0) nepexoosm
Tpl OCE8bLX KPy208bLX Npeobpasosanusx 8 Kacaowuecs oxkpycHocmu ).

) Oyctb v, U 7, — ABE NpOM3RONbHBIE KpUBBlE M z — HX O0las KacateabHas
(puc. 23); Torna paccrosHue (A, 4,) =(1;7,) Mewny TouKamu A, u A, conpukocno-
BeHusl 7, M Y, € npAMoil z HaswlBaeTcs Kaca-

FAFARN IME/bHBLM PACCIMOARUEM Yy U Y, Tak Kak, oue-

’ BHIHO, (Y1Y,) =(5,S,), rne S; u S, — okpyxHoCTH,

K4aCalOlMECs KPHBBIX Yy M Y, B TOuKaXx A, u A,,

z ! )
1
4 v ! ), ¥ 0CeBOe KPYrosoe npeobpasoBaHue, nepepogsilee
\ 4_//‘ ’ [
f s ) < /\ KpUBBIE Y, M Y, B JIPyTME KDUBHIE Y, H Y,, nepe-
\ o v W
~ont VY Boaut S, u S, B okpyxuoctd S, M S, xacalo-

’ ’
Puc. 23. muecsa Y1 U Vg TO M3 NOKA3aHHOIO BHITEKAET, 4YTC

ocesvie Kpyzoesle nNpeotpas’0eaHus. COXpaHsom
KacamevHble paccmosHis NpOU3BOAbHBIX Kpli-
evix. [IpeoGpasoBaiys MHOXECTRa KPHBBIX IIOCKOCTH, 06afiAIONME STHM HOCAETHHM

CBOHCTBOM, Ha3HBATCH SKBHAOHFANbLHLIMH npeo6bpasoBanuamu
TAKHM 00PasoM, Oceebie Kpyz0esie npeobpa30eaniiss si6Asomes IK6UAOHZAAbHBIMLL
npeobpa306aHuAMIL.

2) SaMeTHM, 9TO OPHEHTHPOBAHHbIE OKPYXHOCTH Ha3bIBaKTCH Kacarouiumucs
JUIIb B TOM cJayuae, e€cad OHM HUMeloT CAHHCTBEHHY IO Oﬁl.llylo oOpHelTHPO-
BaHHYIO KacateabHY10, T. e. €CAM OHH KacawTcs B OCbIMHOM CMBICAE U HX
flanpasienus B TOYKE Kacallkia COBIAAAOT.
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[Mepeiizem Tenepb K monymo | W| neoitnoro otnowmesus W(z,, z,, 2, 2,)
uerbipex (OPHEHTHPOBAHRLIX) NPSIMBIX 2., Z,, Z, ¥ 2,. Mcnoneayst ochos-
Hylo ¢opmyay (16), n. 4 (c1p. 77), a Takke TO OOCTONTENbCTBO, 4TO
MOAYJ/Ib YACTHOIO HAH PA3HOCTH JABYX AYa/lbHHIX YHCEN PaBEH YAaCTHOMY,
COOTBETCTBEHHO PA3HOCTH MOAYyJeit 3THX uHCes, NOAyYHM

A{ZIO} 4{230% 4{210% L%ZAO}
—tg— tg —tg

tg
2 2 2 2
|W(z1’ 2y Zy 24”: : Yo ot
L {220} L {230} 4 {220} L 1240
YuntuBag ewe, 4TO tga—tgﬁ:s—“u OyneM HMCThb

cosa cosf’
sin ( 21— / {z,z,}) -sin (% / {242,})
sin (—‘;—A {2322}) -sin (% V4 22422})

BeulecTBenHoe 4HCJO, CTOslEE B NPABOH YacTH 3TOrO PABEHCTBA, MBI
OyneM Ha3HBATH OBOLHLLM OMHOULEHIENL Y2A08 MEHCOY “emblpbmsi (OpHEH-
TUPOBAHHBIMH) ~ MpAMBLMU 2, Z, 2, Ik 2z, 1 0003HaqaTb 4epe3

|W(zl’ 2oy Zg 24)|:

/V}(z,,zz, 24, 2,); TaKkum 00pasoM,
7\
| W(z,, 2, 2,, 2)|=W(z,, 2,, 2,, 2,)- 21

- Vi3 MHBAapHAHTHOCTH [BOWHBIX OTHOLIEHHE veTBEPOK (OPHEHTHPOBAHKIBIX)
NpSIMbIX [OPH OCEBBIX KPYTOBHIX NPEOOPA30BAHMAX Mbl MOXEM 3aKJIOYHTH,
UTO OcCeBule KpY208ble NPeOOPAI0EAHIST COXPAHSIOM OBOLHbE OMHOULEHUS
yen08 Medxcly uemgepraini (OPHEHTHPOBAHHBIX) NpAMbIX.

V3 10Ka3aHHOTO BHINE CAEAYET, UTO Zembipe (OPHEHTUPOBAHHLIE) 71D 51~
Mble Z,, 2,, 2, U 2, MOJNCHO 6 MOM I MOABKO 8 MOM CAytae nepe-
gecmu ocCeBHLM KpY2o8uiM npeobpa3oganitem 6 Opyzue Hembipe npsible
w,, W,, W, U W, €CAU Kacame.LbHoe paCCMOsKUe OKpydcHocmeil [2,2,z2,]
u |2,2,2,] pasno wacameasrosmy paccmosnuio oxpydscrocmeit [w, w,w,|
u [ww,w,] u 0soiiHoe ommnoweHie Y2408 MeHOY Z,, 2, Z, U 2, PABHO
0B0IIHOALY OMHOWLEHUIO Y2A08 Meddy W,, W,, W, U w, ).

)y O1ciona nerkO BHIBECTH, YTO 0/151 mo0z0. wmobbl blnyK.Abiil Lemstpexyz0iv-
HUK 2,2,24Z, (7. €. TaxoH, KOTOpHi JexuT 00 oany CTOpony —clesa MM
cnpasa — OT Kawjuofi M3 CBOMX CTOPOH 2, 2, Zy M Z;) MOz Obimb nepeseden
oceebi M Kpy208uM_ npeobpa3osauuerst 6 Opyz20il evinyxaplil Yembipexyz0/IbHIK
W, W, Heo6x00uMO 1 G0cmamouno, wmoCbl pa3HOCHD (14B} -{CD}) —
— (DA} 4 {BCY (rne A=lz,z,], B=|z,z,], C=lz:z,), D=l22,)) xemxdy
CYMMAMIL NPOMUBONOAOINCHBX CIOPOH HEP8OZ0 Yembipexy20AbHUKA PAEHANACH
PAIHOCIUL CYMM NPOMIUEONOAOHCHX CMOPOH 6MOPO20 Uemblpexy20ibHUKa Ik

sin (—l— Z {zxz,}) sin (—L— Z {zqzz})
sin (—L— V4 {z,zz}) sin (% V4 {z,;z,})

npoussedenii citHycos nOAOBUH

omHoutene



104 H. M. SIFJIOM

B 3akmoucnne KOCHEMCS BOIPOCA O reOMETPHYECKOM OMHCAHHH OCE-
BHIX KPYrosbix npeoGpasosanmuil. OIHAME M3 npocTelflux TakMX npeoGpa-
30BaHHH, OTAMMHBIX 0T apwwennii  (19), seasoTcs npeobpas3oBanms

27—k
—z

k

(a) wu z':—z— (6) (k£ BeutecTBennO) (22)
npH E, OTJIHYHOM OT 4-17; s1n npeoOpa30BaHUsl MOXKHG TaKkKe nepe-
nicaTh Tak:
k k
Iz iz}

Bosee mpocThiM B3 9THX nBYX npeo6pazosaunii seaseTcs npeo6paso-
Banne (220), naswiBaeMoe 0Ce8oil uHBepcueli cmenenu k; upsiMasi o Haswl-
BACTCA ocb10 3TOH uHBepcun. [lpnm

Argz'= — Argz, |2 |=— (a) uw Arg2z' =Argz, |7 |= (6).  (23)

L / .
OCCBOH 1'HBEPCHH CTEneHu £ Kawnas
(Hanpaenennasn) npsiMas 2 MIOCKOCTH
” IEPEXONHUT B npsMylo 2’, nepece-
s ”z’ Kaoulylo nmoJdpHy0 och 0 (0Ch HH-
' e y BCPCHH) B TOH e Touyke M, uto
M, ,Mﬁn/ o" H 2, H TaKyw, 410

I —1 I’ A § * é * ’!

doz o0z
7 ] tg=o—tg =" _p  (9g
# » 7 =4 2 £ 2 ( )
Puc. 24 (puc. 24), a 2’ nepexomur B z;
s KaXIas e [apasiesnbHas o npsiMas

-
t:;s, ylanettas OT o Wa (OPHCHTHPOBAHHOE) pacCTosmne {of} = p,
., k 2k

NEPeXOUNT B npsimMylo f ==~ ==""7, ©, IPOTHBONAPA/IENBHYIO 0 W ysia-
JICHHYI0O OT 0 Ha PacCTOsIHHE {ot'}_—_——%, a ¢ nepexomut B £. Uto we

KacaeTcs 10 npeoOpasosanus (22a), TO OHO CKJANBIBACTCH W3 OCEBON

HHBEPCHH crenenu Kk (226) H cummeTpun 2’ =2 OTHOCHTENbHO Tooca ().
Jlerko naTh OCEBOM MHBEPCHM M YHCTO FEOMETPHYECKOE HMCTONKOBAHME,
3aMeTHM TIpexue BCEro, uTO Kamoas OPUEHMUPOBAHHASL OKPYIHCHOCMb S

Azz -} Bz — Bz 4+ C=0 (A n C ancto munmbe) (25)
maras, umo

c
S=H, (26)

NpOMILEOTIONO0NHCHELX Y2108 NEPBOZ0 HUEMbLPEXY20AbHUKQA PABHSAOCH OMHOULEHILID
npou3sesenttiL CUHYCO8 nOAOSUR NPOMUIEONOLOHCHILX Y2208 6moOp020 uembipex-
YyzoapHuKa. VI3 37010 NpepnoXeHHs B CBOIN OuePelb BLITEKACT BO3MOMHOCTE
NEPEBECTH OCCBBIM KPYTOBHIM NMPEOGPasoBanuEM NPOM3BONbLHLIA BBHINYKALE YeThl-
PEXYTONLHEK B Napa/ienorpaMM, 4TO MOXeT ObITb MCMOAb30BAHO 1A TOKA3ATE b-
€TBA LCJIOTO psifia OGUIMX CBOHCTB YeThipe XYroabHIKOB.

) Npu k===1 npeobpazopains (22a,6 ABASIOTCS, OYEBMANO, ABHKEHUAMH.
p peodp
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nepesodumcss 8 cebs oceeoli ungepcueii (226) cmenenu k. B camoM mese,
npeoipazoBanne (226) MOWHO 3anHcath B BHAe 2=—£K 2z'; OHO IECPEBOLMT

OKPYXKHOCTh (23) B OKpPyXHOCTH A ; i, - BE _BE 4-C=0 unu
z'z z’ z’

Cz'? -+ Bkz' — BkZ - AR* —0,
IR, HAKOHEIl, B OKPYXHOCTb (HamomumM, 4t0 C=— Ak, AR*—CE)
Az’ B — B2 |- C=0,
T. e. camy B cebs. Orciona BeiTekaeT An1f JIOGHX HBYX (OPHEHTHPOBaH-

HBIX) KacCaTeJbHbIX Z, H z; OKPYXHOCTH S, nepecexaloumxcs B Touke M,
’ — - ’
OCH 0, zo_—_—k-’zo, 220—F [am NpsIMBIE OTBEYAIOT APYTr IAPYTY B HHBEP-
cun (226)], T. e.
Loz} LYoz}
5t 5 =Fk;

tg

napannenbHas Xe W NPOTHBOMAPAN/E]bHAs 0 KACATE/bHBIE f, H £, OKDPYX-

HOCTH S TakoBH, YTO tot; —Fk nan {oto}:{ot;}:——k (puc. 24).
[lycts Tenmepp S—kKakasi yromHo OKPYWHOCTb (25), Taxasi, 4TO
C/A==Fk; 9Ta OKPYWHOCTb HA3MBACTCS HANPASASIOWEN OKDYHCHOCBIO
oceBoil uHBepcui. B Takom cayyae mansi TOoro, 4ToOm HaliTH (OPHEHTHPO-
BAHAYIO) TIPAMYIO 2, B KOTOPYIO MEPEBOAMT HAIIA HHBEPCHs 3aNAHHYIO
NpSiMYI0 2, IEPECeKAIonlylo o B, Touke M, HANO NPOBECTH KACATeABHYIO 2,
OKPYIHOCTH S, mapanne/ibHyl0 2 M NEpeceKawulylo o B Touke M,, H BTO-
PyIO KacaTesnbHYI0 2,, NPOXOLsLLYl0 uepe3 Touky A ; npsmas 2° Oyner
:
napannenbna z, u OyneT npoxomnTh 4epes Touxky M (puc. 24). [lps-

Mas ke f, He nepecekaioulas o, nepelilleT B TaKyl npsMyilo f, 4TO
ecom f, m f — ne nepecexaioume o xacatenbume S, To tij £, £ || £

n {ot}: {ot'} = {of } : {of}.
Hapsiny ¢ aBmxeHnsnK
g—=22ta z':__!)z_tq, Pe=PP gy TP (19)
—gz+p gz+p —aqz+p 9z+p

. k
n unBepcnell 2’ — = (226) cneuManpHOro PaccMOTPEHHs 3aCHYKHBAET
z

enie OJIH0 HHTEPECHOE OCEBOE KpYyroeoe Inpeofpa3oBanne, a HMEHHO mnpe-
obpasoBanne

. 2+4g
=" (27)
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t
re g=¢ 4, ]¢|=0 (cp. ¢ mapaenbHEIM NEPEHOCOM B HaNpaBJCHHH,

z+4-q

I t
TEPNEHINKYIAPHOM K TOJNAPHOR R ——: CM -
PHCHANKY ISP ‘ p ocn 2 qz_'_l,rneq 82,cm.(pop
myny (19a) ua ctp. 80). I'eomeTprueckuit cmuicn 3Toro npeoGpasoBanys

9
BECHMa NPOCT: KAWIYIO NPAMYIO 2 =—tg ?(1 -} &) oHO mepeBoaKT B NPsIMYIO

, 0’ , 0 ’
z —=tg —2~(1 —[—es )— [tg7(l +ss)+s—;—J : [—tg%(l—l—ss)s%—l—l]::

:tg% 1—[—e<s—l— tﬂ> :(l—e%tg—g—):

0 t 0 3\ ] N
=tg5 (1 +e [s—[—7<tg—i——[—ctg -:l—)]):tg—‘z- [l —[—e(s—[—smo)] ,
napamnensuyio z (u6o |2 |=|z|) u takyw, uto paccrosuus p u p’

npsaMbeix 2 u 22 o1 nomoca O 1nojsprOE CHCTEMbl KOOPAHHAT CRBSI3AHH
cootHowiennem [em. ¢opmyay (17) na crp. 77]

p':s'sinﬂ':(s—i—g%\) sinO:SSin0+t:p+f. ' (28)

Jlpyrumn CNOBaMH, ApAMQS 2 HapaasesbHQ IPSAMOR 2 U paccmosHue
{2, 2’} npamoii z om 2’ pasno t (puc. 25). TlpeoGpasosanue (27) nasu-
BACTCHA pacuwuperuer na (nono-
WATENBHYI0O KM OTPHIATENb-
nyio!) Bennuuny 7. OuesuiaHo,
4TO (OpPHEHTHPOBAHHYIO) OKPYHK-
HOCTb S (NONOKHTENBHOrO WM
OTPHLATENBHOrO) paauyca r pﬁc-
77 >0 wmpenue TNEPEBOAMT B KOHIIEHT-
\, puueckylo ¢ S oxpyxHOCTL S’
panuyca r-}-#; B uwacTHOCTH,
TOYKH OHO MNEPEBOAUT B OKPYyM-
HOCTH panuyca 7, a OKPYXHOCTH pajuyca (—7)— B TOUKH.
«OcnoBHan Teopema 06 OCEBHX KPYroBHx npeofpa-
30BaHUAX» YTBEPKIACT, 4TO BcAxoe omauiHoe om Osuocedus (19)
ocegoe rpyzo80e npeobpazosanue (1) uan (1a) npedcmasasem coboi
npousgedertie OBUMCEHUS I 0CeBOIl UHBEPCUL UL NpoUs6e0eHle OBUNCCHUST
u pacwupenus. JlokasaTenbCTBO 9TOH TEOPEMbl MOXKHO NONYYHTDL NPAMBbIM
noncuetom, noao6pas, noao6HO TOMy, KaK Mbl mocTynaam B n. 5, Takue
IBIMKEHHE W OCEBYIO MHBEPCHIO (MM JBHXKEHHE U pacCluMpeHue), Hpous-
BelleHHE KOTOpbIX JIdeT Hanepeld 3aJanHoe OCeBOe Kpyrosoe npeobpaszo-
BaHHE; Mbl NPEJOCTaBHM 3TO JOKa3aTeNbCTBO YHTATEJIO.
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B. I'. Boamsinckuii u B. A. Edhpemosun

(Mockga)

(Okouyarnue)

8. I'pynnbl roMoJoOrui

B sToii rnaBc Haulero OuUepKa Mh pacCMOTPHM Baxuble TOMOJOTHYE-
CKHE HHBAPHAHTHI — 2DYNNbL 20M0.L02Ull, 110 CYIUCCTBY BRBCICHHBIE YKC
[Tyankape. ['OMOJOrHUECKHE TMOHSITHST HAXOAAT NPUMCHCHUST HE TOJbKO
B CaMOH TOINOJAOrMH, HO W B JAPYrHX pasjaenax MaTCMaTHKH: anredpe,
aHaanu3e, reoMeTpHud H T. I. Jlng nonHMaHHs MOCACIHHX TJAB OT “YHTATCTA
TpeOyeTcsl 3HaHHe NPOCTEHUIHX CBCACHWM H3  TCOPHH rpynn ). Tlepsniit
pa3/ica HOCHT XapaKTep 'BBEACHHs H He TPpeOyeT MpelBapuTe/ibHbIX 3HAHUH.

BrReneHHe—HATASIAHOE ONHCAaHHE TOMOJNOTHH

ByneM 1as3blBaThb HUKAOM HA HEKOTOPOH MNOBCPXHOCTH X OpHEHTH-
POBANHYIO 3aMKHYTYIO I'MHHIO °) Ha 3TOiH 110BEPXHOCTH HIH HECKOIbKO
TakHnX JAUHHBE, BvmecTe B3suThix. Ha-
NpUMEpP, OPHEHTUPOBAHHHE TApas-

e

nAenb W Mepuauan Topa (puc. 137), Wii"e?"&‘ffm'ﬁ“mm
BMECTE B3SIThie, SIBASIOTCS IHKJOM; ve- e, A
Kaxadsi W3 STHX JHHHH, B35Tad B . -4
“'.?
OTICABHOCTH, TaK¥Ke IpeCTaBAsAeT S
I -"-'.:". ,_.-Q'(‘,
cOOOH UMK, I I
. §) R e S PO
LIMKAB HA MOBEPXHOCTH Mbl Oy- ORIt S
JeM pasfedsith HA TakKHe, KOTOphIe |
OrpaHuIUBAIOT HEKOTOPYlO 00- Puc. 157.

JacTb  (MHaue TroBoOpsi, SIBASIOTCH
rpanuin el 3ToH obnacT), ¥ Ha Takue, KOTOpHIE HHKAKOH 06nacTH He

OrpaHHuNBalOT. DTH MOHSITHS, KaKyLIHECs Ha ICPBBIH B3I/ NPOCTHIMA

Iy DTH CBedEHHMs KPAaTKO M3JIOXEHbl Ha CTp. 51—92 4-ro BhIMYyCKa «Martema-
THYECKOTO NpocBellietsy # Ha cTp. 136—138 mnacrosiiero BbiyCKa.

2) To eCTb JHHMIO C YCTalOBJEHIBIM Ha HEd HanpapieHueM; Ha PUCYyHKax
HanpabieHue Ha JHHHH OTMEUAaeTCs CTPEKOi.
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M SICHBIMH (HANPHMEP, HA IIOCKOCTH OKPYXHOCTH W/ Apyrasi 3aMKHyTas
nuHust 0e3 camornepeceveHuH, OY€BHIIHO, «OrpaHUuYUBaECT» O00JACTh, HAXO-
ASlLylOCst BHYTpH Hee), HA camoMm nesie TPebGyloT yTOUHEHHH — HHaue
MOTYT TOsBUTBCH HESICHOCTH.

Mbl OylteM CUHTaTh, UYTO TIOBCPXHOCTH X IBYCTOPOHHsIsI. BpiGepem
HCKOTOPHIH ee Ky oK U H OKpacHM ero ¢ OIHOi CTOPOHM P KaKOH-auGo
useT. Ha nunuu 2z, siBasioweiicst Kpaem 3Toro
KyCKa, BbIOEpeM TdxKoe HaupaBiAcHHE, YTOOL
rnanst (B 1pOCTPAaHCTBE) HA Kycok (¢ OKpa-
LIEHHOH CTOPOHLI M ABHrasiCh BAOJIb JHHUIL 2 B
S3TOM HampaBIeHEH (BIONMb UHKAa 2), Ml
Caesa BHIeAH TOYKH, npHHaanexauue U, a
ClipaBd — He mnpunaniexaue. B 3tom cayuae
MbI H OyleM CUYMTATBb OPHUEHTHPOBAHHYIO JIHHIIO

Pic. 138. Z epanuner;l Kycka U (uau orpanHupBaonleil

Kycox U). flcno, uto ecam 6ul mMml okpaciuin

Kycok U ¢ oGpatHoii CTOPOHBI, TO €ro rpanuied 6pina 66l Ta we JHHHS,
HO C IPOTHBOIIOTOXHBIM HALIPABACHUEM; STOT K Mhbl OyneM Ha3nLBaTh —2.

IlousiTHe 1uikna, orpanuumBarouLero 00/1aCTh, HE CTOJb TPHBHAJIBIIO,
KdK  STO KaweTcss ¢ nepporo Barmsta. Ha puc. 138 H3oOpaxeun Ha
OIHOH M TOH e MNJIOCKOCTH [BAa IMKJA Z,2 " 2, KAKILH U3 KOTOPHX
AB/MCTCH  rpannued o00JacTH, HaXomsilelcs BHYTPH 3alITPHXOBJIHHOTO
Kpyra. BaaTtele Bvecte 3TH UKL
TaKwe 06pasyloT yitka-cymay (ero
0603HAU40T 2z, —2,); on orpanu-
YMBaeT 00/1aCTh, COCTOSILYIO W3
«IBAXIbl B3ITOrO» KycKka / M «OuLIH
pa3  B3ATHIX» Kyckos [ wu I/,
Takum 06pa3om, uTOBH YGEAUTHCS,
UTO UMK #IBJSIETCS rpanHueil, npu-
XONUTCsH HHOrAa Opath HCKOTOPHIE
KYCKH TNOBePXHOCTH X C OMpeiencH- Puc. 139.

HLIMM KOS duunenTaMu (B gaHHOM

Caydae WHKI 2, - 2z, ABIsie TCH rpannLeit oGnactin U= 2.] + 1.1 —+ 1.111).
OjHAKO B HailleM BBELCHHH MLl HEC Oylem OCTAHABIHBATBLCH HA 3 TOM
BOMpOCe:  OH  MPOSICHHTCS B JaJbHedlleM 1PH H3YUYEHHH TPyl  FOMO-
JIOr 1.

Ha Tope mmka z, uso6pawennslii Ha pic. 139, orpanuunpaer saumrrpu-
XOBaHHyl0 001aCTh, a MCPMAMAH WIM Naparielb TOpPa, a Takke oGe STH
JUHHH, B3ATHIE BMECTE, HUK4KOH O0JACTH HE OrpalHuyMBAIOT.

OueBHIHO, OrpaHHYMBAIOIIME IHKAL MOWHO IPOBECTH Ha moboii 1o-
BCPXHOCTH: BCSIKAA «MaNeHbKasi OKPYXHOCTB» HdA IIOBEPXHOCTH SIB/ISIETCS
OrpaHHYHBAIOLINM HHUKOM. [IHK/IH Ke, KOTOpLIE HE SBAAIOTCH TrpaHHiled
o6nacTH, BCTpeuyaloTcs pewe. Hanpmvep, na TOPE HMEIOTCS HeorpaHu-
UHBAIOUIHE LHKAb, a Ha cdepe HX HET; OTCIOLd MOXHO 3aK/OYHTb, 4TO
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cpepa HeromeomopdHa Topy. M3obpawenuniit na puc. 140 yuka na no-
BEPXHOCTH «KPEHIeNs» $BJISETCS OrpaHHYMBAIOLIMM (OrPAHHUYCHHASI HM
ob6;actb 3amTpuxopaHa). O61acTh, KOTOPYIO OrpaHMuMBaeT HEKOTOPbII
UMK, OyneM Ha3blBaTb 7.EHKOH, HATIAHYTOH Ha 3TOT K.

A

¢

-y
F %
3

53
A

X

xS
$ ]

l-)b

Puc. 141.

Mpi Gynem cuntath OrpaHU4HBAIONINE UHKIW  HECYIUECTBEHHBIMHY
a K «CyuleCTBEHHBbIM» OyIeM NPUUYHCAATbH Te, KOTOpHEe HHKAKOH 06JiacTu
He orpanuunBaioT. Dbynewm
TAKXe CYHTATh, YTO ABA
PasanMYHLIX UHKNA 2, U Z,
«HeCYHLIeCTBEHHO OTJH-
4al0TCAd APVr OT Apyra»
(B 9TOM cCayudae roBOpAT
TaK¥kKe, 4TO OHH 20M0.10-
2UYHBL IPYT APYry), ecu
MK 2, 1 —2,, B3MIThIC
BpMecTe, O0Opa3yloT Hecy-
ueCTBeHHHH uuka. Tako-
Bbl, HalpHMEpP, IBA MepH-
AnaHa z, U z, Ttopa (pwuc.
141, @), uMeIoWHX CXONHY 10
OpHeHTalMIo; Ha puc. 141,6
3aIUTPUXOBAHA IJICHKA, KO-
TOPYIO OrpaHHYMBAIOT BMECTE B3fITHe UHMKJIL 2, W —2,. TOYHO TaK Ke
FOMO-IOTHYHBE JIpYT JAPYry LMKAW 2, W 2,, u3oOpaweHHble Ha puc. 142, —
3AeCh TAKKE 2, U — 2, OrPaHHYHBAIOT 3AWTPUXOBAHHYIO 06NACTb (MAEHKY).
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B nanpnefiiem Hac GyneT MHTEPeCOBAaTh BONPOC — CA OO cyuecm-
GEHHO pa3auHanmuxcs opyz om 0pyza LUK/AO08 MONCHO Nposecmu HQ
Oarnoil nogsepxrocmi? OueBHAHO, YTO «3anac LUHKIOBY HA TOpe OOoJblile,
uemM Ha cdepe, a Ha Kpennene — GOJbIIE, ueM Ha Tope (Ha puc. 143 u300-
PAMCHBL HEThIpE LMKNA p,, p,, m,, m,— IBe Tapajjlenu ¥ JBAa MEpPHIU-
4Ha, BCE OHH CYLIECTBEHHO PA3/MHYHBEL, T. € He TOMONOTMYHB MEWIY CO-
60#). Heckonbko neonpepmenennbii TEPMHH «3anac I[UKJOB, HMECIOLHXCS
Ha JAHHOH TOBEPXHOCTHY», YTOUYHHUTCS MOCJE NOCTPOCHHS rpynm roMoJiorui,
M3YUEHHUIO KOTOPHIX M NOCBSILIEHA HACTOSILAS T/4BA.

Puc. 143.

Bc& MHOXECTBO UMK/IOB, MMEIOUMXCH HA IAHHOM MOBEPXHOCTH, Paso-
Obey Ha OTHENbHBIE KJAaCChl UHK/IOB (HA3LIBAGMbE KAQCCAML 20M0-
sao02uit), OOBEIHHSST BCE TOMOJOTHUHBIC MEXILy COOOH UHKJIL B OIHH
knacc. Hanpuwmep, Ha cdepe umeeTcss TOABKO OIMH KJIACC TrOMOJIOrHH,
NOTOMY HTO BCE€ LHMKJB TOMOJOLHYHBLI MEXLY COGOi (BCe OHH SIBASIIOTCSI
orpannumBaowmMy). Ha Tope xe wumeercs OCCKOHEYHO MHOTO
KJ1aCCOB TOMOJIOrUi, HO BCe€ OHH
BBIPAWAIOTCH  yepe3 JBA OCHOBHLIX
K/l1acca — yepe3 KJacC MEpPHIHAHOB
W KJacc napamiene#. Hanpuwsep, Bce
HUKJIH, OOXOAsWHEe TOPp TPH pa3a Mo
napassiesd v IBa pa3a Mo MepHanany
(puc. 144), cocTaBasior knacc romo-
JIOrUi, KOTOPHIH MOWHO 0003HAUYHTL
uepes 2m —- 3p, rne m — Mepuiman,

Puc. 144. a p— napannenb. Boobue, n060i

KJacC TrOMOJIOTHH Ha TOpe HMeeT

Bug am-8p, rme o wu B—eable 4Yucaa, T. €. KJaccH  rOMOJOrHA
Ha TOpe OOpasylT rpynmny (MX MOXHO CKJaJblBaTh M BHUUTATH KiK
MHOrOYJICHBl 1IEPBOH CTeNeHH OT ABYX CHMBOJIOB 7% W p), npHuem rpynny
¢ nBywmst odpasytoutdnd. Ha rnopepxHocTH Kpenmens ywe muveiorcs yeTHpe
obpasyiomwme: m,, m,, p,, p, (cM. puc. 143), T. e. nw6oKk Knacc
FOMOJIOTHH  3amuchiBaeTcss B BuRe o,m, +-o,m,—B,p, 1+ B,p,. Takum
00pa3oM, «rpynna TOMOJOTHHY KpeHIens COMEPIKUT «BO.bliey 3JIEMEHTOB,
HEM TPYNNa roMOJIOrHi TOPa, M NO3TOMY ITH HOBEPXHOCTH HErOMEOMOPHL.

Ha sTux npumepax BHSICHIETCH, YTO MHOWECTBO BCEX KIACCOB LOMO-
JIOTHH Ha HEKOTOPOH MOBEPXHOCTH NPeACTaBAseT COGOH rpynny; sty
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rpynny ¥ Ha3wLBawT 2pynsnoi 20mon02uii. Hanpumep, rpynmna roMosnorui
c(epnl TPHBHAJbHA, rpynna roMosioruii Topa sBisetcs coGomnoi abene-
poil rpymmnoif ¢ nByMs OGpasylolluMH, a rpynna roMOJIOrvili  MOBEPXHOCTH
Kpenjens — cBoGonnol  abencsok rpynnofi ¢ yeTHpbMs 0GPa3yIOMUMU.

Kak e CTpPOSTCH FPyNIbl TOMONOrni B OCLICM cnyuae? Jlng TOro uTto-
6bl Pa3bUCHATH TO, 3aMETHM, YTO BCE BOOOLIE LHMK/LI HA paccMarpusa-
eMOfi TNOBEPXHOCTH COCTaBNHIOT abeneBy rpynny-—HuX MOXHO CKIANHBAThL
# BpluMTaTh. BCE OrpaHvyMBaIOLIME LMKIB TAKKe COCTABASIOT TIpynny-—
NOArpynny rpynnei UHKJAOB (MO0 cymma W pa3HOCTL JBYX orpanuvyi-
BAIOLLMX IUKJAOB CHOBA SIBNYIOTCH OrpaHuvINBalOlLIMMU nuknamu). Mubl XoTHM
«co6paThy» BCE TOMONOTMYHLIC MEXIY coboii UMKAL B OAWH Knacc; B
YaCTHOCTH, B OJMH K/IAacC JOMKHW GbiTh cOGpaHn BCE OrpaHWyHBalolME
UMKAbB  («rOMOJIOTHYHbBIC Hymo»)‘).

B 3aKkmouyeHue STOr0 BBEMEHHH OTMETHM, YTO B NPHUBEACHHHX IPH-
Mepax Mpl  pacCMaTpEBanH TOMBKO «ORHOMEPHHIEY  HHKJIbI (nuuuK) Ha
IBYMEDHBIX (Hrypax (noBepxHocTs#x). B Tononorwu paccmaTpuBAOTCH
UMK/Bl PasNUuHLIX pa3MepHOCTEH (HY/bMEPHLIEC, OJHOMEPHLIE, JBYMEPHEIC
W T. I.); OrpaHvdeHHhlC WMH O0NacTH MOryT HMMETH H Gonee 4em nBa
uaMepenns. 3amMeTHM eule, YTO «06NacThy, OrPaHMYeHHas HEKOTOPLIM Hecy-
leCTBEHHLIM LIMKAOM (T. €. MJeHKa, naTanyTag Ha 3TOT UMKI), MOWET
pacuonaraThCsl «B TOJLEY paccmatpuBaemoit gurypnt. IlycTe, wanpumep,
X ecThb uacTb TPEXMEpHOro MnpocTPancTsa,
orpanudeHnas TOPoOM (T. e. X COCTOMT H3
BCEX TOUEK, JEXaiHX Ha caMoM TOpe ¢
pHyTpu Hero). Torna wmepmauan TOpa sB-

nseTcyd HecyuleC TBeHHBIM IHKIIOM Qurypn X, 4L ]
TaK KaK Ha HEro MOYXHO «HATAHYTH IJIEHKY® <]
B X (T. e. KycOK INOBEPXHOCTH, Kpaem KO- Puc. 145.

TOpPOro SBNSETCH PacCMATPHBAEMBIH UHUKI);
Takoil nNeHKOl MOweT ObITH CeueHHe TOpa, uzobpaxennoe na puc. 145,
HanpoTue, napannenb, u3o6pawennas Ha 3TOM PHCYHKE, SBASCTCH Cy-
{LleCTBEHHBIM [MKJIOM — OHa HE OrPaHHYMBAET HHKAKOW NNEHKU B X.
OueHb BaHA TaKKe CBA3b NOHATHS TOMOJIOIHH IBYX UMKIOB C NOHATHEM
ux Oegpopmanuu. Vivenno, ecau 08a UUKAG 2, U Z, MAKOBbL, 41O O0UH U3
HUX MOMHO € nomowplo Oeghopmanuu nepesecni, «1epeCeUHYMbY
8 Opyzoil (TaKnHe UMKIbLI HA3LIBAIOTCA rOMOTONHRBIMH, CM. rnaBy 7)%),

") Anre6panuecku T0 COOTBEICTBYeT TOMY, HTO Mbl JOMKHEl B3STh ghakmop-
zpynny TPYINILI UHKIOB NO TIOATPYNIe OT paHHUMBAIONINX uknoB. (O TIOHATHH
pakTOp-Tpymmel cM. c1p. 137.) JleAcTBUTENbHO, ABA NHKAA Z, U 2z, TOTAa H TONbKO
Torna NpUHALIEKAT ONHOMY SeMeHTY (aKTOp-TPYNMbl, KOraa ux PasHOCTb Z, — Z,
NPUHALIEKHT TOATPYNNeE OTpaHUYHBAKIIUX IHKNOB, T. €. KOrna OHHU TOMOJIOTHYHBI
mewny coboft. MHaue rosops, sjieMeHTaMu 1axoft GakTOp-TpYNIbl KaK pa3 H siB-
NS0TCsl KnacChl ToMonoruit Cama we daktop-rpynna u #pasiercs T py il-
No#i TOMONOTHH paccMaTpHBaeMOH TOBEPXHOCTH. tH uneu 6yayt 6onee 1o~
Npo6HO Pa3bACHEHB! B HacTosiell riaBe.

2) Cm. «MaremMaTHyeckoe TPOCBEIIEHHE?, BHII. 4, ctp. 28 u ciexn.
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MO ML UK AbL 20 MO N02UHHE, MeHOY coboil. 3To BHAHO Ha puc. 141,a
(ctp. 109). Ho oOpathHoe ne mHMeeT MeCTa: TOMOJOTMYHBLIC LHUK/bLI Ha
puc. 142 (ctp. 109) ne roMOTONHR: NEPEMELIEHHIO MK 2, Ha
NOBEPXHOCTH PP B [IMKJ Z, MCIUAIOT «ILIPKH», MMCIOLIMECH HA NOBEPXHOCTH
Meny STHMM uMknamu. Taxkum o06pasoM, 4N FOMONOTHYHOCTH  OBYX
IUKJIOB AOCTAaTOYHO (HO HEe Heo0X0AMMO), 4YTOOL OHM ObIMM roMo-
TONHLI.

Opuentaunsa Kosddpuuvents npumbikanusg

Mu  yXe roBOPHIM OO0 OpHEHTHpOBaHHHIX pe6Gpax’). B tononorun
OpUEHMaNls OUpeNensieTcs He TOAbKO Ns pefep, HO W I IBYMEPHLIX
KJeTOK (rpaHefl), TpeXMepHHIX KJIeTOK ¥ T. I. Bepmuun e (Hynbmep-
HblC KJeTKH) He OPHEHTHPYIOTCH.

Opuenmanusi 08YyMepHOll KAeMKI 3alaeTCs HanpaBleHHeM 06X0na Ha
ee konType. Tak Kak Ha KOHTYPE KJAETKH MOXHO 33laTb JBa Pa3fHYHRIX
nanpapieHus o6xoma («IIO» M «NPOTHB» 4acOBOH CTpesnkH), TO Kawmas
IByMepHas KJIeTKa HMeeT JBE pa3nuuHele opucHTannu. Hanpumep, ecnn na
KOHTYpe MHOrOyronbHHKa 3anan 06XO0N NPOTHB 4acOBOH CTPENIKH, TO 3TO
3HAYUT, YTO, NOOXOAA H3HYTPH K KaxkoH-nnGo CTOpPOHE 3TOrO MHO-
rOyrojbHUKa, Mbl BHIMM Ha 3TOH CTOPOHE Hanpap/eHHE IBHXEHH Crnpasa
nanego (puc. 146). Mnaue roBops, HanpapneHue BCeX CTOPOH MHOTOYroib-
HUKA W3HYTPH BHIHO ONHMHAaKOBHM (crnpaea nanero). Ilpu o6patHoi

Puc. 146.

OpHEHTaLMK NIBYMepHOH kneTku (no uacoBoil cTpenke) Bce CTOPOHKH KXy TCH
HM3HYTPH TaKXe HAanpaBleHHBLIMH ONHHAKOBO (cneBa nanpaBo). Takum 06-
Pa3oM, 3a0ams OpUEHMALUI0 MHOZOYZOABHUKQ — 3THO 3HAUUNL 86.Opanib
maKne HANPaBAeHIsl HQ €20 CMOPOHAX, KOMOpbie UHYmpl HabAo-
Oaiomcst Kax OOUHAKOBblE.

Auanornuno onpenensieTcs opueHmanus mpexmeproti rKaemru. Jnu
TOr0 4TO6GB OPHEHTHPOBATbH MHOrOTPAHHHMK, HYXKHO NS BCEX €ro rpaneft
BLIOpDATh TaKUe OPHEHTAlMH, KOTOpPHE WU3HYTPH KamKyTCH OLHHAKOBHIMH:
nubo BCE MO 4acoBOii cTpenke, aubG0 BCE NPOTHB YacoBOH CTpenku

1} «MaremaTuyeckoe npocsenieHuey, soii. 3, cip. 37.

rarxrs
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(puc. 147). Ecag mbl BumHM (H3HYTPH) BCE IPAHH OPHEHTHPOBAHHBIMH 710
YACOBOH CTpenkKe, TO HATNPABJACHHE Jiydya 3peHus corjacyercd ¢ 3THM
obxonoM no npasusy oypasuuxa (puc. 148 '). Ilostomy Takyio OpHCHTE-
IHI0 TPEXMEPHOrO0 MHOrOMPAHHHKA WHOTAA HA3bIBAIOT «71pagoily («IpaBblii
BHHT»), a4 0OpPaTHYIO OPHEHTALHIO — £€80il. ‘

BeeneM Tenepb BaXHOE T[OHATHE «Ko03IPhuyueHma npuUsbLKQHILSTY
(M.1M, KaK TroBOPAT TOLOJIOTH, KO3duluenma uH{UOeHMHOCMI) IBYX
KJIC TOK.

[Ipexne Bcero onpenenum KO3(QQHIHMEHT INPHMBIKAHAE OPHEHTH P O-
BAHHOTO pebOpa K ero Bepumunue. Y Takoro pebpa naBe Bep-
LUiMHB — Hayajao W KoHel. Ecau
peOpO HE3aAMKHYTO (T. €. €ro Haiano
1 KOHCI[ He COBManaioT), TO KO3(-
QUILIHEHT TNPUMBIKAHHS 3TOro peodpa
K Hayally CYUTACTCS PABHBIM & — 1Y,

Puc. 147. Puc. 148.

a ko3dQPHUIMEHT NPUMHKAHUS K KOHIly — PaBHBM «—-1». B cnyuae
3aMKHYTOro pedpa (Hauanso COBMAAaeT ¢ KOHUOM) KO3(hHIHEHThH +1n
—1 B3aUMHO YHUYTOXKAWTCST W KO3PUUUECHT MPHUMBIKAHHS K BEPLIHHE CYM-
TdeTCSl PABHBIM HYJIO %),

Vkawxem Tenepb, Kak onpenensetcss KO3IQ@UUHUCHT  TNPUMBIKAHUS
OPHEeHTHUPOBAHHOH TrpPpaHHM K OPUEHTHUPOBAHHOMY pelbOpyV.
P’cnin npu 00Xxoje 1O KOHTYpy TrpaiH Mbl NPOXOAWM 3TO pedpo B
HanmpaBAEHHUH HMEIIEHCs HA HeM CTPesKH, TO KO3(dHuHMeHT npH-
MHKAHHSI CUMTACTCH PaBHbIM « ——1», ecaM NPOTHB HANPABIEHUS
CTPCJKH, TO & — ly»; Hakouelu, ecad pebpo [MPOXOMHUTCH HECKOJBKO
pa3, To noaydaiouecss Ko3dduuneHTH anreOpandeckn CKAaAHBIIOTCSA.
M3 aToro onpepesnenus HeNnOCPEACTBEHHO CJeLyeT, UTO ecal cocmasums
cosomonuyeckyro 2panuyy ’) eparit g (OBUrasicb B TOM HanpaB/eHH,

) Cp. ¢ puc. 125 na ctp. 46 4-ro Bbinycka «MareMaTHYECKOro npocae-
11€ HUSAY.

2) Ha puc. 106, a («<MaTteMaTHyeCKOe NpoCBeUleHHe», BHIN. 4, cTp. 37) Ko3d-
dbuuneHT npuMbikanusg pebpa K pepuinHe a pasen —I, a k Bepuinie b paseu -1,
na puc. 106, 6 kosbduuueHT NpUMbiKaHus pedpa K BepUIMHE @ paBeH HYJIO.

3) «MaTeMaTHueckoe mNpocselllenney, Bbil., 4. cTp. 37—39.
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KOTOPOE YKA3aHO Ha KOHTYPE OPHEHTHPOBAHHOW TIPanK g). mo KOo3PH-
gounuenm ApUMbIKAHUS MOl ZPAHL K HEKOMOPOMY OPUEHMIUPOEAHROMLY
pe6py r pasen cyaume noxasameseil Cmenenl, € KOMOpsMU I 8X0-
oum 8 20MOMONUYECKYIO 2pAHIILY 2pAHL L.

PaccmoTtpuM, Hanpumep, aucT Mébuyca. Mbl 3Haem, UTO ero MOWHO
npencTaButh cefe B BHe KPYroBOTO KOMbLA, Y KOTOPOTO CKIE€Hkl HHd-
METpa/bHO MPOTHBONONOKHLIE TOUKM Ha BHyTpeHHeM konType'). Bosbyem
otpe3ok pqg (puc. 149), coenunsiiompit TOYKY p BHEWIHCrO KOHTYpA
C TOUKOH ¢ BHYTPEHHEro, H NyCThb ¢’ — TOUKA, NHAMETPasbHO NPOTHBOIO-
noxsas g. Torma npu nocrpoenun nucta Meébryca nBe NONYOKPYKHOCTH,
Ha KOTOphie pa30nBaeTCs BHY TPEHHUH KOHTYP
TOUKAMM ¢ W ¢, CKIEHBAIOTCH Mexny COOOH
(c yuetoM ykasanuhx Ha puc. 149 nanpas-
neunit ctpenok). O603HaAUUM HTH NONYOKPYHK-
HocTe onHoit m ToH we OywxBoit @ (nbo B
aucTe Mébuyca OHM CKNEEHbl, T. €. COCTaB-
ASIOT ONHY JIMHHIO), OPHEHTHPOBAHHLIH OTpe-
30k pg— Gykeoil b, a BeChr BHEWHHH KoOl-
1yp — 6yksoii ¢. Torma nuct Méebnyca
NpeACTAaBUTCH B BHIE KJACTOYHOTO pasbuenns

Puc. 149. C IBYMS HYJbMEPHLIMH KI€TKaMH p, ¢=¢,

TpeMsl OIHOMEPHBLIMI KieTKamun a, b, ¢ u

onHoli nBymepHoii kneTkoit t. [omoTonuyeckas rpaHHua KNETKu T (npu
ee 0o6xone MNPOTHB 4YacOBOH CTPENKM HaduHaw OT TOUKM p) MMEET BHL:

ba 'a b 'c=ba"*b c;

N105TOMy KO3((MHUMEHTH IPHMBIKAHUS KNCTKH T K @, b ¥ € COOTBETCTBEHHO
pasrol —2, 0, -+ 1.

PaccmaTpuBas Tenepb CHOBA 1npHMepsl 4 — 7, NpuBeneHHBIC B mpe-
Abinyet rnase ®), mul nonydaem cienytoume ¢axtel. [IpoexkTusHas
NJA0OCKOCTH MOWeT ObiTh mpeincTaB/ieHa B BHIE KJIETOYHOro pazbue-
HHfl, COIEPKALIEro ONHY BEpIIMHY a, ONHO pebpo r K onHy rpanb g3
K03 UIUEHT HPUMBIKAHUS TPawn K pebpy paseH —=2 (B 3aBNCHMOCTH
OT TOro, KaK »Ta rpaHb # 370 pe6po opuentupobaun). [lpoex TupHan
NAOCKOCTDb NO MOAYJAIO m MOKeT OBTb 1IPEACTABIEHA B BHIC
KJIETOUHOTO pa3bueHus ¢ OLHOH BepIIKHOM, ONHUM PeOpOM K OLHON Ipanbio;
K03(pdUIHEHT NPUMBIKAHMA TPaHu K peOpy papen —-m. T op npencrae-
asieTcsl B BHAE KJIETOYHOrO pas@GueHds ¢ ONHOH BepiuinHOd, nByMsi ped-
pamu r,, r, ¥ OnHOH TIpaHbi0 g&; KOIDQHUMEHT UPHMLIKAHUS —[PAaHK
K kaxnomy w3 peGep paBen nyno. OpuenTupyemas TMnoOBepX-
vHoctb P, (chepa ¢ m pydxkamp)—B BHLE KICTOUHOTO pa36ucHus
¢ onHOH BepluuHOil, 2m peOpamu ¥ OnHOH Ipanbio; KO3(YQOHUIHEHT MPUMbI-

1) «MaTeMaTHuecKoe NpocBellenuey, Bum. 2, crp. 29.
2) (MaTeMaTH4eCKoe TpoCBenleniue», Buinl. 4, cTp. 41—45.
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KaHUsl TPAHM K KaunoMy M3 peGep pasen nymo. Kpome Ttoro, BO Bcex
THX YeThipeX NpuMEpax KOIPGUUHEHTH NpHMbiKauug pebep K Bepuinue
papibl Hynlo (160 Bce pebpa — 3aMKHYThIE).

Llenu ¥ X rpaHuiy

ToT ¢akT, UTO HE3AMKHYTOE OpPHEHTHpOBaHHOE pPeGpo ab (6yneMm ero
0603HaYaTh depe3 r) NpUMbIKAET K BeplummHe b ¢ kos(uuneHTOM —+1,
a K BepluinHe @ — C KO3(pduuMeHTOM —1, YCIOBHO BHIPAXAIOT COBAVH!
«IpaHdIa OPHEHTHPOBAHHOTO pebpa r paBHa TOUKe b, Baftoil ¢ KO-
dumentoM —+ 1, naoc ToyKa @, B3NTag € KOIPGHUMEHTOM —1I». 3a-
NUCHLIBAIOT 3TO TaK:

Ar=b—a.

3jiech A ecTh «CHMBOJ TPaHMiBy (BbipaweHue Ar uHTAETCA: «rpaHHIi@
KIeTKH r»), a cToswas cnpasa anreCpanveckas «CyMMa» IBYX TO4eK
uMeeT JAIb CHACIYIONMA YCAOBHBIH CMbIC]: 3HAK, CTOAUME nepel  Bep-
WMHOH, HaeT COOTBETCTBYIOUMHA KOO(QUUMEHT npuMwiKanua. B cnyuae,
ecan r 0603HAYaeT 3AMKHYTYI KieTky, Mbl umeem: Ar—0 (Gonee mnoa-
poBHO MOXHO Obino 6nl 3amucath: Ar=0ac).

ABanornuso onpejensiercsl rpaHuia ABYMEPHOH KJAETKH: CCIH £ eCThb
JByMepHas OpHeHTHPOBaHHas KJEeTKa, TO €€ rpanuia Ag onpenensiercs Kak
«CyMMa» BXOASLIMX B KOHTYD KIETKH pebep

Ag= & (1

nprdeM KO3(PQHUUEHT €;, C KOTOpHIM GepeTcs peGpo 7;, eCTh k03¢ dHIHEnT
UpHMMBLIKaHKsl TPaHu £ K pe6py r;. Hampumep, B cayuae nucta Méebuyca,
n3oOpaxennoro Ha puc. 149, Mp MMeeM Cnenylomlyl0 rpaHdny KneTKd T

At—=—2a-} 00+ 1lc=c—2a.

Ecny Mpl yClOBHMCSl KJACTKY &, OPHEHTHPOBAHHYIO TNPOTHBONOJOXHBIM
06pa3oM, 0003HaYaTh Ueped -—g&, TO OymeM HMeTb
A(—g):Z(—siri):——z_eiri:—Ag,
I 1
160 NP NepeMeHe OPUCHTAUMH KACTKH & BCe KOIPQHIMEHTh NPHMbI-
KaHWsl MEHSIIOP 3HAK.

B npasoii wactu paeenctBa (1) cTOMT CymMa OPHEHTHPOBAHMHBIX pe-
6ep ¢ HEKOTOpHLIMM nenouncnennbimu kospduunentamn. Cymma sra, Ko-
HEYHO, TOJIBKO popManbHasf, TaK KaK HHKAKOro «CHOWEHus» IBYyX
peGep Mbi NPOM3BECTH HE MOKEM,— Mbl MOXEM TONbKO 00O3HAUMTb
3TO CJIOEHHE.

Besryio ((hopauansiyio) cymiy KAEMOK, 83sMblX C HEKOMOPbLIL
Koaghchunuenmant, Hasvieaom yenvio. Lleny GLBAIOT HYAbMEPHbIE, OOHO-
MepHbie, O8YMepHble W T. L., B 3aBHCHMOCTH OT TOro, Kakue K/IETKH Mbi
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CKaanpipaem. Hanpumep, B npasoi yacTu paBeHcTtBa (1) cTOMT OmHoO-
MepHas uenb. Llen MOXHO CKNaAWBATBL, BHYHTATD o YMHOXATh Ha
uncso. CKnaabBaIOTCS 1enu Kak MHOTOYJICHBI, HPHYEM HPH BO3HUKHOBE-
HUH TIOAOOHKIX 4YNEHOB OHM NPUBOASTCS 1O OCBLIYHBIM  NIpaBHIaM (Hanom-
HHUM, 49TO MpH NepeMeHe OpPHMeHTALHH KJIeTKU £ MH Tnonyyaem KJIETKY,
0603HAYAEMYIO Yepe3 — g, Tak yTO iBa 'WIEHa, COOTBETCTBYIOLIME ABYM
PAa3/IMYHLIM OPUEHTAUMAM OLHOH U TOH e KICTKY, ABJSIOTCA HONOGHBIMY).

C nomoursio 910# onepauuu cioeHus MHOMECTBO BCEX IBYMEPHHIX
uenel (a Takke ONHOMEPHHLIX MM HYJIbLMEPHRIX) mipeBpalaetcs B a 6 e-
AeBy rpynny?'); nysem 7o TPyunbl sipnsieTcst uenb, Bce Ko3hdu-
LUEHTH KOTOPOH paBHW HynM0. DTa rPynna naswlBaeTcs zpynnoii uenei
(LBYMEpHEIX, COOTBETCTBEHHO ONHOMEPHBIX,  HY/bMepHBIX). Mul Gyaem
00603Ha4aTh rpynnm neneif yepes L (P), L, (P), L,(P), ... 3necr P
O3HauaeT TO pa3CueHue, B KOTOPOM Mpl PACCMATPUBACM [ENU, a MHIEKChH
0, 1, 2, ... ykaswBaior PA3MEPHOCTDL paccMaTpUBAEMbBIX 1lereii.

Britie mMbi onpeaenunu TPabiLly KIETKH; Tenepb e Mbl MOXKEM Oripe-
De/MTL rpanuny moGo# nenu. Mmenno, ecsu x2:Zaig,- €CTh IByMep-

1

Hag uenb (o; — KoapPULHEnTI, &; — IBYMEpHbIE KJIETKH), TO €€ rpanuna
Ax, onpenesnsieTcsi paBencTBOM

A (12 %;8;) ——‘12 %; (Ag‘.).

Tak Kax rpawnubl Ag; OTHENBHEIX KAETOK Mhi YXe yMeeM BBIYHCIATL, TO
CTOSILIYIO B NPABOH 4aCTH UENb HETPYIHO BLIYUCIUTD. AHANOrHYHO onpe-
ACISIETCA rpAaRvLa  OLHOMEpHOH (Wil Tpexmepwo#i) penu. I panuua e
moGo#t Hy/bMepROH uenu cyuTaeTcst paBHOl HYJIO.

Hetpynno yGemutness B tOM, uTo epanula anzebpauieckoli ¢y
08yx (usu Hecrxoavrux) yeneii pasia arzebpauneckoii cymme zpanus;
HampuMep, €Can X, ¥ X, — JIBE LBYMEpHHE LEnH, TO

’ AN ’ R «
Ax, +-xl)= Ax, = Ax]. (2)
LeiictBuTenbHo, ecm x'2=2 %€ X,= ¥ B:£; (cymmupoBanme pesercs
7 7
1O BCEM JLBYMEPHAIM KJICTKAM DACCMaTPUBAEMOrO pa3Guenusi, npHueM He-

KOTOphle U3 KOI(UUHEHTOB «;, B, MOTYT OKasaTbcs PABHLINK HYJIO), TO
Mbl HMeeM:

A (x;—l—x: =A (2 “igi"l"z pigi):Az(ai—l—pi)gi:Z (%; 1B Ags
Ax; —I—AxZ:AE o8+ A 2 Pigi—
=>lg;+ 2 BAL =¥ (x;+B)) Agy

") Onpenenenne abeneBoi rpynnoel cM. «Matematnyeckoe NpoCBeLleiye »,
BbIll. 4, cTp. 52.
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Takum ob6pasom, onepaims A B3fTHA rpasuubl (T. €. onepauMs nepe-
X072 OT uenu x, Kk Ax,) npeacrasnsier co6oit o ToGpaxeHnue rpynms
L(Pysrpynny L (P) ecmnx, NPHHALIIEHHT L,(P), T0 sz’ upuHa-
newnt L, (P); mpu stom cymme x| x, oTBewaer cymma Ax, - Ax)
T. €. yKa3aHnHoe OTOOpAXEHHE SIBASETCS 20M0M0PEHbIM 0mobpasiceruest
rpynnbl L, (P) B L, (P). [B ofiiem cayuae A ecTb romoMopgmoe 0TO-
Cpaxenne rpynnb L (P) B rpynny L, (P)].

OcHOBHOE CBOHCTBO IrpaHHLb

Onepaunst B3ITHS TpaHulpbl Uend O0NANAET CHEAYIOUMM OCHOEHBIM
CBOHCTBOM: 0.s1 sio60l yenu x umeen

A(Ax) =0 (3)

(«rpanupa rpanHubl paBHa Hymo»). [lias OnHOMEPHOM wEnu X 3TO COOTHO-
LICHHE OYEBUAHO: Ax eCTb Wy bMepHQsS UENDb, U €€ [PaHHUA  PABHA HYAIO
no onpenenennio. [losgchum cooTHomenne (3) AN ABYyMeEp HblX Henei.

PaccmoTpuM cHauana JBYMEpHYIO KNETKY £, SBASIIOLLYIOCS MHOTO-
YrOJbHHUKOM, Ha FPAHHLE KOTOPOr0 HE NPOH3BEAEHO HUKAKHUX «CKIEHBa-
nuity. OGolijieM KOHTYp S5TOH K/ETKH B HATNPABACHHH, COOTBETCTBYIOLIEM

Puc. 150.

ee OPHEHTANMH, ¥ PACCTABUM HA CTOPOHAX MHOrOYrOJBHHKA CTPENKI,
NOKA3bIBAIOIME HANMPAB/IEHHE NBWXEHHMA npu Takom ob6xone (puc. 150).
Torma Bce pebpa, cOCTaBAAIOLME IPAHULY KJETKH £, TONyuYalT onpene-
JICHHYI0 OPUEHTALMIO, IPHYEM BCE KO3(QHUMEHTH NPUMBIKAKNS paBHb |- 1.
Cnenopatenbwo, Ag—=r,—r,~+...-r,, rne r, r, ..., r,—Bce
CTOPOHbI MHOIOYTOJNbHHKA g, OPMEHTHPOBaHHbIEe yKazanubM oOpasom. Tak
KaK Tenepb B KawIAYl0 BEpUIMHY MHOTOYTOJBHHKA £ BXOOMT O HO
pe6po, a BHIXOIUT TOXe 0 A1 O pebpo, ToBuens A (Ag)=Ar, |+ Ar,} ...
... Ar, kaxuas BepuMHa BOKAET ABAXIL: OIMH pas ¢ KO3(EHUUMEHTOM
-+ 1 (kak kosen Bxoxnsiwiero pe6pa) u oauu pas ¢ kosdpHLHe HTOM
— 1 (kaK xonew BHXxonsuiero pe6pa). Cnegosatensuo, A (Ag)=—0.
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Ananoruyno neno o6CTOMT U B caydae Gonee CNOWHOR ABYMepHORH
KIE€TKH — MHOTOYTOJIbHUKA, HA IPanulie KOTOPOro NpOM3BELEHbl CKJICHBA-
nnst (prac. 151): v B sTOM cayuae, o6xons KOHTYP KJIETKH, ML 3aMeTHM,
4TO NS KaXAOH BEPLIMHLI £ HHCIO «BXOMSIUMXY pelep pPaBHO qHCay
¢BRIXOLAMXY peGep, T. €. YHCJIO «NIIOCOBY PABHO YUCHY KMHHYCOBY,
W IIOTOMy Kaw(nasi BepuiiHa Bxonut B A (Ag) ¢ kosduumentom nyib.

Mbr nosicnumu  cootrowenne (3) pas OTHOMEPHBIX UM JIBYMEPHBIX
neneil. B Tomonoruwm jgokasbiaeTcs, uTO COOTHOUIEHHE (3) umeer mecto
A KICTOK ¥ iened MoOLX pasmepHoCTel.

Huknw ¥ romMonoruu

Kawnas nenb, rpannna kotopoll pasna HYJIIO, Ha3bLIBACTCH HUKAOM.
B sTOM Haszeanuu oTpamen TOT (PaKT, YTO €CAU HeCKOIBKO HalpaBJeH-
HLIX  OTPE3KOB CJACAYIOT ApYr 3a APYroM B «UHUKIHYECKOM» TOPSLKE
{Hanpumep, TaK, KaK CTOPOHbI MHOFOYTOJILHHKA Ha pHC. 150), 10 onm
06pa3yioT uens, I'paHHuad KOTOPOi pasna HYJIO
(1. e. 06pa3yOT «uHKN»).

I3 ochosnoro ceofictea (3) /Merko BmiTeKkaer,
UTO 2paHuma 1060l yenu sA6AsIEMCS  HuKcA0ML.
HeiicteuTenbro, B3siB uenb z=— Ax, ABASIOLLYIOCS
rpandueil HeKOTOpo# Nenu x, MW Jerko MOy YHUM
u3 (3), uto Az=A(Ax)=0, 1. e. z ecTh UHKA.
Ecan nBe wpenu 2z, x c¢B®3aHbl  COOTHOLIECHHEM
"2==JAx, TO roBOpPST MHOrJA, YTO X €CTb /.leHKa,
HaTAHYTas Ha WUMKJ  2; HalpUMEp, BHYTPEHHOCTD
MHOTOYTO/IbHUKA €CTb «IVIeHKA», HATAHYTas Ha
ero rpanuny. Mrak, Besikas pnenb 2, Ha KOTODYIO

Puc. 151. MOXHO «HATAHYTH MJIEHKY» (T. €. HajiTu TaKy1o
uendb X, uro z=—Ax), aBnsetca umkiaoMm. Qanako
CYIMECTBYIOT H TAKHE [WIK/IbI, HA KOTODHIE HEJb3s HaTAHYTb NJEHKY.
Hanpumep, TOp MOXHO, KaKk Mbl 3HAeM, NPEACTABUTH B BUiE pas-
Cnenus 7, coCTOsALEro u3 YETbIPDEX KJIETOK: OJHOH HYJNbMepHOH, ONHOM
JBYMEpDHOH M ABYX ONHOMEpPHBIX KJETOK («Mepumuan» u «Iapannenpy).
[lpn sTOM BCe KOI(OUUHMEHTH NPUMbIKAHUS PaBHBI HYMIO, T. €. rpanuua
MOGOH KneTkH pamHa nymo. OTciona cleayeT, B 4aCTHOCTH, YTO rpa-
unna oGolt nBymepHol uem pas6uenust 7 pasua HYJI0, U NOTOMY HH
1 KaKylo OTJAHYHYIO OT HYIAd ONHOMEPHYIO Lenb B pasGuenun T
HATAHYTL TWIEHKY #He ynpactcs. B uactsocTd, ¥ mepunvam Topa, #
€ro napaiient Nai0T NPUMEpPbl UHUKJIOB, HAa KOTOPHIE HE/Nb3fl HATAHYTh
PacIONIOMEHHYIO HA TOpE HJEHKY.

Takum o6pasom, MOxHO pasnuyaTh IBA BUAA LHKIOB:

1) mmKab «HecyulecTBeHHbIEY, T. €. LMKJ, HA KOTOPHE MOWHO HaTs-
HYTb TUIEHKY (UM uHaue, HHKJIBl, KOTOpbI€ CAYXKAT I'paHHUAMH HEKOTO-
pbiX uenei);
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2) UMK/l «CYLIECTBEHHBIE», HA KOTOPbIE HENb3sl HATHHYTL HJICHKY.

le/l 9TOM €CJH Pas3HoCTb 21——22 JBYX ((CyLLIECTBeHHb]X)) [UKJIOB
2,, 2, ABASIOTCS HECYUl€CTBEHH B M UMKIOM (T. €. ec/m Haizercs
Takasi wenb X, 4TO 2, — 2, ==AX), TO UMKIb 2, U 2, CHUTAIOTCH «Hecy-
LGCTBEHRRO OT/IHYAIOILMMHICS ApYr OT uapyra. B Tonosoruu roBopsiT
B 9TOM C/y4ae, YTO WHKI 2, ¥ 2, 20MO/L02U%Hbl MEKLY COOOMH.

O6DbeaunRuM Tenepb BCE LHMKJB HEKOTOPOro pastuenust P B KiacCH,
cuuTas [BA LMKNA NPUHAMIEWALIUMH OJHOMY KJACCy, €C/IH OHH TOMOIO0-
ruynsl (T. €. «HEeCYUIECTBEHHO» OT/IMYaANTCH Apyr OT npyra). Mol nonay-
qHM HEKOTOPOE KOJMYECTBO KAGCCOE 20M0.202Uil; UMK, TpHHALIEKAIHNE
OIHOMY ¥ TOMY e Kiaccy, rOMOJOrMYHBI MEW1y COOOH; LHMK/bl, NPHHAN-
nexALMe pasHbM Kaccam, HE roMonordunbi. B 4acTHOCTH, BCE HMKibL,
HA2 KOTOpPHIE MOXHO HATSHYTb MJIEHKH, COCTAB/SIOT OfMH KJAcC, 8 UMEHHO
KAACC IMKJAOB, FOMOJMOTHYHLIX HYJEBOMY LMKnY (HGO cooTHOmeHHe 2==Ax
MOWHO 3anucath B Buge 2z — 0=—Ax). IlosToMy umMKAb, Ha KOTOpbIE
MOXHO HATSHYTb MJEHKU (T. €. «HeCYIECTBEHHbIE» UHKIbY), Ha3blBAIOTCS
TAKKE HUKAQMIL, 20MOAOZULHBIAML HY IO

Eciu uMkn 2, TOMONOTHuEH LMKIY 2, & LHKID 2, TOMOJIOFMicH
unkny 2, (1. e. ecnn z,—2,=Ax,, z,—z,==Ax,), TO UUKN z, -}z,

’ ’

TOMOJIOTHUEH UMKNY 2, --2.:

(2, F2,)— (2, +2) = (2, — 2) (2, — z) = Ax, 4-Ax, = A(x,+x,).

D70 AT BO3MOKHOCTL CKJAAaAbBaTh Mexay cobOf KflacCh roMoio-
ruii: ecm £, u &, — HEKOTOpHIE KNACCHi TOMOMOrui, a 2z, W 2z, — LHKI,
B3ATLIE M3 3THX KNACCOB, TO Mbl BO3bMEM LMK Z,-|-2, H €ro Kzaacc
roMonorui o603nauum ueped & —+§,. K3 ckasansoro BhIUE SHCHO,
4TO ec Gbl MBI BMECTO 2, M 2, B3SAM JPYrue IMKAbI 2] W Z, U3 Tex
we knaccop § u §,, TO cHOBa monyuwdaum Gbl IMKA M3 Knacca & +E,-
Takunm 06pasoM, Kiacc roMonorud, oGO3HAUEHHBIH uepe3 & &, mei-
CTBUTE/IbHO 3aBHCHT TOMBKO OT CaMMX KnaccoB =, u §,, a He OT Tex
UHKIOB 2,, Z,, KOTOpHE€ Mbl B STHX K/accax BHOGUPA/H.

Ornpenenennoe TakuM 00pa3oM CJIOXEHHE MPEBPalllaeT MHOMECTBO
Bcex KnaccoB romonoruii B rpymnny. Hynem srtolt rpynme sBascTCs
Knace nUKAOB, ToMoaoruyHmx Hymio. IlocTpoennas rpynna Ha3biBAETCs
2pynnoii 20Mo0A02U  PACCMATPUBAEMOrO pa3buenusi P u o6o3HauaeTcs
uepes H,(P); umcio r mnoOKaswipaeT, KAKOH pasMEpPHOCTH LHMKIBI HaMH
paccMaTPUBANUCH: TPH PACCMOTPEHUM HYJbMEPHBIX LHMKIOB Mbl TOJTYyHaeM
HyibJiepHylo zpynny ToMosoruit H (P), npu paccMOoTpeHUH OIHOMEPHBIX
LUHMKIOB — 00HoMepryIO 2pynny H (P) v T. n.

Ecau mbl 0603rauum yepez Z, (P) MHOXECTBO BCEX r-MEPHBIX LHKIIOB,
a uepes B, (P)— MHOXECTBO BCEX r-MepHbiX Lenei, Kamaas M3 KOTOPHIX
sBAsieTcsl rpanuiedt nekotopofi (r--- 1)-Mepuoil nenu, TO 3aMETHM, HTO
Bce muoxecTBO B, (P) comepwures B Z, (P) (tak kaK rpanuua moboit nenu
ssasieTcst Luknom). Tlpu stom muowectsa Z.(P) u B, (P) npencTasasior
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A)

coboit  zpynnet, W00 CcyMMa M pa3nOCTL JBYX LHKJIOB  SIBJSIOTCH
LMKIaMH, a CyMMa H pasHoCTb ABYX IPaHULl SIBAAIOTCS rpanduaMi. Muaue
rogopsi. B,(P) ects nodzpynna rvpynnsl Z,(P). Mb o6benunsiem asa
UHKI4 2, 2, B OAWH Kjacc TrOMOJIOTHIT TOrZa ¥ TOJBKO TOraa, Koraa
pasrocThb 2, — 2, npunapiexut noarpynne B (P). Tlostomy (cm. ctp. 137)
K 2QCChL 20 MOA02UI AEAAIOMCS daeMeHmamts haxmop-zpynns. Z, (P)|B, (P);
C/IOWEHHE KNACCOB rOMOIOTHIl TaKke COBNANAET CO CJOMKEHHEM, YCTa-
HaB1MBaeMbM B (paxtop-rpyrne. TakuMm o6pasoM, HOSCHEHHOE BhLILIE Onpe-
Le;IeHHEe TPYTIEE TOMOJIOTHE MOXHO CPOpMYINPOBATL TAKHM 06PA3OM: r-Aep-
Has zpynna zononozuir H_(P) onpedessiemcs xax baxmop-zpynna

Z,(P)/B,(P). (4)

OcHoBHBIM  aKTOM TEOpHH romMOJOrHi SBASIOTCS (IOBOABLHO CJOWHO
IOKa3LiBaeMasi) TEOpeMa O TOM, YTO 2pPYNNsl 20MOAOZULl  SIGASIOMCS
mononozuteckumu uHsapuowmani. bBonee mnonno: rpynna H, (P) ue
3aBUCHT OT BbIOOpa pasOucHUS MONUMPA HA KIAETKH, a OMNpeaensieTcs
CaMMM 3THM NONUSAPOM; roMeoMopdHHe Meway coGoil moausapbl HMeIoT
oauHakoBbie (M3oMop(HbIe) rpymun romosnoruit. OTcloma, B 4YacTHOCTH,
ciejyeT, 4TO LA BBIYMHUCJAEHUS IPYNN TOMONOTHH HEKOTOPOro MOJH-
9Apa MOXKHO B3Tb JN1000e ero pa3dHeHHE Ha KJIETKH, KOHCYHO, CJie-
OyeT CTapaTbCd HAWTH BO3MOXHO Oojlee npocToe pasbuedue, uToONI
BLIYUCJIEHUE TPYNO rOMOJOTHHA Obl10 Haubonee JEerKum.

Mpumepwn

1. BoluvcnuM rpynne romonorufl (nBymepnoit) cpepm S*. Ca-
MO€ NpoCTOe paszbuenune cepbl HAa KAETKH CONEPIKUT TOJBKO I B € KICTKH:
OAHY BepIMMAY @ ¥ 0AHYy rpanb. OnHoMmepHHX KJI€TOK 3TO pa36GHenie
COBCEM HE COAEPXKHT; HOITOMY rpynna ogHoMepubix neneit L, (S?) tpu-
BHAanbHA (T. €. MMEeTCH JHIb OAHA OLHOMEpHAS UeNb— paBHasl HYJIO).
[losToMy nMIIb OAMH HYJABMEPHBIH LMKJA, @ HMEHHO pAaBHKII HYJIO,
siBIsieTCS rpanuueil onnomeproil uend. Ho Bce HysnbmepHble uenu sBsS-
JOTCH UMKAamu (Mo ornpejpeneHdio ni06asi HynbMepHas Lenb UMeeT HyJe-
ByI0 rpanuny), T. e. Z, (S*) =L, (S®). Tlockonrky, Kpome TOrO, rOMO-
JIOTHYHBIX HYJIO [HKJIOB (KpPOME HYJEBOrO). HET, TO ¥ rPYNNa roMOJOrHi
H, (S*) cosnanaer ¢ L, (S*). D10 cneayer u3 toro, 4to FH, ecthb dax-
Top-rpynna rpyms Z, — L, no noarpynne B, KOTopas B HaueMm ciayuae
COCTOMT JIMIIb M3 OAHOrC 3/1eMeHTa — HYNA. Ho kawpas AynabMepHas
nenb MMEET BHA @, riae o — lenounciennnit koshoguunent. [lostomy
rpynna M, (8*) coenanaer (u3omopdna) C rpynnoit uennx uncen
{T. e. siBAseTcs CBOGOAHOI UMKIUuecKOl rpynmoii).

Ianee, u3z Toro, uro L, (S?)=—=0, BHTeKkaeT, uTO BCE IByMEpHBIE
Henu sBAsioTesl nuknamu, T. e. Z,(S8*)=L, (S§*); roMonornussx xe Hymo
IBYMEpHBIX Lenei (Kpome nyneBoi) nmeT (T4aK Kak HeT HHM OOHOH Tpex-
mepnoil knertku). OTciona, Kak ¥ Bulwe, cheayer, uro rpyiuna M, (S*)—
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=1,(8%) coBnamaeT ¢ rpymnoi uenbix uucen. Ipymna e FH, (SF)
TPURMAJIbHA, TaK KAK TPUBHa/bHA rpynna uenei L (S?).
Ycnosumcs o6o3nayaTh yeped Z rpynmy neisix 4ucen (cBoboauyio
unKInueckyo rpynny). Torpa Mul MOXeM Hanucathb
H, (82):H2 ($* =2, H, (8*)=0. (9)
[CoBepiienno TaK e DOKA3HBAETCH, YTO TOMOJIOTMH A-MEPHOH Cdepnt
S" umeror Bua H (S")=H,(S")=Z n H (S")=0 npu r=£0, r<~n].
2. BbluHCauM Tenepb roMoJaorud mopa P,. Vcnonb3aysa paccmoTpenHoe
paHee pa3GHEHHE TOopa HA KJIETKH '), Mbl HAXOAUM, HTO J/06ast IByMep-
Has Lenb UMEeT BHA o.g, mobas oamomepHasi — sun B,r, -+ fB,r,, a modas
nyJabMepHas — BUL Y&, A€ &, B, B,, ¥— uerounciennbie KosQQHIMeHTH.
Tak kak Bce KO3 PUUHEHTH HPUMBIKAHUA pPaBHHI HYMO, TO rIpaHmia
aoboit yenu paHa Hyso. CnenosaTeNbHO, BCE LENH SIBJISIOTSS IHMKIAMH,
a UUKJIOB, FOMOJNOFUYHHIX HYyMO (kpome HyneBoro)—wueT. [losTomy

Ho (Pl):Lo (Pl)’ H1 (Pl):Ll (Pl), Hz (Pl):Lz (PI)Y

trak uto H (P,) n H,{P|) sBasioTcs CBOOGOLHBLIMM UHKIHYECKAMH rpyI-
nami, a rpymna H, (P,) ofpa3osana napamu ueibiX 4uces, T. €. SIB/AETCH
npaaoil cymmoit IByX rpynn Z (AaM, 4TO TO We camoe, CBOOOAHOR
afeneBoil rpynnoit ¢ nBymsi 06pasyioilUMu). ITO MOWHO 3arnucaTh Clje-
AYIOLHM 00pasom:

I‘I‘J(Pl)_—_‘ff2 (Pl)_—_—Z, 1‘11 (Pl)=Z+Z_ (6)

[BykBanbuo Tak e, HCHONBL3YS KAETOUHOE PA3CHEHHE OPHEHTHPYEMOil
nosepxnocTH P *) (T. €. cdepbl ¢ m pyukamu), Mbl NOAYYdeM CJACAYIO-
Ui pe3yabTat:

H(P,)=H,(P,)=2Z, H (P,)=Z+Z- ...} Z(2m cnaraemix), (7)

rne Z-+Z-+ ...+ Z o6osnauaer npsimylo cymmy 2m rpymi Z, T. e.
cBoBoaHYy0 abeneBy rpynny ¢ 2m 06pa3yl0ummn.]

3. M3ayuumM, naxonew, romM0j10ruy NpoeKTHUBHOR maockoctu N,. Kak mu
puneny Ha ctp. 114, cylmecTByeT pasGuenue NPOEKTUBHOH MJIOCKOCTH Ha
TpU KIeTKH @, r, £ (pa3mepnoctedt 0, 1 u 2), npuuen kosdduuHeHT npu-
MbIKaHUs rpaHd g K pebpy r paBen —-2, a ko3QPUIHEHT nNpUMBIKAHHS
pe6pa r K BeplIMHE @ paBeH HYn0. Mol BbiGepeM TaKHE OPHEHTALMH KIETOK,
wT06H KOI(PUIMENT npuMbiKanust rpanu g K pebpy r Obin paBen —-2.
Llenu pasmepuocteit O, 1 u 2 B 3TOM KJICTOYHOM pa3GHEHHUH UMEIOT BHA

xo:aa, x]:pr, x2:'¥g’

rae a, B, y— UEJOYHCIACHHLIE KOS(P@HIMEHTE, a HUX TrPaHHIbl JIErKO
BLIYUC/AHTD, 3Has KOSGQUIHEHTH HPUMbIKAHUSA:

Axo=0, Ax =0, Ax,=2yr. (8)

) CM. «MatemaTHueckoe mpocsellle€HHe», BbIN. 4, cTp. 42,
2) CM. 1aM xe, cTp. 44.
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Hepeuie n8a u3 coorHowenuit (8) mnokaabBaioT, uyTo BCe HYJbMEpHBIE
UCIH SIBASIOTCS  UMKAAMH, @ LMKIOB, TOMOJMOIMYHBIX HYJIO (KpOME Hyne-
Boro), neT. Takum o06pa3om, H,(N,)=Z. Tlocneanee u3 cooTHowe-
nuit (8) mokaswisaer, uto ecau x,7#0 (1. e. y5£40), T0 u Ax,=£0,
T. €. HMKaKad OT/au4Hasg OT HYyJis1 IBYMEPHAs Uenb HE SIBJIfAETCH LHHUKJIOM,
n notomy H,(N,)—0. Octactcst BuuMCAUTD OLHOMEPHYIO IpYINY rOMO-
Jordii. BTopoe u3 cooTHOmEnui (8) nokaswiBaeT, 4uTO BCe OINHOMEepHhHIe
UCTH SIBNSIOTCS UMK/IAMH; M3 HHX TOMOJOTHYHBL HYJMIO Te, KOTOpHIE (kak
NOKA3bIBAET TPEThE M3 COOTHOWEHUH (8)) HMEIOT uYeTnwie KoahpruueH TLI.
Takum o6pazom, H,(N,) ectb ¢axtop-rpynna rpynnsl Z UeNLX uucesn
tO moarpynne 4deTHbix uucen, T. e. H (N,) ectb Zpynna svivenos no
M00y 10 08a. Wrak,

H (N)=2Z, Iil(Nl):Zz’ H, (N,) =0, (9)

rne Z, ecTb OGO3HAYEHHE TPYIiAbl BHYETOB MO MOLYJIIO HBa.
[lpenocrasnsiem wutatemo ycranosutnb, uToO NPOEKTHUBHASI MJIOCKOCTH
NoO MOAYMO m — 0003HAYUM e€e Yepes Q,, — MMERT CJIenyIOUIHE FOMOIOTHH:

H(Q.) =%, H(Q,)=Z, H,(Q,) =0, (10)

rae Z,—rpynna BHUYETOB 1O MOLYJIO /1.

OGpatum BHUManue 4UTATENsl HA TOT $aKT, YTO HypaepHas rpynna
TOMOMOrUH Obl1da BO BCEX pPACCMOTPEHHBIX BHILIE npuMepax CcBoGOoHOMN
muknpueckoi. OkxasbiBaeTcst, 49TO BOOGUIE ST MOGOTO CBS3HOZO HONH-
8lpa Hy/AbMepHast rpymma romosioruél papsa Z.

Ecmu we nonusap P He cesizen, T. e. COCTOHT M3 HECKONBKHX AOM-
nowenm'), 10 rpynna H, (P) wumeer sun Z4Z+4...+2Z, npuuem
“HCN0 CaaraeMbix B 3TOH npsiMOH CymMMe paBHO 4YHCAY K KOMIMOHEHT pac-
CmatpusaemMoro nonusapa (r. e. H (P) ects cBoGomnas abenesa rpynna
¢ k obpasyowpnmu). [lpenoctaBuM 4uTaTeno caMOCTOSITENBHO IOKa3aTh
3TH YTBEPIKIEHUS.

Yucna BeTtTu u sitnepona XapakTepucTHKa

B ofiem cnyuae rpymnna romonoruit H_(P), rne P— nekotopoe pas-
‘Guenue, umeer Bun H (P)=Z-4+Z-+4 ...+ Z+K, rne K—xkoneu-
Has rpynna. Yucno ciaraembix Z B 9Toff npsMoil cymme (T. €. pawz
rpynnst H, (P)) vaswiBaetca r-mepusiam wuciomn Gemmu %) pas6uenus P u

0603Ha4aeTcst yepes p,.
Hanpumep, uncna Bertn opuenTupyemoil rnoBepXnoCTH P, wumeror

cnenyiouwme 3nadenus [em. (7)]:
p,—1, p,=2m, p,=—1. (11

1) CM. «MatemaTuyeckoe mpockemienves, BhM. 2, cTp. 11.
%) TepMun uucna Bemmu 6bin BBenen A. Ilyankape, KOTOpHIH npumucan
HTAIbAIICKOMY MareMaTHky BerTu cBOM sameuaTesblble OTKpHITHS.
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Jlanee, npoeKTHBHAS MIOCKOCTL UMEET caeayloume uucia Berru [em. (9)]:
pozl, p1:p2:0' (12)

Kak ¥ rpynnel roMosiorui, uucna bBeTTu sBAMIOTCH TOMONOTHYECKHAMI
MHBApHAHTAMH PacCMATPUBAEMOr0 NOJAMSIPA U, B Y4CTHOCTH, HE 3aABHCHT
OT BLIGOPA KIETOUHOrO pPA30HCHHHA.

B riaBe 3 Mbl pPAacCMOTPEIH BaXKHbIH TOMOJOrMYECKHI HHBApUANT,
Ha3bLIBAEMbIH 3ii1epogoil xapaxmepucmuroi. Lns nBymeproro pasduenus P
sitiepoBa xapaktepucTuka X (P) onpeaessiach PaBeHCTBOM

X(P)=TI—P-+B,

rne I”— uucyo rpauneii, P— uncno pebep, B— uncno sepiunn. B obuiem
cayuae 3UIepoBa XapaKTepUCTHKA ONPEACISeTCH PABEHCTBOM

X(P):Z(— 1) a,

rie o, €CTb 4YHC/IO F-MEPHBIX KNeTOK pa3buenust P (Tak uto a, =215,
o, =P, o,=1T). OxasvBaeTcs, YTO LLPOBA XAPOKIMEPUCIIUIQ MOJiCem
Onimpb spHUCACHA € nomolybio wucen bemmu; umenHo, Useem secmo

dopaysra
Py =2 (=1 p, (13)

r

rae p, ectb r-vepsoe umcio bertu nommsapa P. Tax kak uncna berti
TONONIOrMYeCKY HMHBApHAHTHH, TO U3 (opmyas (13) caenyer, yto diae~
POSQ XAPQKMEPUCMUKG MAKICe ABASEMCST  MON0A02ULECKIN  UHBQPUAH~
mox. OTMeTHM, uTO C nomoublo dopmyis (13) MBI MO¥EM nerko
BLIUHCAMTH DilJIEpOBLI  XapaKTEpUCTHKH noBepxuoctedr P, n N,. leii-
CTBUTEAbHO, Hcnoab3ys ¢opmyas (11), (12), noayuaem

L(P)=1—2m}1=2—2m,
L(N)=1—040—=1 }

B MOJIHOM COOTBETCTBUM C BbIYUCJEHUSIMH, NPOBCACHHLIMA B IJIaBE 3.

(14)

§ 9. HexoTopble MPHJIOXKEHHS] TEOPHH TOMOJOTHI

Bhiie 6bi10 NOKa3aHo, YTO SHAEPOBA XAPAKTEPHCTHKE SIBASIETCH MOHS-
THEM 'OMOJNOIrH4YecCKHUM, ﬂpyl‘HM BAXHLIM rOMOJIOTUYECKHUM [MOHATHEM
SBISETCS] MOHATHE CTENMEeHH OTOOpaxenus, o KOTopoil Oyner cka-
3aHO0 B 3TOH raase. B manbseifuieM Mbl paCCMOTPHUM HHTEPECHBIC reoMe-
TPHUYECKHE HNPWIOKEHNSE STHX TNOHATHH.

BexkTopHbe moass HA NMOBEPXHOCTH

BaHblM NPUMEPOM TNPUMEHEHUS 5HNepoBoil XapaKTepUCTHKU CIYKHUT
Teopema_[lyankape O BEKTOpPHbIX [OJNAX Ha NOBEPXHOCTsX. PaccMoTpum
KaKy10-Tu60 OpHEHTHPYEMYIO TMOBEPXHOCTh P, [NajKo paCroNOKeHHYI0
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B IIPOCTPAHCTBE, T. €. TaKyl0 MOBEPXHOCTb, KOTOPAS B KawmaoH cBOeH
TOYKE HMCET KaCaTeNbHYIO IJOCKOCTb (M, HHA4Ye, HE HMeCT JHHUH U
TOUCK «H3JIOM3a» — TaKHX, HanpuMep, Kak pebpa u BEPIUIMHKE MHOTOrpPaH-
HHKOB). [lpumepamn rnanknx MOBEPXHOCTEH MOrYT CIAYXKHTb OGHIYHUS
Cepa, TOp WIH «KpPEHTENbY (puc. 137, 140 na crp. 107, 109). IMocTa-
BHM TCMEPb CJCLYIOULYIO 3a7a4y: MOXKHO JH Ha BCel NOBepXHOCTH P

Puc. 159,

MOCTPOUTL HENMPEpPHIBHOE TMOJC HalpPaBAeHHH, T. e, BHIOPATh B KawI0H
TOYKE TOBEPXHOCTH TaKOe KacaTesJbHOE K I1IOBEPXHOCTH HATIpaBJeHue
(n300paxcaeMoe CTpPeJKOH Ha 3TOH [IOBEPXHOCTH), YTO MPH Mepexomne OT
TOYKM K TOYKE HanpasjieHHe CTPCAKH MeHseTCs HenpepouiBHOo? Ecuu,
HATIDHMED, Ha cdepe MH  BO3bMEM CTpEJKH, HOYWHE B KaxuIOH TOYKe
C Cesepa Ha tor (puc. 152, @), 10
BCIOLYy, KpOME 1OJIOCOB, Mbl TOJY-
YHM HenpephiBHOE fose Haupasie-
HUH, HO B HOJIOCAX MBI 'HE CMOXEM
BHIOpaTh HanpaBieHus, HENPEpPLIBHO
CBsI3dHHbLIE C HANIPABJCHUSIMU B OJIU3-
Kiux Ttoukax. To xe Oyner, ecnu
B KAWIOH TOYKe MLl BO3bMeM Ha-
npaBjeHue CTpeskKW C 3anamga Ha
BOCTOK (puc. 152, 6). Takum oGpa-
30M, NOCTPOCHHE HENPepLIBHOrO MO8 HAanpaBAeHHH Ha gceil cghepe BeTpe-
HaeTt 3atpynuenns. Ha tope e none nanparnenmii CTPOHTCH JIerKo —
CM., Hampumep, pHc. 153. _

ByecTo noneit manpamnennii  mMoxcuo pacCMaTPHBATDL nOAsT Kacameb-
HbLX 8eKNMOpOs, CHOPMYANPOBAB 3a1auy CHEAYIOUIHM OOPA30M: MOWHO JH
B Ka)XXIOH TOYKE noBepxHoCcTH P BLOPaTh TaKoi HEHYIEBOH BEKTOP,
KACAOUMACS MOBEPXHOCTH B 3TOH TOYKe, YTO npH epexoiae OT TOYKH
K TOYKE 3TH KacaTe/lbHble BEKTOPHl MEHSIOTCS HENpephiBHO?
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Peuienne 3Tux 3anau 6ui10 nano Ilyankape: na nosepxrnocmu P mozoa
U moAbKO mozoa MONHCHO 8biOpams HenpepsisHoe nose Hanpagaenuil (U
HenpepuleHoe noJ/e HEHYNeB8blX KAcamesbHblX 6eKMopos), K020a 3iiaeposa
xapaxkmepucmurxa nogepxHocmu pasHa Hyswo. W3 dopmynn (14) cne-
LyeT Ternepb, YTO eOUHCMBEHHOIl 3aMKHYMOI O0pUeHMUPYeMOiL 1106¢pX-
HOCMbIO, HA KOMOpPOLU MOJXHCHO 3a0Qmb HenpepblBHOe HoJe HANpa8AeHll,
sgastemcss nosepxnocms P, T. e. Top. Ha cdepe xe HeBO3IMOKHO
3a1aTb HeMpephiBHOE [MOJe Hanpasjenuih. IToT Gakt HHorna ¢opmyJin-
pPyIOT B BIlIe CJENYIOLUIEH «TEOpeMbl O €Xe»: €eCJH H3 KawaoH TOUYKH
IOBEPXHOCTH chepHl pacTeT «KOJI0Y-

« N
Kd» (HeHyneBOH BekTOp, He 00si3a- /
TeNbHO Kacawouwwuica cgepsl) U Ha-
IIPaBJEHUST  «KOJIOYEK» OT TOUKHU /

K TOYKE MEHSIIOTCA HENpepbiBHO, TO
HAUJCTCH XOTHA Obl O HA «KOMOUKA»,
HAlIpABNEHHAS TMEPNEeHIUKYJ/SIPHO K
cepe. JedicTBUTenbHO, ecqn Ool
BCC «KOJIIOYKH» ObI.IM HANpaBjieHbl
He MeprneHaIuKkynapHo K cdepe, TO,
CNIPOCKTHPOBAR  KAXIAYI0  «KOJIOU-
Ky» MK Ha KacaTtenabHyl0 I11OC-
KOCTh, NPOBENEHHYIO B TOH TOUKe,
H3 KOTOPOH 3Ta «KOJIOYKa» pac-
TeT (puc. 154), Mbl noayuunu Gul
Ha BCCH cdepe HENpepuniBHOE I10Jie
HEHYJICBBIX KacaTeNbHLIX BEKTOPOB,
4 3TO HCBO3MOXHO.
Kak Mbl rOBOpHAHM BHILIE, TMPH Puc. 154.

NONBITKC NOCTPOEHUsI MTOJIsT HanpagJe-

HUi Ha 6cell cghepe BO3HMKAIOT 3aTpynHenus. Tak, na puc. 152 nokasanul
1o/ HanpaBJ/ICHHH, OnpenesieHHbie BCIOAY, KpoMe MNoJocoB. B monocax ke
BLIOpATh OMPENEeNIEHHOe HANpaBleHHe He yJaaeTcCs, TaK Kak BOJMH3H
9THX TOYEK CTPEJKH HAanpas/eHhl B pa3Hble CTOPOHHLI; TaKHe TOUYKH HA3HI-
BalOTC OCOOLIMM TOYKaMH mnonsd Hanpasiaenuit. JIpyrux oco6uix
ToueKk (KpoMe roO/I0COB) Yy rmoJeH HampaBaeHud, H300paKeHHLIX Ha
puc. 102, ner. Ha puc. 155, @ u 6 mokasan BHA STHX nNoneil Hanpas-
neHni BOAM3M CEBEPHOro mnoJjmca, a Ha puc. 155, 8 muzobpaxen 6Gosee
CJIOXHBIH MpHMep 0coO0H TOYKH (Tak HaswiBaemoe cemuo). [lposesem
Tenepb MAJEHbKYI0 OKPYXHOCTb C LEHTPOM B O0COOO¥ TOUKE U MOCMOTPHM,
KaK HalnpaB/leHbl BEKTOPL B TOYKAX 3TOH OkpywHocTH (puc. 156, a, 6, 8).
Ecnn Mpl onuH pas o6oiiieM 3Ty OKPYXHOCTb IPOTHB 4YacOBOH CTPEJ]KH,
TO 3aMeTHM, YTO B CAy4yasix @, 0 HanpaBlAeHUs BEKTOPOB TaKKe CoBep-
maT OAMH IMOBOPOT NPOTHUB YaCOBOH CTpesNkKw, a B cayyae
8 — OIMH MOBOPOT, HO yXe N0 yacoBO#H cTpenke. Booldute, ecnu
Mbl 00OHZEM MaJIEHbKYI0 OKPYXHOCTb C ILEHTPOM B 0CO0Oit TOYKe, TO
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BEKTOpHI, WMeIouIHecsi BIOJb 3TOH OKPYKHOCTH, COBEpPLIAT HEKOTOpOe
1ie0e 4ucao £ oOOpoTOB (KOTOPOE Mbi CUMTAEM MHOJOKHMTEAbHLIM, eCJH
BEKTOpPHI COBEPIIAIOT HECKOJbKO OOOPOTOB B My Jice CHMOPOHY, B KAKYIO
MLl JIBIDKEMCS 110 OKPYXHOCTH, ¥ OTPHUATENbHBIM — B [IPOTHBHOM, CJlyudae).
ITO 4YHMCAO K Ha3bIBATCSI UHOEKCOA PACCMATPUBAECMOR 0COGOH TOUKH.

} FHENY
NS TN //”’M\\\
~ \ o o ~ X YAV R BN
N T / TN\ AN
S R i A
7S VAV /)y EFTTSEEE
-~ ~N
AR N S ~O0i
/o \\ \\:: ~ N \HH////
Ly 9 Nl £ g
Puc. 155.

Takum oOpa3oM, ocobule TOUKH Ha pHC. 156, @ U 6 UMEIOT HMHICKC -+ 1,
a ocobast Touka Ha puc. 156, 6 — nugekc —1.

Teopema Tlyaunkape B Gonee mnonHoil pOpMynHPOBKE yTBEpKJIAET, 'ITO
ecau Ha nosepxnocmu P 3a0ano nose Heny.esbix KacamensHbix 8exmo-
po8, HenpepvigHoe 6CI00Y, KPOME KOHEYHO2Z0 HUCAC 0COObIX MOYeK, mo

AR,

\,\/\ <, \,\/ “T N~ N /"I‘LL\\
- ' e AN
— r’/ \ -
A o : - —

T AN TR
~ o B P \\ V4
T S Yy
Puc. 156.

CyMMa UHOeKCO8 6BCex o0colblx mouex pasHa 3ilaeposoli xaparxmepu-
CcrnuKe paccmampuBaenroll nosepxHocmi.

Murtepecunie M Baxinie 0600uiendst 3Toit Teopemn [lyankape Goian
Halilens 32 pyGexom Xondowm, Lltudenem, Yuruu, CTunpomom u apy-
rUMH mMaTematukamu, a y svac — JI. C. IlouTparusbiMm v ero yuyeHikamu
M. M. [loctunkoBbiM, B. A. PoxaunbiM, B. . BoaTanckum n Ap.).
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CTenenp oTo6paxenus U teopema laycca—bonne

ITyctb P u Q— 1Be OpHCHTUpYyeMble [OBEPXHOCTH W Jf— HenpephiB-
HOE OTOOpa)EHHEe MOBEPXHOCTH P na nosepxuHocth Q. Otobpaxenue f
MBI He TIpeamnonaraem romeomop(pﬂbm MOYHO MpencTas/siTh cebe, yTo
NOBEPXHOCTh P Kak-1ub0 «HaNoKe-
Ha» Ha TMOBEPXHOCTb (), ObITH MO-
MET, Pacro/arasiCb Ha HeH HeCKO/1b-
KIUMH «CJOIMH» U 00pa3yd CKJaJkH.
Mn 6ynem npennoaaratb, 4TO [O-
BepxHoctTn P 1 Q opuenmuposatsl,
T. €. B KaXIOH TOUKe IOBEepPXHOCTH
BLIOPAHO Hanpasnenue obxona (3ana-
BaEMOE CTPEJIKOH HA OKPYXKHOCTH H Puc. 157.
COrJIACOBAHHOE B OJIH3KHX TOUYKaX
HOBEPXHOCTH, prc. 157). Ecan unexoTopwiii Kycok mnosepxuoctu P ¢ mo-
MOLLBIO OTOOpaweHns f HAaKNALLIBAeTCS HA KYCOK MOBEPXHOCTH Q TaKHM
00pa3oM, uTO CTPEJNKH, COOTBETCTBYIOUIHE OpPHEHTALHM [OBEPXHOCTH P,

nepexoasiT B CTPeJaKH, COOTBETCT-

p BYIOUIHE OPHEHTAUHMH [OBCPXIOCTH
SO Q (puc. 158, a), 10 roBopsit, uTO
H4 pacCMaTpHBaeMOM KyCKe TOBepX-
HocTw P omodpajxcenue f nono-
aocumesbHo. Ecnm  xe  monyuaio-
LHeCH HamnpaBleHus] CTPeJIOK 1po-
TUBOIMOJIOXKHBI TeM, KOTOPble UMEIOTCH
HA 1OBepXHOCTH Q (puc. 1958, 6),
TO Ha paccMaTpPUBaeMOM  KyCKe
IOBEPXHOCTH oOTOOpaxenne f om-
punyameasro. Ilycth, Hanpumep,
7 HEKOTOPBLIH KyCOK MOBEPXHOCTH P
. s npu ortoOpawxenun f obpasyer
o (O LR cknanky (puc. 109); Torna Ha onHo#M
y , WY YacTH 3TOr0 Kycka otobpawxenue f
SHO 9 MOJIOXXHUTENbHO, @ HA NPYrOH — OT-
R pruuatenbHo. Bo3bMeM Tenepb Ha
“%A? MOBEPXHOCTH (J HEKOTOPYIO TOYKY
g y M manenbkuit Kpywok K, conep-
Z Xaumi Touky y. Bo3bmem Bce Te
Puc. 158. KYCKH MOBEPXHOCTH P, KOTOpble 0TO-

OpaxarTcd Ha Kpywok K, u npen-

MONOKHM, HYTO BCe OHM oToOpaxaioTcs Ha K romeomopdno, mnprueM
YUCIO T€X KYCKOB, Ha KOTOpPHX OTOOpaweHHue jf IMOJOXHTCNIbHO, PABHO p,
a YUCJIO KYCKOB, Ha KOTOpLIX OTOOpaxeHue f OTpHLATENbLHO, PaBHO 7.
B stom cayyae 4ueno p-—n HaspiBaeTcd CTENEHbIO OTOGPAKEHHS f

~ >
O K
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BO.M3N TOukH y. Muaue rosopd, creneHn, OTOOpakeHHMsI paBHa YHCIY
C70€B, MOJOXHUTENbHO HAKNAALIBAIOLIHUXCS HA TOYKY Yy, MUHYC YHCJIO CJIOEB,
OTPHUATEJLHO MOKPHLIBAIONX TO4Ky y. HeTpyano nowusTh, 4YTO CTeneHb
oTo6paxennd f odunaxosa BONMM3NW J0OOH TOukH mnoBepxHocTH . Heii-
CTBUTE/NIbHO, ecau Mbl OymeM repeMellatb TOYKY y MO MNOBEPXHOCTH (),
TO YHcAa p M n OYAYT MEHSATHCA AHIbL IIpH 1IPOXOXKAEHHMH 4vepe3 Kpah
cKka1anku, npuuem o6a uyucna Oyayt JaubO YBeIMUYHBATHCHA HA eIMHUILY,
nu60 yMeHbUAaThCsl, T. €. Pa3HOCTb p— 7 OyneT OCTaBaThCSl HEH3MECH-
Hoit. TTo3TOMy MOXKHO TOBOPHTB NPOCTO O CmeneHu omoOpaMdcesus, e

p
(G )
<
fl <
] q
S O >
S > ()

Puc. 159.

yKasniBasi, BOJIM3M KakoH TOMKH T1IOBEPXHOCTH () 3Ta CTCMEHb BLIYH-
casieTcsd. 3ameTHM elle, 4TO ecaH oToOpawenue f OyaeT HelpepbiBHO
MeHATbCs, <«aAedOopMIPOBATHCA», TO CTECMNEeHb ¢ro Takwke Oymer octa-
BATbCSA HEU3MEHHOH; 3TO MOXHO HOSCHHTb, 3aMeTHB, 4TO 00pa3oBanue
HOBLIX CKJAJOK HJAH pAacnpaBieHHe HEKOTOPHX CKAALOK CTelCHH He
mensieT. ([Ipy omicannu creneHd OTOOPaXEHHMSi OMHOH NOBEPXHOCTH HAa
APYryIO0 Mbl OrPaHHUYMINCH CaMbIM TIPOCTBLIM W HACASAHBIM CJyYdeMm, KOrjia
oTOOpakKeHHe HHKAKHX «0cOOCHHOCTeH», KpOMe CKIaioK, He IHMeeT:;
oflee 1 TOUHOE onpeleneHne CTENCHH OTOOpPaxeHHs MOXKeT OLIThb HAHO
C NOMOILbIO I'OMOJOrHi.) -

[IpumeHuM Ternepb MOHATHE CTEMNCHH OTOOPAXEHNs] K JOKAa3aTelbCTRY
ONHO# WN3siUlHOH (OopMyJabl, KOTOpas H3BeCTHa B nUd@epenusasbHoi reo-
METPHH 101 Ha3BanueMm meopessl [aycca— boxHe. Bcnomuum npewie
BCEro MOHSITHE KPHBHU3HH KpHBO#H aunnu. Ilyctb L — HexkoTOpast nunus
H x —ee Touka. Bosbmem Ha nnuun L sebonbwylo ayry x'x”, sakumo-
YAIOILLYI0O BHYTPHU ceOs TOYKY X, M nposenem Hopmaan x'y u x"y’,
T. €. BeKTOpbl, HaUpPaBNEHHHE NEePINEeHNHKYIPHO K JuHHH (puc. 160).
Ecau o — yroa mexay 3THMH HOpMansiMH, a §— IJWHA AOYrH x'x”, TO

a
OTHOWIEHHE — BHPAWART «CPEIHIOI0 CKOPOCTH TIOBOPOTA»  HOPMAH i

a
KaxXI1ylr0 C€IUHHIY IJIHHB AYIrH; OTHOUIEHHE ? HA3bIBAIOT cpedm’ﬁ. Kpu-

susnoil nyru x'x” nuaun L. Ecan mp OyneM OpaTb BCE MEHBIUHE W MEHb-
WHe Ayri JHHuN L, 3akjouyalouie TOYKY X, TO CPeIHHE KPHUBHU3HH STHX
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oyr OynyT npubimKaTbCsl K HEKOTOPOMY 3HAUEHHIO; 5TO 3HaueHnue (npe-
Jen cpelneil KPUBH3HEI IPH YCJOBHM, YTO IJHHA Nyru X x” npuGmbkaeTcs
K HyJI0) HaswBaercst wpususHoil nuavn L B Touxe x. Hemuoro BHzous-
MEHSISl TO ONpPEAEseHHEe, MOXHO ONHCATbh KPUBHU3HY CAELYIOUMM 0OpazoM.
Ilposenem oxpymuocts C papmuyca 1 ¢ uentpom B Hekotopoh touke O.
Kawno#t Ttouke x JudHuM [ 1NOCTABUM B COOTBETCTBHE TAKYI0 TOUKY
z=f(x) okpyxknoctu C, uro otpe3ok Oz napaineseH HOpMaiH K JUHHK L
B TOuKe X. B pesynbTate Kawjo# ToOuke auuuk L nocTasnéna B COOT-
BETCTBHE HEKOTOpPasi TOUKA OKPYIKHOCTH, T. €. MHl TOJyuaeM HEKOTOpPOe
omobpadacenue f nuamn L wa okpyxvocTb. Ecmu 2w 2" —Te TOUKH

Puc. 160.

okpyxnoctd C, KOTOpbEe COOTBETCTBYIOT TouxkaM x' ¥ X" nausuu L, 10
nauna nyru 2’z uncnenno passa yray 2'Oz”, T. e. yrily o MEXny HOp-

U

(4 v a
massint x'y" u x"y" (puc. 160). Ilostomy orHoiLenue < PaBHO OTHOLUe-

o e ayr 2’2" u x'x". Urtak, ecaw x'x"— myra nupmp L, comep-
kaulash TOUKy X, a 2'2'—f(x'x") ee o6pa3 npu OTOGpamenuu f, TO
oTHOmMICHHE JAanH  ayr 2’2" u x'x" crpemutcss K KpHsM3He nWHuMM L
B TOUKE X, eCJu Ayra x'x” CTArMBaeTcsi K TOYKE X.

Ananornuno onpeneisieTcs KpususHa nogepxrocmuy. Ilycts /T— neko-
TOpast MOBEPXHOCTb. s Toro 4tolHl ONpenesuTh €e KPHMBH3HY B HEKO-
TOPOH TOYKE X, MH pPAaCcCMOTPHUM 2aycco80 cgbepunecioe OTOOpAKEHUE
nosepxnoctd /7 na cdepy panuyca 1. Crpontcsi OHO caenyouwy obpa-
30M. BeifepeM HEKOTOPYIO OpPHEHTALMI0 NOBEPXHOCTH [/ M M3 Kaxmoi
TOYKH X 3TOH NoOBepXHOCTH nposeneM K Hell HopManb N (x), T. e. enH-
HUYHBI  BEKTOp, HanpaenenHnlt Takum 006pasoM, 4YTO U3 €ro KoOHua
cTpenKa, COOTBETCTBYIOUlAsl OPHEHTAUMH IOBEPXHOCTH, HAGNIOAAETCS UAY-
uleit NpoTHB uacoBo#t cTpenku (puc. 161). Bossmem teneps cdepy S
eNMHUYHOrO panMyca 4 U3 €€ LUEHTpPa NpPOBeJeM OTPe3OK, PABHLIH H
napainensnntit popmaian N (x). Konew 3storo otpeska (oueBMIHO, nexa-
mmii na cgepe S) obosnaunm uepes f(x). Taxkum oOpa3om, Kaxnoi
TOYKE X IOBEPXHOCTH /7 N0CTABIEHA B COOTBETCTBHE HEKOTOPasi TOUKA f (x)
ceptt S, T. €. Mb nonyuaeM onpejneieHHoe otoOpaxeHue (npHuem He-
npepbiBHOE) NOBepXHOCTH /7 Ha chepy S. OHO M wHa3blBaercs rayccoBbiM
chepudecKuM OTOOpaXKeHHeM.

5 Maremar. fnpoceeienre, Buin, 6
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[lycTe X — HekoTopasi Touka nopepxHocTH /1, M — HeKOoTOpHiii KyCOK
nosepxHoctu /7, concpxawmit Touky x, a f(M)— o6pa3 3TOro Kycka
npu cdepuyeckom ortoOpawennn f. O6osnauyum uepes S (M) u S (f(M))
wnowanu kyckos M un f(M), npuuem nnouwanb Kycka f (M) Gynem Gpathb
CO 3HaKOM: ecnd oTtobpaxkenre f nojoWHUTENbHO HA Kycke M, To Gyiem
CYUTATh IoWanb Kycka f(AM) nonoxutenbHoi, a ecau ortobparxenue f
OTPHUATENbHO, TO MiowWanb Kycka f(.M) O6yneM cuutaTh OTPHLATEIbLHOMH,

S (f (M)
S (M)
nosepxHocTH /7. Korma kycok M crtaruBaetcs K Touke X, 5TO OTHoOLIe-
HHe npHONMKAETCSH K HEKOTOPOMY IMpejaeny, KOTOpHi M Ha3bBaeTcsi KpH-

Torna ortHolenue

Ha3blBaeTCA CpeodHelt Kpususdnoii kxycka M

Puc. 161.

BU3HOH mOBepxHocTu [7 (2ayccosoii rpususnoli) B Ttouke x. Takum obpa-
30M, 0003Hauasi KPUBM3HY 1OBepXHOCTH [/ B Touke x uepe3 K(x), mu
CMOYXEM HanucaTh

S (M) K(x) = S(f(M)),

NpUYeM 3TO PABEHCTBO TeMm Oonee TOYHO (T. €. OTHOUIeHHEe o6eux yacTeit
TeM O.MXKe K e/IMHHLE), YyeM MeHblle 1o pa3Mepam Kycok M, comepwauimi
TOUKY X.

3aMeTHM, YTO eCAM rayccoBa KpPHUBHU3HA moBepxHOCTH /7 B Touke X
NOJIOWHTENbHA, TO BOJAM3HM TOYKH X BCI I[OBEPXHOCTh PACNOJOKEHA
10 OlHYy CTOPOHY OT CBO€d KacareJbHOH TIJIOCKOCTH, T. €. BHIyKJa
(puc. 162); Takne TOYKH [OBEPXHOCTH HA3LIBAIOTCH JALAUNMUYLECK UM,
Ecnu e KpHBH3HA OTpHIATENbHA, TO MOBEPXNHOCTbh HMMeeT BOJH3M TOUKH
x Bu1 cemna (puc. 163), nepecexass CBOIO KacaTeJbHYIO [JOCKOCTb
Mo IBYM JIHHHSIM; TaKHe TOYKHM Ha3uBalOTCHd zunepboauxecxunu. Cyuiect-
BYIOT TaKxe napabosuteckie TOUKH — TOYKH, B KOTOPBHIX FayccoBa Kpu-
BH3HA paBHA HYJIO.

Mrak, B Kaxmoi Todke Xx noBepxHocTu [] ompenenedHa rayccosa
kpusu3Ha K (x), T. e. Ha noBepxuoctu /7 3amana ¢yukuna K (x). Ira
¢qyHKUMsl HenmpephiBHA (1Ipeano.araercs, YTO IIOBEPXHOCTb 3amaHa (yH-
KIIMSIMH, KOTOpbl€ HWMEIOT BTOphle HenpepuiBHbIE TMPOH3BONHLIE). Ecnu
NOBCPXHOCTh [/ siBAsieTCd 3aMKHYTOH (T. e. He UMeeT Kpas) U OPHEHTHpY-
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eMO#t, TO MOXHO paccMaTpuBaTh JBOWHOW wHTErpan SSde 0T Pyu-
I1
Kuuu K (x), B3ATHIH 1o Bcell noBepxHOCTH [] (ds — 3/leMeHT MII0OLLAAH

nosepxHocTi). Teopema TI'aycca — Bonne yTBepwmaet, uto 0451 saw0boil
3amxHymoll opuenmupyesoii nosepxnocmu I1 useem mecmo ghopmyia’)

(§ Kas=om,

1i

rie 9§ — sitneposa xapakTepuUCTHKA mnoBepxHocTH /7. dTta dopmyaa Bhl-
paxcaeT 3ameyaTte bHHU QaKT reoMeTpHH: XOTs 3HAUECHHE rayccosod KpH-

Puc. 162, Puc. 163.

BHU3HH B KAXIOH TOUKE CyUIeCTBEHHO 33aBUCHT OT CTpocuus (Tr. e. uc-
Kpusjaeunss Gopmbl) 1OBEPXHOCTH BOJAU3H 3TOH TOUKH, OLHAKO HHTErpacl
rayCCcoBOH KpPHBHM3HLI MO BCEH MOBEPXHOCTH HE 3dBHCHT OT (HOPMBl MO~
BepXHoCTH, HC 3aBUCHT OT TOro, KaK OHA H3OrHyTa, pacrojoxeHa B
NPOCTPAHCTBE W T. M., & 3aBUCHT TOJALKO OT MON0/02U%teCK020 CTpOE-
HUA STOH [OBEPXHOCTH.

Jlanuv Temepb apyryio uutepnpetaimio dopmynst [aycca — bonue,
CBSI3AHHYIO C mOHsTHEM cTenend otolbpawenus. [nsg storo pasoObem no-
pepxHocTb /7 Ha menkue kycku M, M,,..., M, u BHYyTpH HIX BblOEpeCM

TOUKH X,, X,y ..., X,. TOrnd

n

r

S (M) K (x)== 3 S (f (M) ()

i—1

I

{

CiaeBa CTOMT HHTerpajibHasg CymMa, KoTopas TeM O/MKe K SSKa’s,

yem menbue kycku M, M, ..., M . CpnpaBa xe CyMMHUPYIOTCS IO~
iwanu kyckos f(M;), noxpuBaioux cgdepy CTONbKO pa3, Kakosa CTC-
neub otobpawenus f [HanomuuM, uto mmowans S(f(M;)) OGepercs co
3HAKOM « —-», ecnn Kycok M; otroGpawaetcst Ha f (/M;) monoxure1bHoO, U

) bopmysa Bnepsbie onydaukopana bBonne B paGore 1848 r., opnako, rno cy-
mLecTBy, OHa Oblna uM3BecTHaA eule [Tayccy.

5*
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CO 3HAKOM « — » B npoTHBHOM cayyae]. Takum oGpasom, npasasi yacThb co-
OTHOWIEHHst (%) paBHa Yg, TJie Y — CTeNneHb CHEPHUECKOro OTOGPaenus f,
a ¢ — miowanp cdepel S, T. e. 3Ta npaBas yacTh PABHA 4my. Hraxk,

{§ & a5 = any.

i

CpapnuBas 310 cooTHOweHKe ¢ ¢opmynoi Taycca — Boune, Mul BH-
IHM, 49TO I/ NOKA3aTeJbCTBA nNOCHenHell [JOCTATOYMHO YCTaHOBUTH CO-

OTHOILIICHYEe Y:—2—, T. €. YCTaHOBHUTb, 4YTO CHleNneHb cgéepu'tectcozo

omobpaycenuss nosepxnocmu I Ha chepy S pasna nososume siisepo-
soil xapaxmepucmuxu nosepxrocmi Il. D10 yTBep¥IeHHe HETPYIHO
BLIBECTH W3 Teopembl Ilyankape o Bexropubix nonsx. Ilycth /— BekTop
TaKOro HampaB/leHus, 4TO CYLIeCTBYeT JIMILb KOHEYHOe YHCJAO TO4YeK
Ha moBepxHoctH /1, B KOTOPHX HOPMANH napajielbHsl BekTopy I (Ha-
npapsiedns, obnafaioutie STHM CBOHCTBOM, CynlecTBYioT). BasiB Temneps
NPOU3BONbHYIO TOYKY X NOBEPXHOCTH [/, Mbl IPOBENEM U3 TOYKH X BEK-
TO0p / M 0603HAa4MM yepe3 /. NPOEKNMI0 HTOTO BEKTOPAa Ha KACaTenbHYIO
TJIOCKOCTh K NOBePXHOCTH /7 B Touxke X. Myl nosiyyaeMm B Kawmo#t TOuKe
X noBepxnoctu I7 kacatenvHbil BekTOp l,, T. e. MH nonydaem He-
TipepLIBHOE MONE KACATEJbHLIX BEKTOPOB Ha mnoBepxdoctu /7. BexToph
[, OTNMYHHL OT Hyns BO BCeX TeX TO4YKAX, rhe BekTop / He mapasnesied
HOpMA/TH K TOBEPXHOCTH (BCIOAY, KPOMe KOHEYHOro 4ucaa Ttouek). Ta-
KknuM 00pasom, NOCTPOEHHOe BEKTOPHOE MOJIE MMeeT JHilb KOHeYHOe YHCJIO
0coGuix ToueK. ITOCTPOMM TOYHO TakuM e CMOCOGOM BEKTOPHOE moJie Z,
u Ha chepe S. OueBumso, Ha cdepe MHl NOAYYHM mnOJe, H30OPAKEHHOE
Ha puc. 152, @ ¢ aBymMs OCOOLIMM TOUKAMH B «MOMOCAXY cpepsl. Oue-
BHIHO TAaKKe, 4TO B TOYKE X noeepXnoctu /7 u B Touxe f(x) chepul S
KacaTenbHble BEKTOPH [, W [f(y napaisesvHbl.

Ilycts Tenepn a,, a,, ..., a,—BCe ocofhle TOUKH BEKTOPHOro nonsi £,
Ha nosepxHoctH [/. Bosbmem Touky a;. Torma f(a,) Takwe ecTb oco-
0ast TOYKa BEKTOPHOrO MOJAsi Ha chepe, T. e. nnbo ee ceBepHulit, anbGO
1kepH nomoc. Ecim K(q;) >0, T1o cdepnieckoe otobpawenue f BO6IR-
3H TOYKM a; nmonoxurenbHno. [losromy ecnn Touka x ob6xomut
OKPYMHOCTb € IEHTPOM @; MPOTHB YaCOBOH CTPeNKH, TO Touxa f(x)
OGXOIMT OKPYHOCTb € LEHTPOM f(@;) Takwe TP OTHB YACOBOH CTPENKH.
Bektopw e I, w lr napamienshn  w notoMy mpH  o6Xome STHX
OKPYWHOCTeil noBOpauMBalOTCst OOMHAKOBO. Taxum 06pasoM, WHIEKCH
Ocobelx TOueK a; W f(a;) coBnamaoT, T. €. HHIEKC 0COBO# TOuKH @;
pased 1. Ecm we K(a)< 0, To cepuueckoe oroGpawenue J
BONU3M TOYKM @; OTPHUAaTedbHO. [[03TOMYy ecan TouKa X OGXOIMT
OKPY#HOCTb C LEHTPOM @; NPOTHB 4aCOBOH CTpe/kH, TO TO4Yka f(x)
OOXOIMT OKPYHHOCTb € LeHTpoM f(@;) no uacosofl crtpenke. Bektopsl
we [, ¥l npu 3THX 06XOHAX NO-NPEXHEMY TNOBOPAYMBAIOTCS OIMHA-
KoBo. CrenoBatesibho, ec/ii 006 e OKPYKHOCTH [C HeHTpamH a; v f(a)]



OYEPK OCHOBHHIX WIEH TOMOJOrHH 138

OGXOZMTh MNPOTHB 4YacOBOM CTPENKH, TO 4YHCJIO TNOBOPOTOB BeKTOpa [,
GyneT OTAMUATHCS 3HAKOM OT WHC/Ia TOBOPOTOB BEKTCPA /5 (). Takum
06pa3oM, B STOM Crydae HEIeKCH ocoBuX ToueK a; u f(a;) otamualTes
3HAKOM, T. €. MHEeKc ocoGofl Toukm paBeH —I1.

Wrak, TouKH @, ..., @,—3TO BCE Te TOUKH, KOTOPHE MpH ce-
pHueckoM oToGpawenuH f OTOOpawarTcs B NOMOCH Chepbl, npuueM
HANEKCH TeX ToueK, BOMM3H KOTOpPHX OTOOpaxenue f NONOWUTENbHO,
pasil —+ 1, a mHAexcH TO4eK, BOJM3H KOTOPHX OHO OTPHUATEJNLHO,
papunl —1. Tloatomy ecau p’ m p”—umucna TeX H3 TOUCK @, ..., @,
KOTOpHIE TIONOXWHUTEALHO OTOGPAWAIOTCH B CEBEPHHIH W IOWHEIH NOTIOCH
COOTBETCTBEHHO, a n’ ¥ R’ — uKC/a OTPHHATENLHO OTOOCPaWKAUIMXCSI
TO‘IEK, TO CyMMa MHIEKCOB BCEX OCOOBX TOUEK &y, ..., @, paBtd
0+ — Y= —n)y+ " —n") =+ 7=2y (u6o p'—n’
ecThb CTEHEHb oToGpaxenus f B CeBepHOM Todioce, a p’' — n" — B 10XHOM).
Ho no Teopewme ITyankape cymma HHLeKCOB 0cOObIX Touek paBHa X. Takum
06pazom, ¥ == 2y; 5TO 3aBepIUALT LOKA3ATENLCTBO TEOPEMEI [aycca—DbBoure.

OcHoBuas Teopema anrebpu

C nOMOIIbI0 MOHSITHSI CTENEeHH OTOOPaMEHUs] MOXKHO JaTh H3sILLHOe
reoMeTpPUUeCKOe JOKA3aTeNbCTBO OCHOBHOH Teopemul anreGpul. DBynew
n306pamaTh KOMIIEKCHOE 9HCIIO 2=—X -}~ [y TOUKO# B NIOCKOCTH, CUUTas
X Wy KOOpIMHATAaMH 3TO# TOukH (puc. 164).
Bosbmem cgepy S, Kacawmylocs nioCcKoCTH J
B Hauajie KOOPAMHAT, U OyHeMm Ha3kBaTh TOY-

Ky Kacauusl IOHLIM [OJIOCOM 3TOH cdephl, a
NIPOTHBONOJNOWHYID TOUKy N cdepel — ee \

cepepnbim HosocoM (puc. 165). TTycts Teneps 2 ly
z=x-} iy -— POM3BOJILHOE KOMIIEKCHOC :
YHCNO, T. €. TOUKa B maockocTH. OTpesuvk x 1 -t
Nz nepecexaer cepy S B HEKOTOPOH TOU- 0

Ke, KOTOPYIO Ml Takike O6ynem 0003HA4aTh Puc. 164.

yepea z =—x-}-iy ¥ cunTaTh M3006paxe-

HHeM KOMIJIEKCHOrO uHcia 2z Ha cdepe S. B peaynbraTte BCe KOMILIEKCHBIE
yycNa OKA3LIBAIOTCS H306paxenubMu Ha cgepe S. O6partHo, umMest Ha cepe
TOUKY @, JIErKO y3HAaTb, KAKOE KOMIWIEKCHOE UMCJO OHa M300paaeT: HaaA0
nposecTH npsimyrd Ne, KOTOpasi NpH NEPECCUEHAH C TUIOCKOCTHIO M HACT
HckoMoe KommiekcHoe yncio. Onnako omna Touka cdepsl S, a MMEHHO
ee ceBepHmii nomoc N, ue n3o6paxaeT HHKAKOrO KOMIVIEKCHOTO 4YMCHA.
Mbl yc/ioBHMCSt CIHTATD, 4TO TouKa /N u300paxaet ocofoe, «GeCKoHeuHOEY
KOMIIJIEKCHOE 4HCJ0, obo3Havaemoe cumpojom oo. [JoBomom mast Taxkoro
corJiallieHust CJAYKHT TO OOCTOSITE/NILCTBO, 4YTO €CJAW TOYKA Z HA MJOo-
CKOCTH HeOrpaHMuyeHHo yhansercs (B /MoOylo CTOPOHY) OT Hauala Koop-
OUHAT, TO M300pawamiiasi ee TOUKa Ha cdepe npubmmKaeTcs K cepep-
nomy momocy N. Utak, kaxpas Touka cdepnl S M300pamaeT HEKOTOpLE
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KOMIJIEKCHOE 4HCJIO0, TpHyYeM Toyka /N H306paxaer 4HUCAO0 ©O, a BCe
OCTajbHble TOUKH cepnl H306paraloT OObYHbIE (KKOHEUHBIE») KOMILTCKC-
Hole uncna. Ciepa S wasniBaeTcs kosnsexcHoil cghepolt unu cgbepoit
Punana. Otmetunm, uyto cdepa S monyunmnace u3 IMJA0CKOCTH A0GaBIe-

Puc. 165.

HIIeM 00Holi GecKoHneuHo ymaacHHOR TOukH oo. Kax mul Buiemt Buiwe '),
HHOC NPHCOCAMHEHHE HECOOCTBEHHLIX TOYEK K IIJIOCKOCTH AdCT APYryIo Mo-
BCPXHOCTb — NPOCKTHBHYIO MJIOCKOCTD.

ycts teneps f(2) =2"+a,2" '+ ...} a,_,z-+a,— nponssons-
HblH MHOrousien ctenenn n. Mu OyacM H300paxarTh 3HaueHus 2 Ha
OLHOH KOMIUIEKCHOH cepe S, a 3HaucHus MHOrouneHa f(z) — Ha apyroii
TAKOH we KoMiexcHoit cepe S,. Kaucolt «xoreunoit» touxe z—x iy
chepul S, coOTBETCTBYeT «KkoHeunas» touka f(2) chepu S,. ITpi stom ecan
Touxa 2z Oynet npubiuxkarsed K oo, TO f(z) takke GyneT upndAnKaThCs
K Touke oo cdepul S,. [eicTBuTeabHO, 3amicaB MHorouled f(z) B Buae

a a, a _ a
fla=a( 142+ 54 4 Bt ),

MBI JIECKO 3aMETHM, YTO MpH 2—>0co (T. €. [pH HCOTPAHHUEHHOM Yyhe-
JUYeHHH 4Hcna |z |) Boipawenue -8 ckoOkaX Oyner npuonMKatThea K
€IHHHIIE, a4 MHOWHTEIb 2" HEorpaHHueHHo ysenuuuBaeTca. TaknM o06pa-
30M, JOOMOJHIB ONpeAeeHe MHOro4/JeHa ycaosueM Jf(oo)=—=oco, M
nonyuaem Henpepuisioe otobpaxenue f Bcedt cdepu S, na cdepy S,.

Jliasg Toro 4to0Onl yCTAHOBHTL, YTO ypaBUEHHE

2"taz" ' 402"+ ..., z}a, =0

HMEeT XOTsl Obl OIHO peulecHue (Kak yTBep:XI4eT OCHOBHAsI Teopema an-
reOpui), HYWKHO MOKa3aTh, YTO HAiIETCsi Takast Touka 2z cdepul S, s

17

') «MaTtemaTHueckoe npoceeileHuey, Bbil. 2, crp. 31 — 32,
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KoTopo#t f(2)=0,T. e. uto Touka O cepn S, sBasieTcsi 06PA3OM XOTs
o onHol Toukkn 2z cdepn ;. Ecin Obl 370 6BJIO He Tak, T. e. Touka 0
chepst S, He nokpmBanach obpasom [f(S;) cdepw S,, TO CcTeneHn
otobpaxcenust f B6nuan toukn O cdepnl S, Oblia Ol paBna Hy/mO, a Tak
KaK CTeneHb OAMHAKOBA BOMM3M  /1I0GOH
TOYKH, TO NPOCTO CTeneHb oToOpawenus f
6bina Owt paBna nymo. ITostomy nast mokasa-
TENLCTBA OCHOBHOM TeopeMbl anreGpH JocTa-
TOYHO YCTAHOBUTbL, YTO cTeneHb oTobpa-
wenust f oTanMusa ot Hyas. Mpl noxakem,
4TO 3Ta CTenenb oToOpawkenusi paBHa 71
(r. e. coBmagaer CO CTENEHBID MHOro4Jje-
Ha f(2); 9TO M NOCAYKUNO MNPUIUHOH BBe-
IeHHsl TEPMHUHA «C TeTm e b OTOGpaMeHus»).

Dynem maMmensiTe 3Hauenusi BceX Koad-
¢uurenTos @,, @, ..., @, ,, Q,, npubau-
wasi ux k Hymo. Torma wmxorounen f(z)
Oynet wmeHsiThCsl, oToOpawenue [ cdepsl S, Ha S, OyneT HenpepsiBHO
usMensiTbesl, aegopmupoBathesi.  (HenpepwisHocTs  nepewmeilenust  TO-
uek f(z) npr usMeHeHuH KoO3((HIHEHTOB OYEBMAHA IJsi BCEX «KOHE4-
HEIX:  TOHeK 2 cdepnl S); 4TO e KacaeTcsi TOUKH ©O©, TO COOTHOIIe-
Hie f(00)=— 00 Bce BpeMsi COXPaHfeTcs, TaK KaK cTapunit kosdduiient
MHOrOuW/IeHa OCTaeTCsl paBHLIM efaMHHue.) B pe3y.ibrare Takoro usMmeHe-
HAf KO3(OUIHEHTOB MBl MONYYHUM MHOTOU/EH

fi@)=2".
Ho tak kak npu nenpepnBHOH nedopuauud OTOOPAXEHHs CTeNeHb ero
He MensieTcsi, TO oToOpawenus /' u f, chepn S, Ha S, umMedT oM H a-
KoBylo ctenens. Crenens we oToGpawenus f; OUEHDb JETKO NOACHUTATD.
PasobbeM niockoCTh 1PSIMBIMK, HCXOOSUILHMH U3 TOYKH O Ha 72 yrios,

Puc. 166.

. 2n
KaWabiHl U3 KOTOPhIX paBeH —- (pruc. 166). Taxk kak npu BO3BEIEHHH

KOMIZIEKCHOIMO 4HCNa 2 B CTelleHb 7 €ro AapryMeHT yBeJaHyHBaeTcs
B 1 pa3, TO Kawnblii ¥3 3THX yriob C nomoublo oroGpawxenus f, oToGpa-
Waercst Ha BCIO cgepy S,, npuueM BHYTPEHHOCTL yria oTtofpaixaetcs
romeoMopgro. Takum oOpasoM, npu otoOpaxernun f, o6pa3 chepn S,
nokpuBaet 2 pas cdepy S,, npuuem orobpaxenue f, Besde NOJOWH-
tenpno. Otcona cienyeT, 4YTto creneds ortobpakenus f, (a 3uaunrt, u f)
paBHa 7.

B 3akaiouenue OTMeTHM, 4TO, HE Kefas YPe3MEPHO YBEIHYUBATD
00beM CTATbU, Mbl OBUIM BBIHYXIEHbH OCTABHTL B CTOPOHE BECHMA MHOCHE
BaXHple M BMeCTeé C TeM COBEPIUEHHO HATNSIHbIE Pa3deNbl TONOJOTHH.
Tak, nonsitue ¢yHnamMeRTanbHOfi TPYNNbl BecbMa TECHO CBSI3aHO C TaK
Ha3bIBAEMEIMH  Hakpsisarouimy  npocmparcméamy. OnpejlefieHHy0 CBsI3b
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€ nousiTHeM (PyHAAMEHTaJbHONH TIPynnel uMEeT M YOOMsHYTasi B HALICM
ouepke obulas meopust zomomonuil. 3anuMalollee GoOAbLIOE  MeCTO
B CTaTbe YHYCHHE O HOBEPXHOCTHAX SAB/SETCH YACThIO OOLIEH TEOPHH MHOrO-
o6pasuii, nanbonee unitepecHofi (HO yBH!—wu HanmbOAee TPYLHOH) npH
yucae M3Mepennd 71 > 2 (nanpumep, 7 — 3). Hameuennas B rnase 8 teopus
FOMOJIOPMH  COCTABNAET POBHO MOAOBHHY TOMOJOCHYECKOrO anmnaparta co-
BPEMEHHOH TONOMOTHH, BTOPYIO MOJOBHHY naloT «romonorun Koamoroposa-
Anexcannepa», WIH «KOTOMOJIOTHMY», B OCHOBY KOTOPHIX MOJIOXeHA CBOe-
o6pasnas «rpanuiia Haob0OOT» WM «KOUPAHHUAY, TaKAs, YTO PA3MEPHOCTH
FpasiUbl Uef Ha EeNHMHMIY B LIIIE Pa3MEPHOCTH camol lenu (a He Ha
CIAMHUIY HMXN(E, KAK B Cay4ae OObIYHON rpasnib). BO3MOWHOCTH CTPOHMTH
rOMOJIOTHYECKHH annapaT [BYMS pas3/MuHbBIME  [YTHMM  TECHO CBH3ana
C <meopemamit OB0HCMBEHHOCMY», YCTAHABIMBAILHMHE CB#3b MWy
TONONOTHYECKNMH 0Opaszamu pasHofl PasMEPHOCTH (B M3BECTHOM CMLIC.1e
4NanoOru4YHy0 IBOHCTBEHHOCTH MEXIY HY/BMEPHLIMM TOYKAMH H OJIHOMCP-
HBIMH TIPSIMBIMH KJIACCHYeCKOH MPOEKTHBHOH reOMeTpHM Ha MJAOCKOCTH); STOT
Kpyr BONPoOCOB, Hayumd eute oT [lyankape, noayuwn ray6okoe pasputie
B pabotax coserckux tononoros (IToutpsirnx, Koamoropos, Anexcanapos).
Teopemsl [BORCTBEHHOCTH MOMHO BLBOAMTb, Kak nokaszan JI. C. TMont-
PACHH, W3  meopul 3ayenjfenuil, YCTaHABAMBAIOUIEH pas/iHype, CKax<es,
MeX(ly HBYM# HE3ALEIUVIEHHLIMA W JIBYMSl 3aUEIVIEHHBIMH 3aMKHYTLIMH KPH-
BHIMH TPeXMepHOro npocTpancTea. Hakoneu, B 370 cTaTbe O4YeHb MaJo
CKa33aHO NPO 3amevaTeNbHHH PAacUBET TOMNOJNOLHM B [OCTENHHE, YiKe mocie-
BOEHHbIE TONBl; PacuBeT 3TOT 0043aH B MEPBYWO Ouepenb CO3AAHHOM TpYy-
Jamp MOJIONO#  (PPaHUy3CKOH WIKOMB TOMOMOrOB TEOPMH PAaCCAOeHHX
NpOCTPancTB. ABTOPH HANeIOTCH OCTAHOBHTHCH HA BCEX STHX BONPOCAX
OpH npeanojiaraeMoii ny6JHKAUMH MX CTATBH OTAEJABHOH KHHCOMH.

JoGasanenue

Hinke yanaraorcs HeKotopble BawUbIE IHOHATHA TEOPHH IPYI, HCOOAL3YEMblE
B IMaBe 8 Mpu H3N0KEHUH TEOPHH COMOJSOTHH.

bynem paccmatpusath 3iech Tonbko abGenesb rpynnb. [pynnosyio
OMepauyio YCIOBMMCH 0603Ha4aTh KAK CAOJCEHIe, a 1€ KaKk YMHUOWEHHE, T. €. pe-
3ynbTaT NpUMeHeHds CPYNNOBOil onepauuu K snementaM a u b Oynem o6osnayathb
yepes a4 b. B cootBETCIBUH € 3THM O6paTHBIi K 4 3aement 6yjeT o603HauaTLCs
uepes —a, a «eiuHHL@EY TPYNNbl OyHeT HasbiBaThCs HYseM U 0603HAYaTbCA CHM-
BonoM 0, tak yto (cornacHo akcvoMaM rpynnbl) a+0—=a n a+4(—a)=0 pis
J1060r0 3eMEHTa @ I'pYMNNbl. ¥YCJAOBHMCS elle oGosHauath dyeped Z CBOGOMUYIO
IHMKIHIECKYI0 TPYnMy, a uepes Z, — NMKIMYECKYIO TPynny Nopsagka n.

Iycts G — Hekotopas rpynna. [loaMnowectso G’ rpynunl G HasbiBaercs
no0zpynnol, ecni cyMma nOObIX [BYX 34€MEHTOB MHOWECTBA G/ CHOBa SBAsETCH
aneMenTOM MHOWeCTBa (' M €Cs¥ OTHOCHTENbIIO WMEHHO 3TO# omepaunn
caoenus muowmectso (' npenciasnsier coboil rpynny. Jas mozo umobu noo-
MHovicecmeo G zpynnet G si8asnoce nodzpynnoil, Heo6x00uMo 1 Q0CMamouno,
umolsL smecme € KaxOuMmi 08y Ms daerseHnmanu a, b muoscecmey G npunad-
SeHcane u ux cymma a-+b, n emecme ¢ KanObLM INEMEHMOM (& MHONCE~
cmey G npunadaexcan anemenmn —a. Ecnv, vanpumep, G eCTb I'pylna ueambix
yucen (BKmouasi ¥ OTpHL@1€abible) ¢ O6bIYHON onlepauneil crioKeHus, To MHOKE-
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CTBO BCEX UETHBIX uHced (a Takike MUOKECTBO BCEX UMCEJ, KpaTHBIX J1aHHOMY
HeI0MYy HHCTY ) fiBAsSeTCs ero MOATPY MIOH.

[Tverb Tenepb G — nexoTopas NOATpYIINa (abenepoil) rpynnbt G. Pazobbem
Bce saemenThl Tpynibl G 1a Kaacchl, Cuuras jisa sneMenraa, b (3KRUBATEHTHBIMUY,
eciu pasHocTb a — b sBaseTcs SMeMEHTOM MOArpPyInbl G’ (1. e.ecm a—b+ g,
rie g €G’) v obbeiunsAs BCE SKBUBAJEHTHDIE Meny CoOoif 3J€EMEHTH B OJiHH
Kaacc. (3aMeTHM, 4TO JiBA 5J€MeHTa, SKBUBAJICHTHLIC TpeTbeMy, SKBUBAJEHTHBI
Mexcuy co6oil.) B pesyabrare Besi rpymna G pa36uBaeTcsl Ha KnacChl, He HMElomue
1pyr ¢ APYIOM OGIMMX S1EMEHTOB, STH KAaCCH Ha3bIBAKOTCH CMENHCHBIMIL KAACCAMIL
rpynnst U no ee noprpynne (’. Cama noarpynna (' mnpenpcraBaset coboit onnn
M3 CMEWIbIX KnaccoB. Kawamit sieMent 4, npUHaAieRanni CMEXHOMY KaacCcy A,
HasbiBaeTcs npedcmasgumenesm STOro CMEWRHOro —Kiacca. Hycth A u B— apa
cMewHBIX Knacca rpynnbl G no ee roarpynne (i'; nerko MNokKasaTb, YTO KaKue Obl
npeacTaBuTen @ M b STHX KIaCCOB HH pblGHpanuch, cymma a--b scerza Gynet
NpUHAANENATh OJHOMY OIPEIENEeHHOMY CMEMHOMY knaccy C. Drotr knace € na-
3LIBAETCA CYMMOIL CMEXHBIX KnacCoB A ¥ B, ta uto ™Mbl 6ynieM nucath C—=A+B.
WTak, B MIOWECTBE BCEX CMEIKHBIX KnaCCOB TPYIMbI G no nonrpyune (' onpe-
renena onmepaims caoxenus. bes ocoboro Tpyaa MpoBEpACTCH, yTO 3Ta OMepanys
CAOWEHHs Y IOBIETBOPSET BCEM aKCHOMAM IpyTMnl, TaK 4TO MHOJICECTB0  8CeX
catescHbLX KAacco8 (abenesoil) zpynis G no ee nodzpynne G’ neasemcs zpyn-
noil (OMHOCHIMENbHO 88€0EHHOIL 8blULe ONEPAUIIL CAOILEHILSL CMEHCHbLX rnaccos).
Jra rpynna HasnBaeTCs gaxmop-zpynnoii rpynnsl U no ee nomrpynne G'; oua
obusnauaetca uepes GJG'. 3aMeTuM, HTO HYAEBHM 3MEMEHTOM GaKkTOP-TCPYNNbI
G!G' sBnsiercd noarpyuna G’ (kotopasi, Kak Mbl BbIE OTMEYalH, ABNACTCH OMIM
U3 CMEWHBIX KJIacCOB).

PaccMOTpHM B KauecTBe INpUMEPA cnyuail, korfia G ectb rpynna BCEX ueqbIX
wncen ¢ 0BpUHON onepauteft croxenus, a (' — MOACpynua, COCTORWAH H3 BCEX
ypcen, nemSIIMXCA Ha m. JiBa snementa Ipynnbl G, 1. e. npa uenbx uucna a, b
SKBHBANEHTHB], €CIH PasHOCTh @ — b NPHAANERHT TIOArPYINe G', 1. e. penwrcy
Ha m. Mnaue TOBOPS, SKBUBANEHTHOCTH HiCEN a H b o3Hauaetr, 4TO OHH HMEKT
OnHUaKOBbIE OCTATKM OT JEN€HHA Ha m, HNOTOMY Kam bl cMEXHBIH KIacC COCTONT
W3 BCEX uHCes, JAIHX NpH JIeeHHu Ha m OJHn H TOT Ke octatok. Tak Kak
ocTaTKaMH TPH Jenenud Ha m MOryT CAYKHATD aumpb yueaa 0, 1, 2, ..., m—1,
1O CyWECTBYeT POBHO 7 CMEWHBIX KraCcos rpynnnt G 1o noarpynne ¢’, koto-
puie MH 0003HAuNM Hepes 0, Ay ---y Ap_y OuesHIHO, HTO 2.4,=A4,, 3-4,=
—A, ..., (Im—1) A=A, _, mA;=0. Takum o6pasoM, daxTop-Trpyiina diG’
B AaHHOM cnyuyae sBAAETCH puKTHyeckoil rpynmoit Z, uopsika . D10 — TAK
{a3biBaEMas 2pynna Guivemos NO MOAYIH M.

ITyctb G — Hexotopas (abenepd) rpynna, a G,, UGy, ..., Gp — ee noarpyuis.
Fopopat, wto rpynna G pacnadaemcsi 6 npAMYH CYMMY CBOMX nony pynn

G, G, ... Gy, ecny Kawmil sneMenT Pymnbl G oano3Hadlo MpejcTaBnfaeTCs
B Bupe CYMMBl &+ &+ --- + g5, Tae g; €cTb SIEMEeHT noarpynnel  G;,
i—1,2, ..., B (HEKOTOpHIE M3 3IEMEHTOB £; MOTYT OKasaThCsi PaBHBIMH HYII0).

B stom cayuae nuwyt: G=0, + G,~+ ...+ Gy B xauectse NpHMEpa PacCMOTPHM
rpymny G, sneMenTaMH KOTOPOH ABIAIOTCA BCEBOIMOWHEIE napst (MM, m,) LelblX
uncen, @ CAOWeHMe OmpetensieTcs  COOTHOLIGHHEM (m, my) (1, n)=
— (m, 4 1y, my - 715). (MoOWHO MpesiCTaBATh cefe rpynny G KaK MHOXECTBO BCEX
BEKTOPOB Ha MJIOCKOCTH, HMEIOUMX B 3a1aHHOU KOOPAMHATHOK CHCTEME LEMOYHC-
fciuble KOOPIMHATHL, € OObuHOI onepaukeld CIOKEHHs pektoposn.) O6oanauuM
ycpes (G, MHOKECTBO BCEX Map, Y KOTOPHIX pasHo Hy/MI0 BTOpOE YMcno [t. €. map
{m,, 0)], a uepes G, — MHOMKECTBO BCeX Nap BHIA (0, m,) — nap, ¥ KOTOPbIX paBiO
Hymo nepsoe uncao. Torna G, v G, 9BAKIOTCA MOAPYNNaMu TPyMbl G, npuyeM
oBe 3TH MOATPYIINEl ABAKIOTCS CBOGOIHBIMH IMKIMHECKMMH [PYIHIaMH. Jlerko Bu-
[€Th, YTO KaWCIBH s1eMent (i, 1) rpy bl G 0a1031a4HO NPeICTaBAAETCs B BAIES
CyMMBl g, - g 371€MEHTOB, MPHHAIICHAITHE noarpyunam G, w Gy

(my, my)=(m;, 0) 40, my).
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Taxum obpasom, G ectb npsimast Cymma cgoux nourpynn G, u G, 1.e. G=G,4- G,
O6o3navast kamayio 13 noarpynnt G, G, cumBonoM Z (W60 Kawuas us finx fB-
MHETCs CBOGOANOH 1MKIHYECKOIT), MBI MOYXEM Hanucath: (F — Z + Z. Kaxayio rpynny
Biid Z+Z, 1. e. rpynny, pacmaiaiomycs B IPAMYI0 CYMMY JBYX CBOHX  CBO-
GOmHbIX UHKIMYECKHK IIOATPYMNI, Ha3BIBAIOT cBOGOHON abenesoii 2pynnoii ¢ 0gyss
06pasyouimy. (Jlerko BUIETh, YTO SEMElTH ey=(1, 0) u e,=—=(0, 1) sBanEOTCYH
06pasyIoIHMH PacCMOTPEHHONH BhiLle rpynnel G, 1puyeM aMKaKdX COOTHOMIEH
MEMC1y HHMH, KPOME COOTHOLUEHHS KOMMYTaTHBHOCTH e +e,=e,te, ner)

Ananoruyto, Muoxectso G, syeMeutamu KOTOPOIO fIBASIOTCS BCEBO3MOMKHLIe
CHCTEMBL (my, My, ..., My), COCTOSIUME M3 kB 1EBIX HHCeN, a CJAOKEHHE — «MOo-
KoopauHaTHoe»

(my, my, o0, mp)+(ny, 1y, ..., ngy=(m,+n,, my~+n,, ..., my + ny),

ABIAETCS abenesoll rpynnoi. (Mpynna G mower TPAKTOBATLCH KaK CPYINNa BeKTO-
POB ~-MEPHOTO MPOCTPAHCTBA, UMEILK Leble Koopymnathl) O6o3uauny uyepes

G, ee moarpynny, COCTOAILYIO U3 BCEX SAEMENTOB BHiA (my, 0, ..., 0), T. €. ane-
MEHTOB, y KOTOPLIX 12 BTODOM, TPETLEM, . .., B-M MECTe CTOSNT uyau. Ananoruuno
onpenensiorcs noarpynnst Gy, ..., Gy. Torna kawgas us noarpyun Gy, G, ..., G,

ABIAETCA CBOGOANOH uuKnuueckol, 1 rpynna G pacnajpaetcss B IPAMYI0 CyMMy
eBovx noarpymu Gy, G, ..., Gy, 1aK 4T0 MBI MOMEM HAMHCATE

C=Z+Z+4...4+2Z (k cnaraembix).

I'pynna G uasbiBaetcss crobonanoll abenesoii Tpymriol ¢ & o6pasyonym.

B Tteopun rpynn nokaseisaercs, uto kawuan abenesa rpynna G ¢ xoneuinim
UHCIOM  OOPa3yiomux (1. €. rpynma, o6aapaomas cHeTeMoil o6pasyomuy, coxep-
Hallell fuIL Koneunoe wucio 5M1E€MENTOB) NMpeAcTaBiIseTcs B BHae

G=Z4+Z+ ...+ Z+K,
rie K—koneynas rpynma (r. e. Tpynna, coctosmas H3 KOHEYHOTO yHCna
SNIEMEHTOB). Hucno «cnaraéMbix» Z B 3ToM NpsMom PasNOKEHHH UABLIBAECTCH paH-
2ox Tpynne! (.

Hakouen, nanomimy eme nonsitue 20MOMOpPUIMA H, B HACTHOCTH, U30IL0p-
dusmva. lycty G, u G, - npe rpynnbl. Besikoe otoGpaskenne rpynmel G, B G,
CoXpasfiioliee TPYNNOBYIO ONEPALHIO, HA3LIBACTCS ToMoMopdu3MOM rpymusi G,
B rpynny (i, Mnaue rosopsl, ecin Mbi YCIoBUMCH 0603HAYA b uepes f(g,) saemenr,
rpynnsl G, asasoumiics 06pazom sneMenta & rpynnst G, To TpeGopanuc «co-
Xpauenusly rpynnosoii onepayun (1. e. onpejenente roMoMopdusMa) sanunreTcs

B BHie , ,°
fe+g)=1@+fg)

an moCHX SMCMEHTOB g, g; rpynnel G,. Ecan romomopdhoe otobpawenue f sp-
JIETCH B3aMMHO OAMO3HAuYHBIM, TO OHO Ha3LIBaETCH uzomopgusmom. Hanpumep,
BCE CBOCOMIBIC UMKIWYECKHE PYMNbl (HAM BCE MKIHYECKHe IPYNNBl OIHOTO H
TOTO e nopsika) u3oMopdnbl Mexay coGoi. Jlpe 130A0pgiHbie rpynun, 1. e.
TAKHE TPYMIEL 4TO OAHY H3 HHX MOXUO HIOMOPQHO OTO0Pa3uTh Ha APYVIyio, Hu-
UeM gazeGpauuecku npyr ot gpyra e OTIHYAIOTCH, T. €. BCE VTBEpXACHUS o
TpyMnogo#t onepauutt B 0au0# rpynne cnpasenmuss u s BTOPOH TIPyumbl U Ha-
odopor. (IToro6Ho sTomv, ase paswsie, T. e. «COBMAialoWHe MPH HANOKEHUMY,
GULYpH MBI CYuTaeM TeoMeTpHYecKH HHyem ApYT OT JIpyra He OTAHYAOLIHMHCS.)
Hanpunep, yrsepwnenue o ToM, uto rpynny Bcex mnap (m,, m,) UEABIX uucen
«MOXKHO NPEACT2BIATL Cefey KaK MHOWECTBO BCex BEKTOPOB C LENbIMH KOOpIH-
HaTaMi Ha MIOCKOCTH, B TOuHO QoPMymuposke o3uauaet, uto rpyfua scex mnap
(rmy, my) usoMopgina rpynne BeKTOpoOB ¢ LEenbIMA KOOpAMHATaMII Ha ILIOCKOCTH.

—_———
T E——t



MAIIVMHA UIPAET B LIAXMATDI
JO0. M. Bes6opodos ¢t B. b. Opnaos

(Mocksa)

HacTosnlas CTaTbs CTAaBUT CBOeH 1eAblo paccMOTPeTh BOMPOC O npH-
MEHEHHM 37EKTPOHHBIX LM(POBHIX MALMMH ISt HCPHl B HIAXMATH. Tpu aTOM
y uMTaTens He MpeNnonaraercs CREJIEHHI MO STHM BONPOCAM, BHIXOAALIHMX
3a paMK# OCHOBHBIX MyeH craTedt A. A. Janynosa u T. A. llecronan,
3HAKOMLIX uHTaTensM «MaTemaTHueCKoro npoceemenns» ). UTo Kacaetcs
(aXMATHOH MOArOTOBKH, TO Tpebyercs /ulib 3HATR MNpaBiid urpsel M
33MMCH XOILOB.

1. HEMHOI'O HCTOPHH

JlutepaTyphas Tema 00 aBTOMaTe, WrpaiouleM B maxmMaThl M Heno-
Ge/MMOM ISt UrPOKOB-Mione#, paspabateiBasiach PasnuuHbIMA nucaTensiMm
3270Jr0 A0 TNOosiB/eHHs ACHCTBHTE/bHBIX yCTPOHCTB, NpHCHOCOBAEHHBIX
k BeJeHmo Hrpel. BeposaTho, 60/bliyi0 oAb B MOMyJSPHOCTH 3TOrO Ci0-
KeT4 CHrpana HauiymeBmas MMCTHOMKALMA ~3HAMEHHTOrO BEHrEPCKOro
mexannka XVI1I Bexa dapxama Kemnenena. «[JaxmaTHbii apTomaty Kemne-
JeHa TPeCTaBs COOOH Kykny B KOCTIOME Typka [puc. 1%)], coem-
HeHHyI0 CO mKauHKOM, Ha KOTOPOM pacnosaraauch uiaxmathl. OTKpHIBas
nBeplb mKaguuKa, MOOCONLITHEE MOLMH  BHIETH CJOWHOE fepenieTeHue
meCTepeHoK M phiuankoB. Yepes Kaxgibe 12 xomoB u3oHipeTaTtesbh 3aBO-
M7 MEXaHH3M C MOMOULbID OTPOMHOrO Kiioua (e70 naBano NMILHEE BPEMs
fng  OBGLyMBIBAHMS ~XONOB — 3aMaCKHPOBAHHOMY MEXaHH3MOM 4eslOBeKy).
Jlnst  ynpapleHMst  «aBTOMAartoM»  HPMBJIEKaJIHCH KPYTHBE  LIAXMATHCTHI
(Anpraiiep, JIbloHC ¥ IpYTHE), TaK 4HTO ypoBenb HIPHI 6Lyl BeCbMa BbI-
coxum. Bonymka Kemnenena npomssena HacTONbKO Gonpiicit  agdexT

B A A Jlanyunos uTl. A Illecronanx, Hauanbupie CBEjIEHHA O pelle-
HUM 33734y HA SJCKTPOHHBIX BblUHCIUTENBHBIX MalUHUAX, «MaremaTHyecKoe Mpocse-
wenuey, e, 1, 1957, crp. 5774 A. A Nlanyunos uT. A IHectomnauwm,
O6 a1TOPHTMHYECKOM OIHCAHUH TpollecCoB ynpaBienns, TaM e, BHIIL 2, 1957,
crp. 81—95. Cum. Tarwe I'. &. Boueun6ayct, Teopus urp, TaM e, BRI 4,
1959, ctp. H53—86.

2) Pororpadust B3ATa H3 KHUTH E. Tuxwunkuil, C maxmatamd uepe3
peKa u cipaubl, Warszawa, 1958.
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B Eppone, uto Ekatepuna Il cobupanach mawxe kymirn mawmmdy. [Tosis-
JSBILMECS B JaJbHEHIEM aHaJOrMyHble NOLACJNKH yXe HEe HMeJd Takoro

ycrnexa.
ITepBHIM HACTOSIIUM 1AXMATHLIM ABTOMATOM CJEIyeT CUYHTATbH MeXa-
HH3M, nocTpoeHubiit nenanuenm JI. Toppecom-u-Keseno okono moanyseka Tomy
Hasaa. Y cTpoilcTBO OnLIO MnpH-

Croco0NeH0 ISt Pa3birphiBa-

HHSI TOJIbKO OJHOrO r1pocTteii-

%”‘;@ ,% ; wr 1Iero  BUAA  SHIALITHIAS —
L “u © MaTOBaQHHUSI OJAMHOKOTO KOPO.si
e . naxbeit m KopoleM. 3aTo 3Ta
R e © 3ajJaya BbINOHAIaCh Ge30uIN-
AP T . 6ouno. [Ipexnocuinkoii cosna-
PR w  NHS TAKOH MAlUMHBL SIBJSiETCS
N Y CylleCTBOBAHNIE 751 HOAHHOH
PR g o ~ 3a4a4M CPaBHHTEJBHO NPOCTO-
el TR A ~ TO aiaropurtma (YeTKOH u muc-

yepnbiBaloued cuctemnsl rpa-
BILT), BEAYUIEro K IeJu mpH
JNOOOM HAYaJbHOM PACIIOA0NKe-
HuH  ¢uryp.  Peanusyionmit
HMEHHO 3TOT crneiudHdecKui
anroput™m, aBtomaTt Kepeno
He MOWeT ObiThb HCHOJIb30BAH
IUIsL petieHust Ipyrux waxmar-
HbIX 3ajad.

[leperopor B  peuleHuu
Fr - oOuieil npoGaeMbl aBTOMATH3A-
. UMM Pa3NHYHLIX BUIAOB yMCT-
©SLe. i . BeHHOM  mesTenbHOCTH (1, B

YaCTHOCTH, HIPLl B LIAXMATHI)

Puc. 1. O6uapyxeunpii B ondoM u3 mapmxk- CBSI3aH C II0SIBJIGHHCM-YHHUBEP-
CKMX QUTHKBAPILIX MArasHHioB CTapblil 1ax- CaJbHLIX IPOrPAMMHO-YIIPaR-=
MATHbIM aABTOMAT IIOCJ]E pPEMOHTA JIEMOHCTpPH- NsieMbIX JIEKTPOHHKIX un(ppo_
pyercsl Kak mpousseinende Kemnenena. BLIX MALMH. 3a1aud cOCTAR

JIEHHSl TIPOrpamMbl Il UrpLl B
HIAXMATRl TIPUB/JCK/IA BHUMAHHE TEOPETHKOB MALUMHHON MaTeMaTHKH yiKe
B TNICPBHIE TOMLI PA3BHTHSE HOBOLO MOTY4ero opyausi 4eJI0BEUYCCKOro pasyMa.
B 1930 r. onnn u3 cosmarenelt copemeHHOH kubepruetuku Kinon illennon
O1yoJIMKOBAJ MOCBSILEHHBIE 9TOMY BOIPOCY CTaThbu '), KOTOPHIE SIBHIHUCE
NCTOYHHKOM MIAEH IJIsl naJibHeHUIMX paGorT.

-
o M,

) C.E. Shannon, Programming a computer for playing chess, Philoso-
phical Magazin, s. 7, 41; C. E. Shannon, A chess playing machine, Sclentific
American 182, 1950, Ne 2.
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YecTh 11€PBOr0  NPAKTHYECKOrO OCYULECTBJEHHA MAlIMHHOR  MCpHI
B IUAXMATL! NMPHUHALJAEKHT, MO-BHIMMOMY, H3BECTHOMY aHIIHHCKOMY y4e-
HoMy-710rHuKy Anany THIOPHHIY, KOTOPHl HMCIONb3OBAA BEYMCIHTETbHYIO
mawnny < MAITAM- Manuectepckoro yrupepcutera. B Cosercxom Corwse
nporpaMma JAs pPelleHust JIBYX-TPEXXOIOBHIX IIAXMAaTHbIX 3amad  Gwina
cocTapaena B. M. KypOukuHHIM M C ycHeXOM HCMbiTaHa Ha mauinse BOCM.
B 6oace nosanme roas psn pabot Guia mposenen B CLUA.

Cnenyer OTMETHTB, 4TO B MNPAaKTH4eCKOH Hrpe MalliMHbl TOKa elle
ouenb caa0ul. YpoBeHb HMCPhl KEMIIEJEHOBCKOrO «TypKa» Obl/l HECPaBHEHHO
BLUIlE, H LIAXMAaTHBHE MAcTepa MOKa MOTyT He OOfiThCH COMCPHHHYECTBA
aBTOMA4TOB. B TO XNe Bpemss B O6J4CTH peLIEHMs IIAXMATHHIX 3anad (MaT
B 2—3 xona) pe3yibTaThl, NOCTUT4eMHE MALIHHAMM, BMOJHE YJOBIeTBO-
pUTENbHBL Y¥e ceiyac.

OnHako uHTepec paccMaTpPHBAEMOM HaMH TeMbl He CBOIHTCH K UHCTO
LIAXMATHEIM ycTpemaennsam. Pas6epem 3TOT BONpoC noxpoGHee.

2. B YEM 3AKJIOYAETCSI HHTEPEC 3AJIAUH

IllaxMaTel M3/[4BHA PAacCMATPUBAMMCh He TOJNbKO KaK HMIrpa, HO M Kak
CBOCOOPA3HMI MPOTOTHI yMCTBEHHOM JlesiTelbHOCTH BooOwke. Pasymeercs,
napainesb MCWLY WIAXMATHCTOM H, CKAWeM, NEPEBONYMKOM HeaAb3s CuH-
Tath 0coBeHHO GAM3KOH, XOT# Obl MOTOMY, 4TO OHH HMEIT Jeno ¢ pas-
MYHBIM KOHKPETHBIM MaTepHalOM M Pas/MuHLIMH [0 XaPAKTEpPy [CJIMH.
Ho xorpa peub 3axomut 06 aBTOMATH3aIMH DPEWIEHHs BHIMOJHACMbBIX
o6OMMM 3a7a4, TO CXOJCTBO CTAHOBHTCH 60/€e 3AMETHBIM.

JlJeHHOH NPHBOMMT uEJAHH CIHCOK 3anay, aBTOMATH3auMs pelleHns
KOTOPHX B TOH MAM MHOH Mepe aHA/OTMyHA AaBTOMATH3AUMH LUAXMATHOH
urpsl. Cpeim HuX YNOMMHAWOTCS: MepeBOil C OJHOrO #3bKA Ha JIPYroh,
KOHCTPYHMPOBAHEE PENeiHO-KOHTAKTHHIX CXeM '), OpKecTPOBKA Menonui,
BOGHHO-CTPATErHYCCKHE 3aMa4l U MHOTHE JpyrHe.

Kakoe e €XOACTBO OOHapyXHBaeTcs MpPH MOINLITKAX peuiath ynoMs-
HyTHE pasnoobpasnbie OpoG/eMbl € NOMOLIBIO mawnH? MOXHO yKas3aTh Hd
TPH OCHOBHHIX OCCTOATENbCTBA.

Bo-nepBHX, BCe 3TH 3a4aun (B OTAHUME OT OOLIYMHBIX, BBHIMHC/IHTENb-
HEIX) HOCST cHeapH(hmeTHueckui», Heuncnopol xapaxtep. [losTomy OTHO-
cuTelbHo OGONbuLIyld pOsib HrpaeT pasymuas KOAM P OBKA MCXOAHBIX
JHAHHBIX C MOMolpto uncen. OT BTOr0 MOWKET CHABHO 3aBHCETh a(hexTHB-
HOCTb pelleHHs.

Bo-BTOpHIX, Camblili [POlecC pPelieHus UMEeT CXONHBIH XapakTep.
OH HANOMMHAET HEYTO BPOJE [OHMCKA, MPOM3BONMMOrO (yTeM «npol u
OIHOOK» .

1) Tak Ha3bBAIOTCH CXEMBI, COCTaBACHHLIE M3 OCOGHIX 3neMeHTOB (peie) H
HCTIONb3yeMble B YCTpoHcTBax ynpasienus (@ Takxe nas BHIOIHEHH MaTeMartu-
yeCKHX ONepammil Haj 4MCIaMH), SAEKTPOMArHHTHOE pene mon AeHCTBUEM MNOJH
KaTYLIKM C TOKOM 3aMblKaeT WJIH Pa3MbIKa€T CBOH KOHTAKTHI.
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B-TpeTbux, BO BceX yNOMHHAEMBIX ClydasiXx HeT CTPOrOro geleHus
BO3MOWHBIX PelieHHii TOAbKO HA JIBE KATETOPMHM — MPABWIbHHIX M Henpa-
BuibHblX. CyllecTByeT MoCTeneHHas rpafiaupsg OT CaMbiX JNy4liux 1o ca-
MBIX  IA0XuX  pewennit. M sajawa, co6cTBenno, sakmouaeTcs ue B
OTLICKAHHM CaMOr0 Jlyylliero peiledust (3TO CAMILKOM CJOXHO), a B Ha-
XOMJIEHHH NOCTATOYHO XOPOLIEro M OJHOBPEMEHHO AOCTATOYHO POCTOrO.

Vrtak, Mbl MMeeM JeA0 € uesol rpyunoft 6osee uaH MeHee CXOMHBIX
npoGiieM, NMPUYEM HEKOTOPble M3 HHX MMEIOT CYLIECTBEHHOe MPAKTHYECKOe
suavenye. M maxMatel MOryT noCAyXuTb, 0O 00pa3HOMY BBIPANKEHHIO
[llennona, «ocTpHeM KiMHA», NPOCHBAKLUMM HOBHIE NyTH HCCAELOBAHNS.

VIMeloTCst Cepbe3Hble OCHOBAHME 1JIS TOrO, uTOGH BEIOPATH HMEHHO
IIaXMaThi B KayecTBe SKCIEPUMEHTANbHOH MOMenu Insi OGHAapyXeHus 3a-
KOHOMEPHOCTEH, MOTYLIMX OKa3aThCs MNONE3HBIMH NPH PelleHrH 60lee BAXK-
HBIX 3anay.

[lpexcae BCero, 3mech HDOCTATOMHO YETKO ONpeleneHa NOCTAHOBKA
8anauu (MPaBHIA HUrpHI).

3aTem cTeneHb C/IOWHOCTH OKa3bBaeTcs KAk pas ynauHoit. 3anmauva
He TPHBHANbHA, HO M HE YPE3MEepHO Tpyaua.

Hakonen, nuckpeTnblii (cxauxooGpasHblil) xapakTep liaxmaTHORH HUrpHI
ynobed ans peaausaluu B UUM(POBLIX MAILIHHAX. .

Bo3MO®HO, HeKOTOpHEe 4YuTaTenu OyayT pa304yapoBaHbI TeM, 4TO
WMEETCH B BHIY OTBHICKHBATH /MWL «AOCTATOYHO XOpOulee» pelieHHe
‘BOMPOCa, a 3ajaua O Haunyduledi, naeanbno 6e30MGOUHOI Wrpe mame
HE CTaBHUTCH. MHOrMM npencTaBiseTcs, YTO 370 6bI0 Gbl He Takoi A2
HEIOCTHKUMO# 3anaueit. K cowanennwo (mam, Bepree, K C4aCTbIO), 3TO
HE TaK-— TaKasg 3alaya elle OveHb Aanexa OT peuienust’). Bonpoc o ma-
LIMHHBIX BOBMOXHOCTAX 745t 6e30wmb04HOl urpel 6yneT paccMoTpeH B
HaCTOALlER CTaThbe MOCAe YTOYHCHHS HEKOTOPRIX OCHOBHBLIX  MOHATHE.

3. HIAXMATHI U TEOPHSA HI'P

[llaxmaTel NpHRALNAENAT K TAK HA3LIBAEMbIM UZDAM 8 pazgepHymoit
ghopme®). DTH Urpbl XapakTepuayloTCs TeM, UYTO Kawjpas KOHKpeTHas
naptTus npeacrtaenaset coboil, BOOOLIE TOBOPH, MOCNENOBATEALHOCTH M H O-
THX XONOB, & He 0043aTeNbHO OTrPAHMYMBAETCH OLHOKPATHBLIM Bbl-
60poM KaKOi-H60 BO3MONHOCTH KaWILIM M3 MapTHEPOB.

Hng urp B paseepuyTOi (opMe YaCTO MNONBL3YIOTCS rpauueckim
NpescTaB/ienneM B BuAe OepeSa, aRAaNOrHYHOTO H306paXeHHOMY Ha puc. 2.

1) B 20-x rr. Haiero pexa CJONKHIACk JETEHAA O GNM3OCTH 1IAXMAT K Hcyep-
MaHWOo, K «HHYeHHOH cMepTHy, HasefuHas «HENOOGEIHMOCTHIOY TOTAAIINErO YeM-
mHoHa Mupa Kana6aanku. Ho Mugy o nuuefinoft cmept pemmtenbs it ynap 6bla
HaHecen AfeXuHbIM, OTHICKABUINM CAA6bIe MECTA B KanabAaHKOBCKOH cTpaterum
3 OTKPLIBIIHM HOBBHIE BO3MOXHOCTH B 1l1aXMatax.

- 3 Ynotpebaaiorca Takme TEPMHUDbL: NOSUULOHHbIE Uzpbl, 060CUieHHble UzpbL,
uzput 8 paculpeHHoil gopae.
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OTpe3KH COMOCTABASIOTCS PA3AMUYHHIM BO3MONKHLIM XOLAM, KOHIBI oTpe3-
KOBR — miostowenusim urpbl. [Ipnm 3TOM camas HHKHSASL TOYKA u3ooOpaxkaet
HAYANLHOE TIOJIOWEHHe, a KOHIEBHIC TOUYKH — MOJIOXEHUsl, B KOTOPBIX
urpa 3aKanuMBaeTcs (MOCTaBaeHHble OKOJNO HHX 4YuCad B KPyXOuKax cO-
OTBETCTBYIOT HMCXOJAM HIpPBHI: | — niepBHIt UCPOK BHIMCPAJ, ]/Q—HH‘{bS{,
0 — nepehit urpok mpourpan). Llndpsl, cTOsiIHE OKOJIO OTPEIKOB, O3Ha-
yaloT HOMEp HWrpoka, KOTOPOMY TMPUHAMIEWHT BulOOp xona. Kawmas
oTHeAbHAs maptust rpaduueckn NpeacTaBiIseTcd Hepa3BeTBJICHHOH 1ENbIO
CMEKHBIX OTPE3KOB, COEMHHsIOUleH HauanbHoe [MO0J0WCeHHE C  OAHHM M3
KOHEUHBLIX (HamnpuMep, XHPHAS JHHHS HA PHC. 2).

Puc. 2. lNpumep «aepeBa HUrpb».

Eclu MHOWKCCTBO BCEX pPAa3JHUHLIX OTPE3KOB IepeBa KOHEUYHO, TO Hrpa
HA3bLIBAETCS KOHEUHOIL.

JlepeBo Hrpsl A 1IaXMaT HECPABHEHHO ob6mHpHee, 4Yem B3siTOC HaMH
B kauectse mpivepa. OMHAKO MIAXMATH OTHOCATCH BCE We K KOHEYHBIM
urpaM. DTO BLITEKAeT W3 TOro, YTO KOMH'YeCTRO XONOB B HI1axXMaTHOM
napTHH OrpaHnyeHo 4YHCJIOM 6300, Gnaronapsi mpasuiay O HHUbeH T1OC/IC
50 X010B, CAENAHHHLIX MOAPSA 0€3 NBHNEHHH neleK ! R3sTHil '), a KO-
JHYECTBO BHOOPOB HA KAWAOM XOLY TAaKXe KOHEHHO (e npesbiulaer
gucaa 27 -32%).

Tenepb oOpaTHM BHHMaHHE HA OTHY ocobentocTh Tpadpuyeckoro H3o-
Gpaxennst urp. JlepeBo urph MOWKET TOJLKO pa3peTBnsiTbcd. Ero BeTBI,

1y 6300 =250 (30 4 6-16) (Bcero BO BpeMs MNAPTHU HE MOMET 6HITh Oosee
30 pasTHil, kaxjas IDelika MOWeT crenatb ue oonee 6 xonos). Mnbl OyaeM CyH-
TaTb, YTO IHUbS [pH 3TOM (paBilo Kax 1 B ciyuyae TPOCKPATHOIO NOBTOPEHHI
pacrnonowenust Gpuryp npu TOH e Ouepead XOja) HACTymaeT aBTOMAaTHYECKH, HE-
3aBHCHMO OT TOTO, 1OTpe6oBat Ju ee KTO-HHOyab W3 HapTuepos CBOCBPEMEHHO.
[Mpu Mamuioi urpe Takoe COrnaiienye BroJHe eCTeCTBEHHO. He 6yaer Takxke
CYUICCTBEHHBIM, €ClH npexebpeub MPaBHAOM O BO3MOKIOCTH npojsiennst B HeKo-
TOpbIX cayuasx 90-X010BOro CpoKa.

2) MakcuMalbHOE KOJudecTBO ¢GUryp Ha nocke — 32, MakCHMaJabHOE 4YHCAQ
Pa3aHyHbIX BO3MOXHBIX XOJOB durypot — 27.
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OLHAXKIAB  PA3BEIUHMBLINCH, YXKE HE COEAMHSIOTCS BHOCAENCTBHH. 9TO
CBOHCTBO (NMpHHAA/EKALLEe NepeBy I10 OIpEJIeJICHHIO) O3HAauyaeT, 4YTO MO-
JOWEHIST UIPEI CUMTAIOTCA PABIUUHBIME, €CJTH OHH MOJYUCHBI M3 HAYAb-
HOTO pasHbiMi myTsiMu. MuhiMu cnoBamu, B COBOKynHOCTD XapaKTepu3yo-

HINX TNO3HLMIO CBeaeHHII JIO/MKHA OHLITh BKJIOUEHA HHopMauusi o ee
«MPeIbLICTOPHHY .

HMrpel, B KOTOpHIX Mrpok pacnonaraeT ceemenusMu o BCEX Mpennny-
ILNX XONaX, Ha3bIBAIOTCH UzpaMll ¢ NOAHOL UHGHOpManLell ). B 06b1uHOi
LIaXMATHOH MapTHH 3TO VCAO0BHE COOMONEHO. Ecanm ke pedyb ujaer o6

T . — ___
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Puc. 3. benrle Bemrpuisaior mpn Puc. 4. Xon 6enbix. Ouu BHIHCPHI-
CBOEM XOI€, €CJH WX Janbsl U KO- BAIOT, €CAM TpPeablAyILHA  Xon
POJb €lle He XOAMJIH. YepHbIX Obl1 b7—bj, H mpourpel-

BAaIOT B NPOTHUBHOM Clyuae.

aHanu3e Kaxko#-m60 TNO3UIHUH, TO IPUXOAUTCH TpeOOBATh, UYTOGK 3Ta
no3uumnsi OblJia 3a1aHa He TOAbKO PAacrOA0KEHHEeM Uryp, HO M HeKkoTO-
PHMH CBCIOCHHSIMH 00 ec npennictopun. Muave Mol He Bcerna CyMEEeM Jake
ONPEACIUTDb COBOKYINHOCTb BO3MOXHHIX B TNO3UIHH XOJIOB (mpumepn na
puc. 3 ¥ 4 NOKa3nLBAIOT, YTO 3TO MOXET OLITh CYLIECTBEHHBLIM), HE rO-
BOpsi  YXE O NPHMEHCHHHM HHYEHHBIX mnpaBua. JIerko BHAETb, 4TO NOCTA-
TOHHO 3aMaTb NONOJHHTENbHO: a) MOCJeN0BAaTeNbHOCTh XO/10B, CHEAaHHBIX
Ha'lHast € MNOCTEeNAHero NBHXeHHs MeLIKH WM B3siTHS U 6) CBeJLeHHs O BO3-
MOXHOCTH POKHPOBOK. Toraa COBOKYNHOCTH XOMOB, BO3MOWKHBIX B IaHHO
H TOCJACAYIOUNX MO3UUHUSX, OyAyT TOUHO OMNpeeseHn, PABHO, KK M MO-
CNeICTBUSA 3THUX XOIOB.

B cuny npueneunbix cO06paenuii M ILOMKHH pasnmuyaTb B J1a/b-
HEHUIeM [OHATHSI NO3UNUL W PACILONONCOHIULS guzyp. Jlerko BumeTb, 4TO
NO3ULNSL B OMHCAHHOM CMBIC/IE HE MOMKET [OBTOPATBLCSI B OMHOH U TOH e
TIapTHH, TOr1a KakK pacro/oxeHue (GUryp MOWET MOBTOPSITHCS.

Y K wepast ¢ nenoanoii UH@OpMALLeli OTHOCHTCS, HanpuMep, JOMHHO, TakK
KaK 31€Cb MWIPOKH HE pacro]araloT BCEMH CREJISCHHSIMH O npeabllyWHX X01aX
(K 4HCHY KOTOPBIX €CTeCTBEHHO OTHECTH H BOIOOp KOCTEeH maprHepamu).
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Takum 06pasom, maxMathi (C YKa3aHHHIMH OrOBOPKaMH) MOWKHO CHYH-
TaTh NPUHANJENAWMMHE K KAACCY KOHEYHBIX Hrp C noadoi uugopmarmei.
OTHOCHTENBHO TA4KHX WIp JOKasaHa BaXHas ofulas TeopeMma; s € ¢op-
MyJBPOBKH BBEJEM HEKOTOpble HOBblE NOHATHIL.

Bynem roBopuThb, UTO 3amana uucmas cmpamezis benpvix, WAN MPO-
CT0 cmpamezuus GeablX, €CAM KaXKLOH BO3MOKHOH MO3HUAHM C XOLOM Oennx
HOCT4BJeH B COOTBETCTBHE O M H M3 JIOMYCTHMBIX B 9TOil NO3MUMH XOLOB.
AHanOCHYHO ONPEleAsIOTCH cmpamezuts 4epHblx. MnowecTBo Bcex CTpa-
Terui, OYEBHINO, KOHEYHO.

Eciap 347aHbl OIHOBPEMEHHO CTpaterus Oeiblx, CTPATErHsl 4epHLIX 1
[O3MIMSA, TO NMPOAOMIKEHHE MIPBl (2 3HAYMT, M €€ MCXOL) Oupele/siorTes
onnozHauno. O6pariy, BCAKag NApTusi MOXeT OnTh TPENCTABIEHA KaK
pe3yabTaT BHIOOpPa GeNbIMH M HYepHLIMM HEKOTOPLIX cTpaTeruii M 1npuMme-
HeHMsL MX, HAUMHAs € MCXOAHOH MO3UUMM (HYWHO yUecThb CACJAHHOE BHILE
3aMeyaHue O HEeBO3MOXHOCTH [OBTUPEHHH [I03ULMH B oanoit u TOH We
napTHH).

1o noxaspiaeT, YTO WIAXMATHL TEOPETHYeCKH MOryT OLITh CBEIEHBI
K urpe, KOTOpast 3aK/uaeTc B OIHOKPATHOM Boibope CTPaTeruH Kawx-
AbIM W3 MIPOKOB. AHANOTHUHOE HOCTPOCHHE MOWET 6bITh JIEFKO BLINOAHEHO
nns A1060i Mrpsl B paspepHyTOl ¢opme (mpH COOTBETCTBYIOULEM ONpese-
JeHMM CTpaTervil) M HA3LIBACTCH 7MpuseOeHues K HopaaabHoOll  ghopae.

Ecap B3fTh NPOM3BOAbHYIO MIPY B HOPMaibHOH (OpME, TO H3BECTHO M,
4TO AASl MCPOKOB HE BCeria CyuleCTBYIOT ONTHMAibHHIE HHCTHIE cTpaTe-
[HH. DTO 3HAUMT, UYTO HaWAy4ilmi s [EPBOrO Mrpoka HCXOJ NapTHi,
KOTOPH OH MOWET BHIHY LM Th, HE BCErna COBNALAeT C TeM HCXOLOM,
KOTOPHI#i MO¥eT BHIHY W Tb BTOPOH HrpOK, CTPEMiCh K Hauayduiey
a5 cebs pesyabTaTty. [ToficHUM 3TO NPUMEpPOM HIPH, onpeneaeHnodt cie-
ayiwoueit Tabauuehn.

1-f cTpaTerus HepHBIX 21 CTPATCIHA YCPHHIX

-5 ctpaterust GEabiX | BHIMTPbill GeJblx | HHYBA
2-1 cTparerufl 6EiblX | HHUbS BB PBI GEnbIX

3nech GeaLiM rapaHTHPOBAaHAa TOAbKO HHYbf, TaK Kak Nocne
IOGOro0 MX BHOGOPA uyepHHe MOryT H30ewarb MOpaweHus. B 10 we Bpemst
y 4YepHHIX HET HMKCHPOBAHHOH CTPAaTErwH, KOTOpas naBana 6bl UM HUYBIO
He3aBHCHMO OT crnocoba urpbl OGenbiX.

FclH ONTHMANAbHBIE HCXOIbl, KOTOpHE MOTYT BLIHYIHTb oba wurpoka,
COBMAAI0T, TO COOTBETCTBYKOLIMH pe3y/ibTaT MapTHH HasbIBaeTCs LeHoil
uzpul.

1) CM. nuTHpOBainy!o Bbuie cTathio I'v @, Bouneunbnycra.
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Teopema, 0 KOTOpPOH ML FOBOPHIM, MOXeT GHTD copmynupoBaHa Tak:
ONsT HOpMQABHOL (HOPMbEL I OHEUHOI uzpbl ¢ noaHolt uHgbopmayuel
8cezda cyujecmsyem leHa uzpb 1. Otciona BHTEKaeT Aas LIAXMAT TAKOE
YTBEPWICHHE: eCcAu 8 Karofi-aubo nosunuu Hu Oedble, HU HepHble He
Mozym gbiuepams opcuposanro (He3aBMCHUMO OT BHGOpPa CTPAaTErHH Mpo-
THBHHKOM), MO KaxcO0Qs CHOPOHQ MOJCem BbHYOUMb HUUbIO.

Pexomennyem wuuratensm camocrosTenbHo nokasaThb  3TO. Hyxno
BOCTIONB30BATLCS MHILYKIMEH 1O YHCAY XOLOB CAMOrO AJHHHOTO TpPOJO-
IKEHUSI UrPhi, BO3MOXHOCO B IO3WUNHH.

4. BO3MOYXHA JIH BE3OILIHBOYHASI H'PA HA MAILIHHE?

B npejkinyiuem HM370XEeHMH Mbl MHTEPECOBAAMCh TONBKO TEOPETHYEC-
KHMH BO3MOXHOCTSIMH TIO3MLMH, COBEPLIGHHO CHHMAasl BONPOC O TPYIAHOCTH
MX JIOCTHXeHHUst. Baaronapst sTomy OLeHKAa NO3MIMH MONYUHAACh TOABKO
TPEX BHIOB (BHIMIPHILIHASA, TPOMFPHILHAA H HUYEiiHAsf), COOTBETCTBEHHO
TIPHHIIMNEM «BBHIMIPBLILIHYIO MO3UUHMIO YNYYHIUTH HEBO3MOXHO» H «B IPO-
MCPHIIHOM  TO3HLMH  OUIMGOK He GhiBaeT». PaccmoTpuM Terepb, Kakosa
CHOXHOCTD  OCYLIECTRACHHS 6e30MHG0OYHON WIpH B MIaxMaThl HAa MallHHE.

CyniecTBy1oT urpn, #nsi KOTOPHX BOAHE ocyuiecTBaM  6e30iHb0y-
HBIH pacyeT C [IOMOLIBIO COBPEMEHHBIX SJIEKTPOHHHX yCTpoiicT. Pas-
Gepem anropuTMhl, KOTOPHE MNPH STOM MOIYT GHITh HCIONb3OBaHHL.

HauGonee npumuTHBHEE crnoco6 cesizan ¢ T€M, YTO B 3arOMHHAIOUICM
YCTPOHCTBE MAlIMHE HAXOAMTCH «CNOBapb NO3MLME», T. €. COHCOK BCEX
BO3MOWHBIX TO3MUMH C yka3anuem Ansl Kaw/IOH M3 HHX XO0Ha, KOTOPH
HAIJKUT clenatb. Koa mnosmumy, nomnewaueil paccMoTpeHuo, nocne-
JLOBATEJIbHO CPaBHHUBAETCSI C KOAAMHM 3arHCaHHLIX B «CJAOBAPE» NO3ULHIA,
Tlpy pasencTe ynpasnenne nepesaeTcsi KOMAHIAM, BHIAAIOLIMM Xon,
COOTBETCTBYIOUMH AaHHOH mO3MuMH. $lcHO, 4TO MO 3TOMY mpHHUMIY
MOryT paGoTaTh yCTpoOMCTBa, peanHsyloMe AHiIb NPOCTERIINE TO3UIHOH-
HBE Urpel ¢ nonHo#l uHpopmauuei.

Heocymectsumocts MeTona «CoBapsi nosuumity A7t LIAXMAT BhITEKAeT
U3 CAHINKOM GOMBHIOr0 KOMHYECTBA BO3MOKHLIX IIAXMATHHIX [O3MUHIL.

B camom sene, 4Mcno pasavunbix  pacronowennii 32 maxMaTHLIX duryp
32

na 64-kneToyHoH J0CKE paBHO ﬁ? MoxHO cMeso yTBEpWKAaTh, YTO
8 2

3TO 4MCIO MEHBUIE 4YHC/Ia BCEX BO3MOMHBIX [O3HUHH, TaK KaK MOKHO
BApPLUPOBATH BCe OCTA/NbHhie NAHHLIE O MO3HIMM (O4epesiib X04a H T. 1.),
U 3TO KOMHEHCHPYeT € nuxBoil TO 06CTOATENBCTBO, YTO HEKOTOPHIC pac-
nonoxenust GUryp npornsopedar mpapHaam. K ToMmy we Mbl He cunTamm
nosuimit, rie 4yactb uryp pasmesena. [lOpsUIOK mModydeuuHoro w4mcia

Y Cwm. I. Bnexysaa u M. A, Fupwuk, Teopuss HIp M CTATHCTHYECKMX
pewennit, WMJI, 1958, wmm JIw. Mak-Ku ucwu, Bseazenne B Teopwo urp, M.,
dusmarrus, 1960,
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npumepro pasen 10*°. Ecnu 6wl nawe y/anoch OCylecTBUTh 34IHCh OIHOH
NO3ULMM B S7eMeHTe 06beMOM B KyOHYeCKHMH MHMKPOH, TO W TOrna 3ario-
MUHAIOLge YCTPOHCTBO MAIMHKL, paBoTaloulell no yKa3anHOMY METOLY,
JOJIAKHO GO 6bl 3HAYATENBHO NPEBOCXONTD 110 PA3MEPaM BECh 3eMHO Liap.

VcoBeplueHCcTBOBaHHE 3TOFO Cnocofa MOxeT 3aKmo4aTbhes B TOM,
4T06H pasOUTbL BCE MHOXECTBO MO3HUMH Ha CPaBHUTENLHO HefonbLIoe
KOMMYECTBO THIOB M JUIA KaXAOro THMA MO3ULMHM yKa3aTb BHI PCKOMEH-
ayemoro xona. Torma paboTa MamiHHL MOrna 6bl, HarpHMep, MPOTEKaTb
no cnenyiomed cxeme. ITyTem nposepkH psiia yC/7OBHI yCTaHaBIMBACTCS
THN NO3uUMH. Bce BO3MOXHBLIC XOJbl B MO3UIH M0C/ENOBATEABHO npose-
PIIOTCH, U BHTAETCS MEPBLIH M3 XO/O0B, YIOBJICTBOPSIOUHX  yCJIOBHSM,
PEKOMEH/IOBAHHLIM /LISl JIARHOTO THIA MO3MIH.

STOT CIOCO6 «THIOBHX IO3MUMH M THIIOBLIX XOIOB» BIIONHE MNPHMEHNM
B HEKOTOPHX sHAWNHAAX. Hanpumep, B 3HAILOMAE «KOPOab H MENIKa
NPOTHB KOPOMSl» BIOJHE BO3MOXHO yKa3aTh MPH3HAKH noauuuil, B KOTO-
pHX clefyeT JBHFaTh IMeuiKy, 3aHUMATh KOpO/JeM OMIO3UIMIO M T. N
OZHAKO HUKOMY ellle He YAAnoch MNOCTPOHTDH HCUEPNLBAIOILYIO CHCTEMY
paBu, MO3BOJSIOILYI0 PACIPOCTPAHHTbL TaKOe MONOWEHUE Ha BCIO COBO-
KYNHOCTb  IIAXMATHBIX MO3HLM. CymecTeyeT MHOWKECTBO [O3HLHOHHKIX
npasua THNA «eCad eCTb OTKPHTas JHHHSA, TO HYXHO 3aHMMaTh ce
nazbeil», HO KK ONHO M3 STHX NPABHA He HOCHT aGCONOTHOrO XapakTepa.
Beerza MOXHO HafiTH NpHMephi, KOCIA LAHHOMY MpaBuiy HE HYXHO che-
J0BaTh.

Be30mMBouHyI0 HIPY Ha MALIMHE MOXHO OCYULeCTBHTb H B TEX Urpax, rie
cyliecTByeT TOYnas ¢opmyna IUisi ONPELEneHHs HAHYHNICro X014 B Kax-
noit poamokHOH nosmmu. Takaa dopmyna M3BeCTHA, HALPUMED, /ST HIPLI
B «Hum», H €O3/aHbl CllelHanbHbie yCTPOHCTBA H MPOrpamMmbl IJisl uudpo-
BLIX 1IPOFPAMMHO-YIIPABISIEMbIX MALHH, PeanH3yIoOUHe STy ¢opmyny.

Ecnu 61 cymecTsoBana Takasi (opmyna M sl 1Uaxmar (Bpozme SIKOOBI
OTKphITOll repoem (paHTaCTHYECKOro pacckasa A. A6pamosa «CmepTb
WaxMaT»), TO MAWMHA NOny4YHna Obl peanbHOE TPEHMYLUECTBO B Hrpe
[POTHB HeNOBEKA BBHIAY CBOEro OHICTponeHCTBHS. Onnako (K cyacTblo
s moGuTenell maxmaT) Takol (GopMynbl He Halneno.

Bce ykasaHnble criocoGbl CTPaaloT TeM HEJOCTAaTKOM, 4TO OHHM TpE-
6yIOT mpeIBapUTenbHOH aHaNIUTHYCCKON paboThl 1O OTHICKAHHIO CTpaTe-
[HH, KOTOPYIO HYXHO HCIOAB30BAaTh. DTOrO HEAOCTATKa JHUIEH yeTBepTHit
METOJL — METOJl «TIOJHOrO Tepe6opa BapHanTOB». 31eCh HCC/RLYIOTCS
1I00YEePEIHO BCE BO3MOXHBIC B JaHHOR (O3UIMH (POLOMKEHHS ¥ MPOH3BO-
IUTCS UX CPABHHTEJLHAS OLEHKA HA OCHOBAHMYW HCXO/OB BAPHAHTOB.

[Mpoilece OCYUeCTBAsieTCs € NOMOINbIO XapaKTCPHOH LUst TCOPHH HID
TpOLeypPh  MONEPEMEHROH MAKCHMH3AUMH M MHHHMH3AIH. Ha xaxnom
STane CPABHMBAIOTCS J1Ba BApHanTa, pPa3nMyaloUMecs JHulb MOCACLHHM
x010M. ECAH 3T0 — X0/l mpOTHBHHKA, TO BHIOHPAeTCs BAPHAHT, MPHBOIS-
muit K xyamemy ucxofy. EcaM ke nocnennnit xon cBoit, TO BRIOHpaeTcs
BAPHANT, NPUBOASIMI K JytilieMy HCXONy. [Ipn OAMHAKOBOM HCXOAE
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BbIOOP 6€3pas/iuyeH ¥ NPOU3BOAHTCS 110 KaKOMYy-HHOY b NIOCTOPOHHEMY JIErKO
nposepsieMomMy npusHaxky. Ilo paccmoTpenun Bcei IPYNILl BAPHAHTOB,
OT/HYAIOUIUXCH JHIIb MMOCJCAHHUM XO0M, nocjaeaHeld obuiefl AAS HUX TIO-
SHUHH TNPUITHCHIBAETCS HCXOJ OCTABILErOCs («3IKCTPEMaJbHOr0O») BApHAHTA.
Tak nocrteneHuo ymenbpliaeTcst miuHa paccMaTpuBaeMblXx BAPHAHTOB. DTOT
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Puc. 5. YerpofictBo aas nrps B CKPECTHKH-HYIUKHY.

MpOLHecC CBOAMTCS B KOHIEC KOHUOB K BLIOOPY MEXIY BapHaHTaMmH IJIMHOKN
B OMMH XOX, T. €. K HaXOXIEHHWI0 HAWIy4UIero Xoja.

Taxoit MeTonm BroaHe npuemaeM ¢ TOUYKH 3penust Tpebyemoro obnema
MamMiATH  MAUMHBL,  TAK KaK BapHaHTHl CTPOSITCSI M PACCMATPUBAIOTCS
noouepento. ONHAKO BpeMs HCCJAENOBAHHA BCeH CeTH BAPUAHTOB 3aBHU-
CHT OT KOJMYeCTBA BO3MOXHBLIX papuanToB. [lonmpo6yem oueHUTE ero.

st urppl B «KpecTHKH-HyNKU» Ha 9 K/A€TKAX KOMHYECTBO pasJiny-
HLIX [IPOJIO/DKEHHH paBHANOCH Obl 2°-9!=—22 498 560, ecau 6bl GoAbLIAA
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yacTb BAPHAHTOB HE KOHYanaCh paHblie JIeBiToro Xxola. daKTUHECKH
BAPHAHTOR BO MHOTO pa3 MeHblie. [Tokazannoe na puc. 5 ycTpolcTBO
(CKOHCTPYHPOBAHHOE Yonnecom Uedcom) ananusupyer 6Gonee 633 000
[pOO/MKEntH, UTO OKAa3MBACTCH JOCTATOUHHIM JUI 6e30unGOoYHOH HUPHL.

B cnyyae waxMaT MOJIOXEHHE 3HAYMTENBHO C/IOXKHEe. KomuecTtso
XOIOB, BO3MOXHBIX B Ha4anbHOH TNO3HIHH, PaBHO 20, M CTOJNBKO e
Bo3MOmHO oOTBeToB. 10 jaeT 400 BapHAHTOB yXe HA IEPBOM XOIy.
SIcHo, UTO MO Mepe pasBHTHs GUIyp KOJIMYECTBO BOSMOMHKX XOIOB JIOMKHO
BO3paCcTaTh. 3aTeM OHO IOKHO y6LIBaTH B CBAI3M € PA3MEHAMH H yMCHb-
lenuem xonudecTsa ¢uryp. [lomcuersl, NPOH3BEACHHHIE & Fpooton ')

Lgy
20 ‘
1
1,5 = e
i \0\
10
05

T
10 20 30 4 50 60 Vi
& - Yucno cdenawreix xodol 6 nopmuu
Y- Yueng Bosmoxrsrx xodob 6 damiod nosuuud.

Puc. 6. Cpadrk Jorapugpma YHCIa BO3MOKHBIX B 1IO-

SMLMH XOHOB, MonyueHunx ne I'pooroM. [lo ropu-

30HTaJIH OTJIOMEHO KOAWYEETBO XONOB, CAEAZHHLIX
¢ Hayasa DmapTHH.

Ha OCHOBaHHK OONBIIOrO YHc/Aa nNapTHH MacTepos, [aloT B CpelHeM
KapTuHy, M300paxeHnyl Ha rpagmuxe (puc. 6) u NOATBEPHUAIOULYIO Cle-
nannoe npexnonokenne. W3 rpaduika BuAHO, YTO HA [POMEmyTKe J0O
30 xoma (0 < x<C 30) MOXHO CYMTaTh CpPenHee YUCJO BO3MOKHRIX XOL0B

B HO3MUMH Gam3kuM K ¥ ==} 1000 (lg y=1,5). IT0 3HAYUT, HTO yBejH-
yeHHEe JUIMHB pacyera Ha 1 Xon (GenbiX M YEPHBIX) BbI3BIBAET yBejHue-
HMe KOnHM4ecTsa BaphanTos B 1000 pa3. OOmee xe KONMYECTBO BapHaH-
toB 10 30 xola mMonyyYaeTcsl MNOPSIKA 1000°°=10°°. Ecnan cpaBuiTh
5Ty 1udpy € NOPSAKOM CKOPOCTH CambiX JIyYUWIMX COBPEMEHHBIX MAUIMH
(10° anementapubix onepauuit B cexyway, 10'°—B8 roa), TO CTAHOBHTCS
sicROH monnasi Ge3HaAeXHOCTb TAKOr0 MeToldd HCC/iefOBanHs MO3NIHH.

KoneuHo, Henb3sl yTBepxkiaaTh, 4TO He CYUECTBYET Kakoi-mibo Apy-
roff anrOpPWTM, TAKKe JAIOUHi TOYHOE pelienHe NpoGieMbl UAXMATHOH
MEpH M B TO e BpeMsi CYLLECTBEHHO MeHee TPYLOeMKHH. OnHako moka

) De Groot, Het Denken vom den Schaker, Amsterdam, 1946.
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TIONIOXEHNE aHANOTHYHO BOMPOCY O pacrpeieneHuH NPOCTHIX YHCen, rie
WMEETCSl  YHUBEPCANIbHOE W BIOJHE TOYHOE, HO CJAMIIKOM TPYILOEMKOE
«pewieto JpatoceHar (aHANOTMYHOE B ITOM OTHOLICHHH anropuTMy
«riepe6Opa BapHAHTOB»), HO ue CYIeCTBYCT MPAaKTHYHON (HOpMynkl, maio-
ulef Bce mpocTele uucna.

Kak Mu BoguM, samaua o COBCPIICHHOH MalIMHHOH Mrpe He MOweT
OHTH yCNeNIHO pelIeHa Jawe C MOMOLLBIO «YYyHeCHLIX CrocoOHOCTel»
GricTponeficTyIon®X 1MGPOBLIX  MaILMH, Tlostomy pasymuee sausiTbes
Ipyroit (ropasno 6Gonee UHTEpPecHOH) 3amadell 0 «10CTATOUHO XOpOLLEH»
urpe. C sToif wenblo Hamo mpewae Bcero IDHCMOTPETLCH K TOMY, Kak
HrpaeT ILIAXMaTHCT-YenOBeK.

5. KAK PACCYWJAET WAXMATHCT NPH BBIEOPE X0J1A

PacnpocTpatennoe npeactasnenue o TOM, 4YTO HFpa MacTEPOB OCHO-
BARA TONBKO HA N1aNEKOM H TOYHOM pacyeTe BapPHAHTOB, ONPOBEPranoCch
MHOTHNIT BRAHBIMA miaxmatHcTamn (P. Peru, P.daiin). Pan npocteix Haémo-
JleHWH NOKa3kIBAET, YTO YACTO XOAB BLIGHPAIOTCH HIAXMATHCTAMH OGO
Cuiakl BooGile Ge3 pacyeTa BapMAHTOB 3a JOCKOM. (Havanpnyio nosuumo,
HarnpUMep, HHUKOrjla He aHanu3upyloT 3a HOCKOH, kawawit mnst ceGsi 3a-
PaHee peulact, Kakoif mepswiH xon Hano cnenaTs). [lo-suamMomy, sicHo,
UTO MLIIJEHUE UIAXMATHCTA HCNONb3YeT COYEeTaHHE ONUCAHHLIX B
NpeAblylieM pasjiefie METOLOB, Pa3yMeeTCsl, CHIbHO BHAOH3MEHEHHBIX.

Paccmorpum, B kakom Bhme npumensercs nepsulit Mmeton. «Cnosapuk»
KOHKPETHHIX TO3MLMHA, B KOTOPHX TOYHO U3BECTHO, KAK RO Urparb,
XPaHUTCS, MONONHACTCS W UCIPABASCTCA B MaMiATH /MOGOrO IHaxMaTHCTA.
Ho pasmepsl ero mo reo6xogumoctn HEBENHKH, H OH MOYTH MCK/IOUH-
TCIBHO OrpanuveHd nNeCIOTHRIMM MO3MIMAMK. Benb TOAbKO sl no3uumi,
OnMBKMX K HauanbHOM, ecTh 3aMeTHast BEPOSITHOCTb  TOMHOTO MOBTOPEHHS
B HECKONbKHX [apTHSIX.

T'opazno Gonbuiylo posmb B MBILINEHMH mIAXMATHCTA urpaetr o6oGuieHne
TOTO METOLd, MpM KOTOPOM  YaCTHHE [MO3MLUMH 3aMEHSIOTCS THIaMH,
CpynnaMu  nO3uLMH, OGBEAMHEHHHX KAKHM-HUGYIb XapaKTEePH3YIOLHM
MX NPU3HAKOM. Paccym/enne NPOMCXOAMT MO CXeMe: «pa3 MO3MIMs O6-
J1aJ1aeT TAKMM-TO TNPU3HAKOM, TO HAlO fenaTh Taxoi-To xon». Hanpumep:
«CCAH €CTb OTKPLITAs JMHHS, TO HAAO CTaBHTL Ha Hee nanblo». Pazy-
MECTCH, pPU TaKOM OGOGUICHUM METOL TepsieT B HANEWHOCTH (He y4HThI-
BAOTCS MHAMBH/YadAbRLIE OCOOCHHOCTH [MO3ULKA), HO BLIUTPHIBAET B Jer-
KOCTH HCNONb30BaHusl. BrpoueM, Kak Me yxe OTMEYanH, B TEOPHH IHLI-
nuseif CyuleCTBYET PSiA NPABHJA, KawIO€ M3 KOTOPHX BIOJHE TOYHO pe-
WACT Uenyio rpyary no3uimii.

Onnako wHanGonbiyio poab BCE we HrpaeT MeTol pacueTa, SIBJSIO-
UWMACH  ynpoulesreM anroputva nepefopa BCeX BapHaHTOB. ITpn stom
NOIROCTBIO COXpansieTcsl Npoleaypa MHorepeMeHHol MUHMMH3AIMY ¥ MaKCH-
MH3ALMM,  ONHAKO HEM3MEDHMO COKPAlaercst paccMaTpHBaemast CeTb
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BApMAHTOB. JTO MPOHCXOAMT KAK 3a CHCT COKpalileHHs ray6Gudbl pacueTa,
TaK u 3a CyeT OTOPACHLIBAHMSI MHOFHMX BapHaHToB. B LU THPOBAHHOH BhILIE
knure ne 'pooTa rpuBeieHH pe3ynbTaThi IKCIEPHMEHTANLHOrO HCCICLO-
BaHUsl, IPOBEAEHHOr0 € MacTepaMM. PesynbTaT OAHOrO H3 ONBITOB  H30-
6paxen Ha puc. 7. Kak BumHoO, ray6uHa pacyeTa CPasHUTENbHO HCBEJAUKA
W NPUTOM KpaHHe HepaBHOMEPHA /Sl PA3HRIX BapHAHTOB. Hnas cemn Ha-
yanbHBIX XOJOB PAacCMaTpHBANOCh TOJBKO

16 sapuantos ¥ 47 nosuuuil.

[lpin 3TOM BO3HHKAIOT CBOEOGpa3HHLIE —o——e
n nenerkue npoGnembl. Onna H3 HHUX CBfl- oo
3aHa C TeM, YTO pacyeT He JOBOJAMTCH °
10 KOHII@ M, CTano 6bTh, OKOHYATeJbHbIE
MCXOJlbl BAPMAHTOB HeH3peCTHH. [TosToMy -e—e-—e—8—0
HykKHA KaKasi-TO HHas OCHOBA 1/ Hadana —e
HPOLECCOB MAKCHMH3ALMH 1 MHHMMH3aUMH. ™
B kadecTBe TAKOBOH CHYXHT CpaBHH- '
i \ s
TenbHas oONeHka rno3uumi. Krpox \ , 2/
o /7
JIOMKEH XOTS 6Ll sl HEKOTOPHIX MO3HIHH - . R
ymeTb Ge3 pacueTa ONpENENnuTh, Kaxas o

13 HUX Bwironnei. Eciu 3TO LOCTArHYTO,

TO HYXHO CTapaTbCsi JIOBECTH pacHeT 10

takux nosunuil. Ouenka NPOU3BOANTCS, —e—e
0 CyIeCTBY, Ha OCHOBaX, CXOMIHbIX C
MCTONOM «THMOBBLIX MO3WLMH» HAM «aHa-
JIOTHH», M OINHPAeTCsl HAa HaKOMJEHHLIH
OIBIT.

Jpyras npo6nema — OTGOP X008 111
paccmotpenns. [lo cymectsy, 3710 Ae-
naeTcsl ONSITb-TAKHM HA OCHOBE THIIOBHIX
NPU3HAKOB I[O3HLIMH, UAH XO0JAad, WM TOro Puc. 7. Fpaq)xiqecxde H300pane-
u apyroro. [Ipuvepnt paccywaennii: «nano Hye CeTH BﬂP'ﬂa“TO‘?- PﬂCC'MOTPe"-
NOCMOTPETD (POPCHPYIOUHE X0, fO- H”’éuﬁﬁrﬁpgfuozp';;2‘:{;::53."0'
apuus 6AM3Ka K HaYanbHOH, 3HAayuT, HAIO
paccMOTPETh Pa3BUBAIOUIME XOIk» H T. 1.

3naueHne MPaBUIbHOH OLIEHKH MO3HIMHN /151 CHJBL UIDH 06111eU3BeCTHO.
Ho He MeHee BaMeH HPAaBWIbRbIE BHOOP CETH BAPHAHTOB JLIAS PacCMOT-
penusi. Muorue maxmaTHCThl rpewyaT TeM, 9TO oTGHpaIOT A5t paccMoTpe-
HUSI OYeHb MaJ0 XOIOB MPOTHBHHKA, 3a4acTylO OCTABIAN BHE MO/ 3pe-
HUSl CaMble CHAbHbIE.

Cnepyer 3aMeTHTh, 4YTO OTGOp CCTH BApHAHTOB I7d pPacCMOTPEHIst
M pacueT WX — NepenneTarouiyecst npouecch. OO6bIMHO MIAXMATHCT CO3HA-
TeNLHO MM 6ecCcO3HATENbHO CpapHHBaeT pe3ynbTaTul pactieTa C HMeB-
mefici y Hero sapaHee HHTYHTHBHOH OLEHKOH 061 yMbIBACMOH [O3ULHI.
W ecan pe3ynbTaThl €r0 HC y/IOBICTBOPSIOT, OH NPOAO/DKACT MOUCKI,
pacumpsis paccMaTPHBAEMYl0 CEThb BapHAHTOB.

o—e Xodb Gesvix

o—-e X00b) YEDHbIX
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Boabmoe mausinpe ©a scio Cxemy pacueTa (BLIOOP CeTH BAPHAHTORB
H OUCHKY BO3HHKAIOUIMX [O3MUMH) OKA3LIBACT MNaH, KOTOPHM PYKOBOJI-
¢TByercd Mrpok. B cBOIO oOwepenb pacueT wacTo BHOCHT KOPPEKTHBH B
I71aH, NOKa3selBasi CTeNeHb ero peanbHOCTH. .

6. OCYUWECTBJIEHHE NPHBJHXEHHOI1 UTPbI HA MAIIIHHE

3/ech Mbl pacCMOTPHM B OBLIMX wepTax BOIPOC O NPOFpaMMUPOBAHIH
IMaxMaT JUisl HeCrenuanu3vpoBaHHol 31eKTPOHHOH Manmun. Crenmanuaiu-
POBaHHAsl IIAXMATHAs MaliMHa OTAMYanach Ol GOMBLIOH CreUUaTbHO
OpPravM30BAHROH MaMATBIO W PasBHTOH CHUCTEMOI ornepauui, CBI3AHHLIX
€O CPABHEHHEM, «y3HABAHUEM» ,BLIGOPKOH KOJIOB I10 ONpeie/ieHHbIM IPU3HAKAM.
Mubl GyzneM OpHEHTHPOBATBCH Ha MeTOL pacrera BapuaHTOB W nputau-
HEHHOH OLEHKM MO3MIMH MOCPeCTBOM BLIYMCICHHS HEKOTOPO# (pyHKIUH.
JT0 He HCKMOYAET, KOHEYHO, WCIIONb30BAKNS AHATH3A 0coBeHHOCTe#H
NO3HLHK 7151 0T0Opa X0/10B, MNOMJAEKAIUMX PACCMOTPCHUIO.

Ilas Toro 4ro6i Ha ykasawro# ocHOBe NOCTPOUTDL  OIpPe/IeNeHHbIi
METOJL MAIUMHHOMH Urpbl, HYXHO BHAuUase BLIOPA I'b olenouRYIo hyHrnuIo f(P)
M JlaTh Croco6 BHIGOPA CETH BAaPHAHTOB A5l pacyeTa. Pacemorpnym cssi-
3aHHBIE C 3THM BOIPOCH.

WMneanbuast oueHounass QGyHKU¥S HOMKHA Gbiia Ghi MIPHAUMATh TOABLKO
TP 3nayenusi (COOTBETCTBYIOLIME BHIMIPHILLY, TPOKIPhINY M HHUbef) u
HE MEHSITb CBOErO 3HAYEHHS B Te'leHUe NapTHH, TOKa ne OyJdeT Cesana
omnbKa OJHUM M3 NApTHEPOB. DTO MOCAENHEE CBONCTBO M SBISETCS ny-
TCBOIHOH 3BE3/IOH NPH NOCTPOEHHH TIPHOMMKEHHHX OLCHOYHHIX ¢yHKUMi.
HyxHo yuyuTHBaTG B nepsylo ouepenp Te XapaKTepHCTHKH ILIAXMaTHOM
O3UUMH, KOTOpHE B CpeldncM Haubosee yCTOWYMBHL LPH XOpouieH mrpe
00OHX napThepos. K TakuM xapakTepucTHKaM MOKHO OTHECTH COOTHOLICHHE
MaTepnana, KOTOPHM pacrnonaraioT HrpOKH, a TaKke IUIOCH M MHHYCHI
TIeMeYHOr0 KOCTAKA nosunud. Ho ne caenyet 3abbiBaTh, 4TO cTpeMUTbCS
Ha/l0 K YCTOHYMBOCTH OLECHOUHOH (YHKIUMK B LEOM, 2 HE OTAeNbHBIX
ec 4ieHOB. B rpakTHuecKoH NapTHM NPEHMYLIECTBO HAaCTO MEHSeT CBOIO
¢opMy, mpespariasich M3 OZROTO BHaa B npyrofl. Moo MOXepTBOBATH
NEHKy, nony4Hs B3amMeH GOABIIYIO MNOIBIKHOCTE (ULYP MIM nepesec
B CI1aX Ha BaXHOM yyactTke nocku. [losTomy Takue ckoponpexoasme
GaKTopul TOWe 0MKHH YYMTHBATLCH B OLCHOYHO! dynkumn.

Ilpaxktnyecku nerye Bcero yuwecTv matepuan. COOTHOMIEHHS CHIn
PaIMYHBIX (UIYD yCTAHOBAEGHH AJMMTEALHBEIM OMBTOM H 10CTATOYRO yCToili-
wiBbl. [l03TOMY OCHOBHOH uwacCTbIO BCAKOH OUEHOYHOM QYHKUMH cnaymuT
O9BIMHO  mpeinowennas  euie lllensornoMm cymma 200 (Kp—Kp') -
TP —P) -5 (N — )} 3(C—C +K—K)+T—T.  3necs
Kp, @, JI, C, K u Il 03HaYaloT KONMYECTRO ¢uryp nmavsoro Tuma
y Oenbix, a Te we GYKBH CO NITPHXAMH — KONHYECTBO TeX We duryp y
depunix. Kosddummento 9, 5, 3, 1 cooTBeTCTBYIOT OTHOCHTENBHOM 11eH-
HoctH ¢ep3ss, nagbu, nerkoil ¢urypw u newin. [lepewit yien sroit CYMMBI
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paBeH HymoO B Teuenue BceH napTHM, RO OLPENEsIET 3RHAK Bcell Ccymmbt
uoc/ie MaTa OJHOMY M3 KOpoJelt MAH NpH TOMBLITKAX €ro «oxepTBOBAIbY.

JlanpHefidM LIArOM JOKHO ObITh N06aBACHHE CO 3HAKOM «MHILYC»
YNEHOB, COOTBETCTBYIOLUMX H3O/HPOBAHHBIM, CIBOCHHHIM H  OTCTAIBIM
[eUIKAM M YMHOXEHHHX Ha HEKOTOphie HeGo/bLine kosgutimente.  Co
SHAKOM &TIIIOC» MOXHO LOGABHTb 4JieH, YUMTHBAIOLWMH Hanudue (poxof-
HeIX MelleK.

Jlenanuch TAaKKe MOMBTKH Y4€CTh MOMBHMKHOCTH uryp (KOnmuecTso
BO3MOXHBLIX B NO3UIHMH XO0B). DTO TOXE OKa3anoCh IONE3HBIM, XOTS B
sicriepumentax  Ynama v Creiida ') NpHBOAKIO K «1iax060si3uMy (IpH iaxe
pe3ako OrpaHuuMBaeTCsl KOIMUEeCTBO BO3MOWKHLIX orseTos). B mnccneposa-
msix A. Bepuuirteiina u gpyrux *) dynkumus f(FP), MOMHMO NOMABHXHOCTH
W COOTHOLIEHHSI MaTepHana, yuuThiBajia Takxke 6e30MaCHOCTb MO3NIBU KO-
ponst M KOHTPO/HPOBAHHE KPHTHYECKHX mnosiel.

Cnenopano 6bl TAKWe y4eCTb MHOFO [APyrHX MO3HUMOHREIX (GaKTOpPOs,
HO 3TO TpeGyeT NPeOfONeHHs TPYAHOCTEH, CBA3AHHHIX C HX aneKBATHHM
YHCJIOBBIM  BHIPAXKEHHEM.

Yto kacaeTcs BHGOpa CeTH BAPHAHTOB, TO MPOCTEHNIHM pelieHHeM
BOIIPOCA SIBNSICTCS PACCMOTPEHHE BCEX JIONYCTHMBIX MPABHIAMH HIphl Ba-
PHAHTOB OfIpejie/IeHHON JUIMHBL  (CKaXeM, B 2 wm 3 xoxa Genplx u ep-
neix). Takylo ctpaTermio LlleHHOH Ra3bBan crpaterneit THna A u yka-
3pBaZi, YTO OHA BeCbMa HECOBEPIICHHA MO JIBYM MPHYHHAM. Bo-nepBhix,
MAILMHA (POJENLIBAET [PH 3TOM KONOCCANbHOE KOJHIECTBO auiltHelt pa-
60TH, paccmaTpuBasi BCe lanbHeHINHe pa3BeTBIEHUS SBHO GeccMrICaeH-
HEX (POAOMKEHHH, DTO HOMKRO MPUBECTH K MEIICHHOCTH HIPhHI. Bo-sToO-
pblX, B psile C/yydeB aHanu3 HeOGXOAMMO 6510 6Bl MPOJAOTKUTB. ITO
uMeeT MecTO NpH TpOBEACHMH CEpPHH Pa3MeHOB /M MHOFOXOJOBOH KOM-
GunalMy C KepTBAaMM, KOFJa 3RAUeHME OleHOYHOH (YHKUMH Pe3KO KO-
nednetcsas OT X0jJa K XO.y.

B ynoMAHYTHIX BHiille ONbBITAX Vnama u Crefina BhIGOp CTpaTervu
Tnna A ¢ ray6unoil pacyera B 2 X04a AN KaXAOr0 NPOTHBRHKA NPHBET
x ToMy, uTo mammna MAHMAK tparuna Gonee vdaca Ha «0B1yMBIBAHHEY
ONHOrO XOAa (IpH CKOpOCTH 6—8 ThICSY 3NEeMEHTapHHIX Orepauyii B ce-
kynay!). B pesynbTaTe OHM mepemuii OT OCHYHLX MIAXMAaT K YIpOULeH-
weM (c nockol pasmepom 636 n Ge3 c/OHOB). Torpa Ha BHOGOp X014
cTano 3aTpauuBaThbest OKONO 10 MHHYT.

Doas yayumenust ctpaterny LllenoH npeanarasi BBECTH JBe dynakuyn
g(P) v k(P, M). Tlepsas u3 HMX JO/KHZ NPHHUMATDH TONbKO 1Ba 3Ha-
uenpusi, a umernHo O (B cTabunbnoit mosuuun P) u 1 (B ciyuae HecTabunib-

). Kister, P. Stein, S. Ulam, W. Walden, M. Wells, Experi-
ments in chess, Journal of the Association for Computing Machinery 4 (1957),
Ne 2, ctp. 143—147; S. Ulam, P. Stein, Experiments in chess on electronic
computing machines, Computers and Automation 6 (1957), Ne 9, crp. 14—20.

2) A. Bernstein, M. Roberts, Computers V. chess-player, Scientific
American 198 (1958), N 6, ctp. 96—105.
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soctn P). HectabunbhocTs monmmaeTess Kak HajnyHe 11axa, yrposwl
MATEPUANILHOTO  BRIMFPBILIA M APYIMX  CHABLHDBIX yrpo3. 3drta ¢yukuud
HCHONb3YeTes Nast onpenenennsi rnyGHHE pacuyeta. A HMEHHO, pacueT
lIpOAO/MMKARTCSL 1O TeX nop, noka g(P) ne obpaiaercs p HYNb (HO HOMKHLE
OLITh Takke NaHB GE3yCNOBHHE HIKHSA U BCPXHASl FPAHULIBI, — CKaXEM,
2 u 10 xozn08). dynxuns  k(P, M) onpenenser 1enecoobpa3HocTh pac-
CmoTpernst xona M g nosmmun P. [pemnaranoch nath eii Haubonee Bui-
COKHe 3HayeHud npu (bopcupy}oumx W pa3BuBaIOlINX XOnax, CpefHue —
IpH 3aIUTUTENBbHEIX U 6onee HHU3KHE — NPY OCTANbHLIX.

Brumate:nshoe paccmorpenne sTOro mpenoenus NOKa3kBaeT, 4YTO
B OOOHX ClyqasiXx Peyb HAET HE CTOABKO O BHYHCINTENLHbIX olepaisx,
CKOJIBKO O NIPOBEPKE COBOKYNHOCTH HCKOTOPHX yCNOBMH B MO3MIMH, 4TO,
KOHEYHO, TaKXe BIOAHE JOCTYIHO /Sl MALUMHBL.

IpumirtHBHBEI BapuaHT dynkunn g (P) 6mn ucrtonb3opaH B 3KCnepH-
MeHTax Ha mamMHe «MAJIAM». PaccuyuthiBast o6piyHbic BaPHAHTKLI BCEro
JMUIb HA ONHH XOI BICPEN, MALIHHA MCCJAENOBANa Pas3MeHb 10 HX OKOH-
YaHUs.

OCTaHOBUMCSL Tereph Ha SKCIEPHMEHTAaX C MAIUMHOMN MBM-704 ") kak
1a HAZIOCTPALMK HiaeH 06 ucronb3osanuy Qynkiun (P, My.

B kax10ff nosupuu mamimna otéupana UMb 7 X008 And ofBpa3sosa-
nus BapuanToB. Ilpu rnyGune pacuera B mBa x01a 9T0 naer B ob1ei
caownocTd 772 7° 1 7* = 2800 noszmumii, 4to H03BONSLIO 1IpPOH3BO-
JuThb «OOAYMBIBaHHe» X042 B moGOH nozmimu 3a 8 MHHYT.

BEIGOp XOLOB m/isi pacCMOTPeHMsi HpH STOM OCHOBAH Ha TOM, 4TO BCe
XOIbl, BOSMOWHHE B JIaHHOH TNO3HUMK, PACNONAralOTCs B ONpPENe’eHHOf
flocne0saTebHocTH.  PaccunthiBaiotess 7 uepehix mno cdety xonos. [lo-
PSULOK  paclioIowennsl B 3TOH N0C/eN0BATENLHOCTH ONpeensieTcs nyrem
HIPOBEPKH  Pilila  yCNOBHH B MO3MIMM W BLMAIMT CAEAyIOUM O6PA30M.

1) BawmTa OT waxa (ecam om umeeT MCCTO):

a) masiTHeM,
6) nepexphiTem,
B) yX0IOM;

2) 3alINTa OT YrpoO3W MAaTEpPHANBHOFO TIPOHIPLILIA;

3) POKIIPOBKA;

4) passurue nerkoit QGurypm;

D) 3aHATHE OTKPHTOH JMHUM]

6) 3aHATHE KPUTHYECKUX node#, BO3HUKIUMX B MElIeYHOM pacnono-

YKEeHHH;

7) ocTanbHhle XOLl MENIKAMHE;

8) octanbhuie xombl ¢urypamu.

Hecomnenno. uto Takoit nopsmok paccMOTpeHHsl uMeeT psil HeloC-
TAaTKOB. ITO OCHAPYKUBACTCH U B NpUBOANMOM HMKEe napTHH, THe rpy-
Gast oumbka (3esok ¢epsst) Gnna Crenana s npejesax 3ananHofl rnyGuunl

') Cm. ykasaHuywo soie paGoty A. bepHmTeina u M. PoGeprca.
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pacuyerTa.

OuyeBHIHO,

npejesamMi rpynnsl U3 7 nepsBooyepenHbiX.

Mamuunua—yenoBekxk

COOTBE‘TCTBYIOLU,Hﬁ X0 MNpOTHBHHMKA OKa3dJ/Csa 34

1. e2—e4 e’ —ed 12. d3:c4 ed — ed
2. Cfl —c4 b7 — b6 13. Kf3 — g5 Pcb — g6
3. d2—d3 Kg8 — 16 14. Kgd -— h3 e4 —ed
4. Ccl — g5 Cc8 — b7 15, 2 —13 Ci8§ — ¢d
5. Cgo:f6 $d8: 16 16. JIfl — el 0—20
6. Kgl — 13 c7T —¢b 17. Kbl — ¢3 ed —e2 |
7. 0—0 d7 — d5 18. Kh3 — 2 Cb7:13
8. €4:dd c6:dd 19. g2 —¢3 e2:d1d
9.Cc4 — b5} Kb8 —cb 20. Kc3:dl dgb — 2
10. c2—c4 d5:c4 21. b2 —b3 Jla8 — d8
11. Cbd:c64 Pf6:¢6 22. h2 —h4 J1d8:dl

beaple cpanuchb.

BueUIHHH BHA LIaXMAaTHOrO «CPaWEHHs» MemJAy MAIIMHOH M YeJTOBEKOM
nokasaH Ha puc. 8 '). Mrpok pacnonaraeT maxmMaTHOH HOCKOi# ¢ UrypdMi.
MawinHa (HKCHPYET TedeHue WUrpsl B CBOEM 3allOMHIAIoUleM yCTPOHCTBL.
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Pic. 8. Maprus mamwuust UBM-704 opotus A. bepumreitua.

[Mepen HauasoM Hrpel 4C/AOBEKY MPEAOCTaBAfeTCs Npaso BHOOPa UBeTa
duryp myTeMm HaxaTus COOTBeTCTBywwei kuonku. Ham nepseiv xomom,
Kak 1 Had BCEMH OCTAJbHBIMH, MAalldHAa «aAyMaetr» 8 MHHYT, TaK KakK H

1) dororpadus BOCIpoM3BOMIICS M3 KypHana «Scientific Americany.



156 10. M. BE3BOPOIOB W B. B. OPJIOB

3nech OHa paccmaTpuBaet 2800 BapHaHTOB ¢ HavanbHLIMH Xojamn Kad,
Kc3, Ki3, Kh3, e3, e4, d4.

Henosex «coobulaeT» MallHHE CBOH XOJIH, TPOGHBas COOTBETCTBYIO-
myio KOMOMHAUMIO OTBepCTHil Ha nepdoKapTe MM MyTeM HamaTHs COOT-
BETCTBYIOUIHX KJIABUII Ha TMyJAbTe ynpasnenus. Maumba oTBeuaeT ewy,
neJarast CBOK X04 W noaydaioutyiocst nosuumio. Ilocse Bsoma B mammny
©OYepesIHOTO X0Ja YeNOBEKA BO3HUKAIOLIAs NO3HUUS TaKXKe fevataeTcsi
INsl KOHTPOJsi. B cnyuae, ec/n 4esioBeK OIIMGETCS M CrenaeT XOjl, Npo-
TUBOpeyauit rnpasunam urpbl, OygeT HanewataHo Bexmusoe «please
check last move» (nowanyihcTa, nposeppTe nocnemnnuit xon). Bexnausocts
BooOUle «CBOKCTBeHHa» mammbe MBM-704; kaxk 6ol HH OKOHYHAACH Wrpa,
napTHep nojydaet 6arofapHOCTh «3a HHTEPECHYIO MapTHIoy. (B ckobkax
3aMeTuM, 41O B MammHy «MAJAM:- B cBoe Bpemsi 3a0LIM «BJIOKHTDH BEK-
JuBOCThy. OHa Bena ce6st kpaHHE «HECHOPTHBHO», MpeKpallast urpy 6e3
BCSIKUX  «OGBSICHEHUH) B CiAyuae GE3HANEIHOTO MOJOWKEHHSL.)

Iloka mailnee 0YCHDb Yac TO NPUXOAUTCH GNATONAPHTE 3a MIPOUT'PAHHKIE €10
naptii. OHa urpaet nojoGHO HOBHYKY, XOTS M OGNANAIOULEMY BLiIAIOL(H-
MHCSl  CTIOCOGHOCTSIMH K Pacyery, HO HEYMEeJNO MOJb3YIOUEMYCS HMH H
¥ HE TapaHTHPOBAHHOMY OT «3eBKOB». KpoMme Toro, ona CAHIIKOM «JIOr-
MaTHYHA», H €€ YeNe3Has MPAMONHHEHHOCTh B TPOBEJCHHH HEMHOrHMX
BJIOXEHHHIX B €€ MPOrpamMMy TMPOCTEHINHX [PHUHUIKIIOB HE BCErHa OKA3hLi-
BaeTest 1104e310H. MOXKHO JTH CYLECTBEHHO YAYYNIMTh TaKOE MNONOWKEHHe?

7. BOBMOXXHOCTH YJNYYHIEHHA HIPBI MALIHHBI

YnyumeHHe urpel MaxMaTHBIX MalllHH BO3MOXHO 3a CUYET NPHGAMKE-
HHSL METOJIAa HAXOWIAEHHUS! «JOCTATOYHO XOPOWIErO XOAa» MALUHHOK K Me-
TOJly, KOTOPHIM NOJMb3YETCS YENOBEK ').

Ha nepsom mecTe B 5TOH CBSI3H CTOHT BONPOC 06 YMEHBINEHHH YUC/A
pacCcMaTPUBAEMBIX BapHaHTOB. TONBKO 32 CYET YMEHBIIEHHH KOJIWYECTRA
BapHaHTOB MOWHO YyJAYYIIHTbH Hrpy MaIlHH, yBENHYHB TAyGHHY pacuera.
Koneuno, oTGop BapHanTOB 3HAUHTENBHO YBENMTHT OGDBEM HEKOTOPBIX
HyacTeH MporpaMipl W BpeMsl pacdera OJIHOTO BAPHAHTA, HO COKpALEHHe
KO/INYeCTBA PACCMATPHBAEMIWX BAPHAHTOB C 340aCOM KOMMCHCHPYET 3TO
ysenmdende. HanpuMep, ecnnm Owl ynanoCh jawe 3a cueT IBYKPaTHOTO
yBEeJNHYEHUS] BPEMEHH Ha pacyeT OJHOIO BaPHAHTA COKPATHTH KOJAHYECTBO
paccMaTpHBaeMbix  X0moB ¢ 7 mo 4, (amst KIBM-704) 1o 3To mo3Bosmio
Gbl npH TOM e BpemenH pacuera (8 MUHYT) yBenMuMTh InyGHHY pacueta
IO TpeX XOHOB. (3aMeTHM, YTO pacyeT Ha 3 Xona Buepen mas 7 pac-
CMATPHBAEMBIX XOJIOB 3ansin Obl 6/, uyacos.)

C npyro# CTOPOHBI, LOMKHO GBITH SICHO, UTO OTGOP B KAWHOH TO3H-
U (UKCHPOBAHHOIO YMCNa XOJIOB HE WMEEeT MEpCHEKTHB, TaK KaK Jawke

) OueBb ll€HHbIE HMi€H B STOM OTHOIIEHHH COAEPKATCA B cTaThe rpoccMmei-
crepa M. BoTBHHRHHKA «JlI0IM H MallMubl 3a IMaxMaTHOH NOCKOH» («Komco-
MO.1bCKas mpasua» ot 3 siHBaps 1961 r.).
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Jusl deTHpeX OTOMpaeMblX XOi0B (YTO He BCErjla NOCTaTOYHO, KaK BHAHO
U3 pHC. 7) HYWHa CKOPOCTbH MalllHHbl B HECKOJBKO MHVIHOHOB onepanui
B CEKYHAY, 4TOGH B Npenenax HeCKOJbKHX MMHYT PaCCUHTATh BAPHAHTHI
na 4 xona Brepei. JIMIbL MOCTPOCHHE XOPOMIEH (QYHKIMH h (P, M) no-
3BOJUT COKPATHTh YHCJIO PACCMATPHBAEMBIX BAPHAHTOB C THICSIY O COTEH
HIM JECSITKOBR M JIACT BO3MOXHOCTH PACCUMTHIBATH «TJIaBHLIC» BAapUAHTHL
Ha ray6udy B 5—10 xonos.

Becbma TepCreKTHBHOW Hueell Jnsi MOHCKOB B 3TOM  HafpaBiCHUH
fIPEeNCTAB/ISIETCS ANTOPHTMH3ALMsSL «HIPbl 110 [UIAHYY. Ecan B KOHKpeTHOH
{IO3UUHH Pa3yMHO BHIOpATh YaCTHYIO 1efb, K JOCTHKEHHIO KOTOpO# che-
JyeT CTPEMHTBCS, TO MOXHO PE3KO COKPATHTh 4YHC/IO BApHAHTOB, MO
AEXAUMX PacCMOTPerMio. T1ONHTKA PacCMOTPEHHS! B NMEPBOM HPHOMIKEHNH
5TOr0 Kpyra BOfpocoB yxke Oblna cmenana '). Haubonpmme TPyAHOCTH,
KOHEUHO, mpexctasaset BHOGOp maana. OH HO/MKEH NEPBOHAYAMLHO MPOU3-
BOIUTHLCS HAa OCHOBE aHanHM3a OCOGEHHOCTEH MO3uLHH, a 3aTeMm fIPOBC-
pAThCSL pacyeToM. ITO mMOTpeGyeT BPEMEHH, HO BLIOOp TAaHa IO/HKEH
enaThCsi HE HAa KaXJAOM XOAy, @ JAWilb B TICPEJOMHLIE MOMEHTLI, 1IpH
PEe3KOM M3MEHeHHM THna TO3HIWMH. Pasymeercs, OCYLUICCTBICHHE BCErO
370r0 NMOTPe6ORano Gbi OrPOMHOIl NPENBaPHTE/IbHOH paGoThl MO BHPaOOTKE
«CHCTEMBl HOPH», JOCTATOYHO COBEPUICHHOH H HE CAMIUKOM FPOMO3JIKOH.

OcylecTBNEHHE YKa3anHOH HieH HMesnO Obl 3HAYCHHE H IS PCILCHHS
BTOPOrO BAWHOFO BONPOCa — O HaW/yuileM BHIGOPE OLEHOYHOH $yHKIHU
f(P). OueHka NO3HIHA CTaneT 6osiee THOKOM, ec/iM OlEHOYHast QyHKIHS
6yseT MOAM(GUUMPOBATHESI B 3aBHCHMOCTH OT THMA MOJHIHU H KOHKPETHOH
yenH, KOTopasi MMEETCsl B BUAY J/sl LaHHOTO MepHopja Mrpsl.

Kak y®e ynOMHHAal1OCh BbllUE, YAYUHIEHHS] HIpbl MalMHGE! B nebioTe
MOMHO 1OGMTLCS BBEJAEHHEM B €€ naMsiTh CJioBaps NECIOTHLIX BapHAHTOB.
MarmmHa BbIGHpAeT XOIBl M3 STOro C/oBapsi OO TexX Mnop, Moka €€ Ipo-
THBHHK MIpaeT «IO TEOPHH»; TPH OTKJIOHEHHH OT NCGIOTHHIX BAapHAHTOB
NPOHCXOJHT NEPEXOI MAIUMHBI Ha pacyeT BapHaHTOB. Peanuzanust cnosaps
7e6I0THHIX BAPHAHTOB HA MAIUMHE SIBASIETCS TNPHRUMIHANBHO HECIOMHLIM,
HO OYE€Hb TPYIOCMKHM JIE/OM.

Bronne peanbHO TaKke OCYUIECTBACHHE HA Mailnte CHCTEMBI fpaBui
7Sl WrpH B SHIIIMMASIX (0coGenno B mpocTediunx). B cayqae o6Hapyxe-
HuSL HA JOCKE MPU3HAKOB SHILINIWAS, MaUulMHE OfpejessieT €ro  THM
M BKJIOYAET COOTBETCTBYWLYIO TPOrpamMMy, peasHu3yIoulylo aaropHT™
IAsl JIAHHOTO THNA SHNIIHJS.

OueBHAHO, YTO JOOUThCS JAOCTATOYHO XOPOLICH HIPLi MAalIMHBL B JIE-
60T€ W B SHINNHAE MOXHO Obio 6Ll panbuie H nojHee, 4YeMm nnasi cepe-
auabl urpel. Ho ceiluac HanGOMpINME YCHJIHSL BanpaBACHHl HA NOCTHXEHUE
xopomeii Hrpbl MalllHHBl B CPemHeH CTajuH, TaK Kak HMCHHO B 3TOM

1) A. Newell, The chess machine; an example of dealing with a complex
task by adaptation, Proceedings of the Western Joint Computer Conference,
1955, crp. 101 — 108.
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SaKJNOYACTCS  OCHOBHOH HHTEPEC 3aJaYH M MMERHO 3/eCh NEWHT K104
K PCHIEHHI0 JIPYTHX BaXHBIX Npo6ieM.

VInTepecHbiM, HO MOKa HepeanHsoBaHHLIM CHIOCOGOM YAYHIUEHHST HIphi
INaXMaTHOH MAIMHBI SIBASICTCSt METON OGY4eHHS.

ITon o6y4ennem MalumHL moBHMaeTes npouece, MpH KOTOpOM Mepa
NIPHCNIOCOONERHUsST MAalUMHBl K HEKOTOPOMY KNaccy yCnoBHi, B KoTOpHe
CTABUTCH MammHa, yaydmaetcs. Hasi WwWaxMaTHOR Malmumb kaaccon ycno-
BUH SIBASIOTCS €€ NPOTHBHHKH, a Mepoii MIPUCIIOCOGNECRHSI — OTHOCHTENbHAS
JacToTa BHIMIpLILLIECH,

Beinn nocTpoensl nekoTopuie ofyuarowmecss ycTpoiictea u «0byuato-
ILHECSD)  TIPOTPAMMB! - A/t (H(POBLIX MPOrPAMMHO-YAPABASEMBIX  MALLIH.
B kauectse npumepa 06yuaioumxcs YCTPOHCTB M IPOrpaMM MOXHO NpH-
BeCTH «mbilby K. IllenHoHa wu mporpammor A. Otunrepa. O6cywuanach
BOSMOWHOCT  cO3nanust oOydaiouleficss NporpaMMbl M JAS  axMaTHOI
MaluHe ).

Ilpeanarancst Tavoit npusuun paboTsl OOyyawweHcs MmaxMaTHOR Ma-
IHHE. BHayane B MammMHy BBOAST nNporpamMMy, COJep¥aulyio npasuia
HIPBL, SACMEHTAPHYI0 CTPATErHIO, @ TAKKE METOMIH YAYUYLLEHUs S TOM
CTPATErHHU.

YKaweM Ha CrenylOMHE BO3MONHLIE METOJbI YAYYLIEHHS] CTPaTEruu:

1. B xome Hrps 4YenOBEK BLICKA3MIBAGT ono6peHHe HAH HeopoGpeHHe
XONy, CHENaHHOMY MamMHOH B HEKOTOPOM TIO3HLIMK, HAH, KpOME TOro,
YKa3blBAa€T €UIC M Ha BEPHLI XOX B MO3UIHH.

2. Maumna AHAJIU3HPYET XOIbl CHUABHOTO [MPOTHBHHKA B npouecce
UIPHl U B JaNbHEHIIEM CTAapaeTcs MOAPaXaTh eMy.

3. Bo spemsi uau mnocne urpel Mammma cama aHaliM3upyeT Hrpy ans
OOHAPYMCHHUST CBOMX OIIMGOK M HEONMYUIEHHsT UX B JajbHeiHineM.

Bee stn meTomel MoryT 6HITE MCnOAB30BAHLI MALIMEOM KaK 1l 3ano-
MHHAHHST TIDABAJT HIPLl B THNOBLIX MOBKUMSIX, TAK M /s BHIPAGOTKH OGLIAX
MPHHUKIIOB HIAXMATHOH HIrpbl.

Koneuno, cocrtasnenne nporpaMvel  gast o0yvalouleicsl axmaTHOl
MAIUKKBL MPEICTABASET Ne/0 OrPOMHOM TPYAHOCTH, H [OKA MPAKTHYECKH
MOMHO TOBOPHTb JIMUIB O Peanu3aUMi HA MalMHE TPOCTEHILMX 37EMeHTOB
ofyuennsi. Hanpumep, MOWHO nocTasHTh 3azady 06 H3MEHEHHW MAnIMHON
KOYpUIMENTOB  OUeHOUNOH  byHKiHK S{P). 3anaB npoM3BObELE COOT-
HOIICHHST KOS(HUIIHEHRTOB, OTPAIKAIOLIHUX OTHOCHTE/BHYI0 UEHHOCTHL (Uryp,
VHTEPECHO OBIIO Obl DPOCACAHTH 33 TEM, KaK OHH Oynyr MeasTbcs
MAUIHHOH B 3aBHCHMOCTH OT Pe3ynbTaTOB € Hrp. B ma/ibHEHIIeM MOHO
6y/eT mnepeliTH K H3MECHEHHIO Ko puunentos pyuxunil g(Py u h(P, M).

YnomsiseM eute 06 0aHOM, 1€rKO OCYLIECTBUMOM H MOJE3HOM IpHeMe—
TIPHMCHCHHH «CTpaTeruu nopegerus» *). Ecnn mawrmna MOb3yeTCsl YHCTOR

-
'C. E. Shannon, Computers and Automata, Proceedings of the IRE
41, Ne 10,
?) Cuntaetcs, 4To 3ajama cmpameesun nosedenus (B ormuume ot ywucToi
CTpaternd, O KOTOPOl Wifa peut BbIlle), €CAH Kamioll BO3MOKHON NIO3HIHA C XO-
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cTpaterne#f, To €€ X0l B Kawaoi TO3MLIHH OnpefessieTcsl OJHO3HAYHO.
3mech KPOETCSl OMacHOCTh, 3aKmoyalowasicst B TOM, HTO JOCTATOYHO
«XUTpHIH» TPOTHBHHK, BHIUIPaB XOTH 6b onmn pa3, OyneT B nanbHef-
1IHX NapTHAX TOBTOPSITH BCIO HIPY 6e3 M3MEHEHHs], BHIMIPHIBAS BCE BpEMS.
Y1066 HM36E¥KaTh STOTO, HOCTATOYHO HCNONb30BaTh CTPATErHIO MOBEILE-
}Hsi, TIPHIHCHIBasi BCPOSITHOCTH, OT/HYHLIE OT HYJisl, HECKONbKHM Ty v
XomaM, OfpelensieMbM B pe3ysnbTate pactuerd, M Jenas 3dTeM BHIGOp
MEXy HHMH C TOMOLUBIO COOTBETCTBYIOHIETO cayuvafinoro mpouecca.

H370KeHHble BO3MOMXHOCTH YAYUNICHHS HIPH MAIDHHLL H JIEPCIICKTHBH
Pa3BUTHSL  SJEKTPOHHBIX LH(QPOBBIX MAIIMH  3aCTABIASIOT COTIaCUTHCH
¢ mHenusivu K. Illennona u M. BOTBHHHHKA, 4YTO NPHACT BpeMmsl, KOria
LiaxmaTHas MamMHa wobenuT uwenoBeka. Ho, npuAHMas BO BHHMAaHHe
TPYAHOCTH, KOTOPbIE MPEACTOHT TNPEOAOJETh HA STOM IyTH, MOYHO yT-
BEPWIATh, UTO BTO NPOU3OHIET HECKOPO.

8. IPOCPAMMHPOBAHHE HIAXMAT JIJISI YBM

B nocnesuel uacTH CTaThH MBI PaccMOTPHM 6onee HOAPOGHO HEKOTOphle BO-
TPOCH], CBA3aHHBIE ¢ HENOCPeJICTBeHHBIM MNpOrPaMMUPOBAHKEM axMaTHOH HI'pbl
I8 VHEBepcalbHOH Ludporoi IPOrpamMMHO ~yTipapnsieMoll MawHHb. B Kavectne
npuMepa MAallMHBI MBI BO3bMEM YUIOBHYIO BhITHCIHTENBLHYIO MauidHy (YBM), no-
IPoBIo pacCMOTPEHHYIo B CTaThe A. A JNlsmywoba u I'. A. Illectonan’).

Konnposauwe. IlpoctefiupM M HauOosee ecTeCTBEHHBIM METOJIOM KOIupoOba-
MU LAXMAT ABASETCs MeTOH, NPM KOTOPOM KAWAOMY IO LWaxMaTioil fockhu
CTAaBHTCH B COOTBETCTBHC ojMa sueilka mamatys YBM. Ecam ycioBHTbCS, Kakoe
cojepxumoe sueiiky OyaeT COOTBETCTBOBATL JAHHOMY THIY ¢burypsl, To 10 conep-
HUMOMY Kawjofl M3 BbIOpaHUbIX 64 siYeeK naMfiTH MOXHO Yy3HAaTh, Kakas durypa
HaxOANTCA Ha COOTBETCTBYMIIUEM IlOfe.

ByaeMm, HanpuMep, M300pamath MeIIKY enunuiel B 10-M paspsme sueliku
(1. €. B paspase eHHHL, COOTBETCTBYIOuLEM 2°), KOS — eJuHHIel B Y-M paspsne
syelikn (cooTBercTBYyIOmleM 2'), CioHa — enununeil B 8-M pa3spnie (2%), Aamgbio —
enununell B 7-M paspane (2°%), depss — e;munnell 8 6-M paspsne (2%) wu Koponst —
enuuuuell B 5-M paspage (2%). Jlaa orauuus Genbix QUILYp OT UepHHIX B Ciyuae
IOCAGIHHX MBI OyjeM CTaBUTb eJuHHMIy B TIepBOM paspsie (paspane 3uaka). Ipu
TakoM crocofe KOMpoBaHus OesblM (urypaM COOTBETCTBYIOT IIONIOXHTENbUBIE,
a uepHHM dUrypaM — OTpHIATENbHLIE Leble Yucaa. Ha puc. 9 npusenelni Kofbl
fyeeK, COOTBETCTBYIONINE HEKOTOPhIM (HTYPaM.

[IpeanoaoxuM faiee iR ONpefelelHOCTH, YTO «LOCKA C PHIypaMu» pacrono-

JKCHA B MaMATH B NepPBHIX 64 siuelikax ¢ Homepamu N, papammu 9, 3,2, ..., 63,
MaM B JBOMYHOH cHCTeMe

0000000000, 0000000001, 0000000010, ..., 0000111111.

B nanbHeiilneM Mbl OyaeM 11eCKOAbKO HHaye 3anMChIBATE HOMEpa syYeek, re-

pefingt K ClienuanbHOl, TaK HaspiBaeMOH «IBOMYHO-BOCLMEPHYHON» (popMe 3amucH.
[Tpu TOM 3anuch BHJA

N=a,a,0,2,

oM GenplX (YepHbIX) NOCTaBleH B COOTBETCTBHE He OJIHH M3 JIONYCTHMBIX B 3Tol
[O3MIMH XO[OB, a pacnpejefieHHe BepPosTHOCTEH JONYCTHMBIX XOOOB.
A, A JlsuyHos u . A. lllecTonay, Havarbnupie ceefieus o pellieHuy

3a7ay Ha 3JCKTPOHHBIX BHIYHCIMTENbHBIX MallMHaX, «MateMmaTuyeckoe IpocBelie-
Huey, Boinl. 1, 1957, c1p. 57—74.
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osnavaet, 40 N-—0,8° 4 a,8 4 0,8} a,. 3necy a, a,, @; MOFyT NpHHUMaTb
suayeHuss ot 0 uo 7, a @, — TONbKO gBa 3HayeHust — O u 1.

Ot nuoMYMO-BocLMEPHUHOH (GOpMBI 3amicy Jerko nepefity K 06bluHOH mBOMY-
HOH 1 HaoBopot. TIpH sroM Kamioe a;(i—=1, 2, 3) 3amensieTcd CBOHM JBOHYHDLIM

P @ppppphpwh0MPMMMMMMVﬁbphﬁpppkpkpppkppwdﬂ
9 |tlolololofofofofo]s ololalelolofalolo]o 0]//[//]//[//]//l//]//!//[//]ﬁ|0]0]0[0]0]0]0W

Puc. 9. Tlpumeprr KoaupoBahma ¢uryp: a) Gembrii Koponb (2° —=32),
0) wepHas remka (— 2°==—1),

(Bcerfia cocTosuUMM M3 TPeX 3HaKoB) H3oOpawenueM. IlepeBol M3 ofHOl cHCTEMsl
B ApYTYIO OCYIIECTBASETCH 10 CACAYIONIEMY «CAOBAPIOY:

0= 000, 1=001, 2= 010, 3= 011, 4= 100, 5= 101, 6= 110, 7= 111.

Hanpuvep,
1506 = 1101000110, 0000 111 111 = 0077 u t. 1.

[Mpukas, npusenennwil Ha puc. 10, Takke 1€rko fepeBecT B KBOMYHO-BOCH-

MepHYHYIO 3aMHCh:
0004 0015 0017 0017.
Tenepb sterko NOHATH, YTO HOMepa siveek oT 0 no 63 sanumyTcs TaK:
0000, 0001, 0002, ..., 0077.

le[ojo]ojolo]ols lo{ti!o[(i

Puc; 10. M3obpaxenne npukasa min YBM: KOL, 3andCaHubiii B 13-t
AYCHKE, Pa3fesuTh Ha KOA, 3anHCaHubH B 15-§ fueiike, W peayabrat
3amucath cHoBa B 1510 aueliky,

olelololi]s [ﬂlljaj//]//]//[//[a[r 1[1]1]o]o uaaaaan

Hutatenb nerko moiimer y1O6CTBO M KOMIAKTHOCTb 110BOH 3anucH, obpaTus-
HIMCh & pHC. 11, a, Ha KOTOpOM 3aHmyMepoBanbl noss IWAaxMaTHOR ROCKH (yKazanp
JIHUb  ay, o, ag—=a, =—=0). OKa3blBBETCH, 4TO B HOBOH 3amMcu nudpa ay K"O;(preT
HOMEp TOpM3OHTANH, a @, — HOMep BepTkanu. Ha puc. 11,6 npusesesnr Koap
COOTBETCTBYIOIMX A4Y€EK NPH HAYaNLHOM PacnonOKenuy duryp.

«Xo1» Ha Hamel «uockey (Co B3dTHEM HiaM 6e3 Hero) 6ygmer 3aKnM04aThCH
B TOM, 4TO COJEPIKHMOE [IBYX fyeex MaMsTH M3MCHHTCH — CONEPWHMOe NepBok
TIepelaeics BO BIOPYIO, @ B NEPBYIO 3aNHCHIBAETCH HYIb.

Hanpumep, nepeelit xox naprum e2 — e4 OCYINECTBASTCS] [BYMS MPHKa3zaMu:

114 0041 0000 0043,
4 0154 0000 0041 1)

(npeanonaraercs, 4to B sucike 0154 UaXOgHTCH BCHIOMOFaTenbHMIH KOJl «Hyaby; 06
sToM cM. HuiKe). [lonoGubiM e obpasom, 10 ¢ HEKOTOPBIMH OTAHYMAMH 6y1yT

') Hauunast ¢ 31010 Mecta Mbl He CyieM WCOAB30BaTh MHPUBIH KYDCHBHBIH
wipndt mas obo3navenns uyuced, 3anucalilblx B JBOHYHO-BOCbMEPHUYHOR CHCTeMe.
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OCYIIECTBAATHCA POKHPOBKA, NPEBPailleHne MellkH, B3ATHE Ha npoxozne. Hanpumep,
x01 h2 — hl @ npoussoguTCA IPUKA3AMK:

4 0101 0000 0070,
T4 0154 0000 0071

(npu ycaosum, 4T0 B syefike 0101 Haxomutcs pcrioMorare/bubiit Koj ¢«—16y», a B
aueiike 0154 — «HyAb»).

3aMeTuM, 4TO MOXHO ObL10 OBl NMpejUIOMUTb U ApyrHe crnocodbl KOMUPOBaHSA
aXMaTHOH 10CKH. B 4acTHOCTH, BMeCTO §64 sueek JUlil KOIMPOBAHHs IOCKH MOMIOQ
6bl10 OBl OrpalHuuThes 32 Avelikamu (MO yMCHy BCEBO3MOMHBLIX ¢uryp), Kotopnie

glor |1 27|37 |47 |57 67|77 81-61-2|-4|-16]|-32|-4|-2|-86
7106|16 |26 |36 |46 |56 66|7% 241 |-t | =1 =1 -1 -1{-1]~1
6|o5|15 | 25|35 |45|55|65|7 élo|lojolojo|o|o]|o
S|os |1 |26\ 36 | 44| 54| 64| T4 slolototolo|ojoio
4103|13|29|33|43| 936373 slo|lolololo|o|o]|eo
3|02\ 22032 |42|52|62| 72 slololololololo]o
2 00 |1 |21 |30 |41 )51 |61 |7 AREREERERAEEERER R
t\oolio 20|30 40| 80\60 |70 il8l2|4|6lazl4|2]|8
¢ b ¢ d e g h g6 b ¢ d e T g
a) 4)

Puc. 11. Konupopanue maxMaTHOH JOCKH: @) HOMepa sueek, COOTBETCTBYIOIIHX
JaHUOMY TOMO; 6) COACPKHMOE COOTBETCTBYIOLWMX fEcK NpH  HaualbHOM
pacnonoxenuu Guryp.

Xpanusiy OBl HUQOpMAIWMIO O 107, Ha KOTOPOM CTOMT JlaHHad ¢urypa. Tlpy yHu-
YTOWEHHHM KaKOH-HuOyab 43 QUIYpP COOTBETCTBYIOILAs siyefika M3 JanbHellluero
paccMOTpeHHs BHIObIBaeT. X0k 060 QUrypol 3akmoyaeTcs B M3MEHEHHH conep-
Wanusl (KOfa) cooTBercTBylowed sueliky, Xpansileli HHPOPMAWIO O MNOJOKCHUH
3710l QUTYpHL

INocsie Toro Kak 3aKoupoBaja Waxmartuas JOCKa W pacnonoxernue ¢uryp
Ha Hell, MOXHO mNepeiiTH K BOMPOCY O COCTaBACHHH IPOTPAMMBL, peaiu3y el
naxMaTHylo Hrpy. V13 Bcex 6noxos 3TOH OveHb CTOMHOH MporpaMMbl Mbl CMOYEM
HECKOJbKO MOLpo0Hee paccMOTPETh JMb Haubonee mnpocThie. Paszbepemca cHa-
yaza B TOM, KAK MAlIMHA OCYIIECTRISeT BCEBO3MOMNIIBIE XONbl PJ3NHuMBIX Quryp,
YAORAETBOPAIONINE NPaBUIAM HIDhHI.

O6pasoBadue XOXOB ¢uryp. [1o yucny pasanynbix THIIOB ¢duryp ectecTBEHHO
MeTh B Mamune 6 OTAeNbHBIX HpOTPaMM (MM, KaK TOBOPST, MOAMPOrpaMM), KOTO-
pble 1peHa3HAayaloTCA A OOPA30BAHMI  BOSMOKHBIX XONOB ¢uryp ). Tlpu
MOCTPOCHKHM Kawnaoh 13 TAKMX MNOANPOIPaMM HYKIO YHHTRIBATL CACAYIOUIHE MO~
MEHTbI.

Bo-niepBHIX, KaXJas MOATpOrpaMMa AOMKHA OGecnednsarh BOBMOKIOCTH obpa-
30BaHHA MAKCHMAJAbLHOFO KOIMYECTBA pPA3NHYHBIX XOJOB, OMNpeienseMoro THHOM
¢urypsl (ans depss 27, s Janbu 14, nna kous 8 ® T. 1.). Bo-BTOpBIX, KaMpAad

1) [pH WENAHHH KOJHYeCTBO TAKMX MOANPOrpaMM MOXHO COKpaTHTh, 3aMeTHB,
yto Xoubl $ep3s MoayqarTcs KoMOuHanuell XOgOB CIOHA M JlajibH, @ XOjibl KOPOId
SBASIOTCS YACTHBIM CyYaeM BCEBO3MOMHBIX XOIOB (epss.

6 Maremar. npoceellenue, BuI. 6
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noanporpaMMa  IOMKHA YYHUTHIBATb OrPaHHyellHe KOJHYECTBA BO3MOKHBIX XOLOB
B 3aBHCHMOCTH OT mNOJOMeHHs ¢urypol Ha pocke. (Hanpumep, kKoHb B cepennHe
Jocku uMeeT 8 BO3MOMHBLIX XONOB, a B Yray JOCKH Aumb 2.) B-tpeTbux, neobxo-
JIHMO YUATBIBATb OrPAaHHYEHHE KOJUYECTBA BO3MOWHBIX XONOB B 33BHCHMOCTH OT
Pacno/ioeHus Ha JIOCKe APYTHX ¢GHIYP — KaK CBOMX (3aHMMAIOILUX HEOOXOAMMOe
flo/e MIH MPensTCTBYIMMX JIBHNENWI0 B JIAHHOM HanpaBleHud), TaK M YYKHX
(CBA3BIBAIOILMX COOTBETCTBYIOWLYIO (DHIYpY HnH nperpampaomux el nyTb).

[Mpusenem npuMep mpocrermett noAnporpaMMbel sl TNONY4Y€HHs XONOB KOHS,
OTBEYAIOINX NpPaBunaM LIaXMaTHOH WTPHL

Brlule KaXnoMy moiw IIaXMAaTHOH JIOCKM ©blfa MOCTapleHa B COOTBETCTBHE
Tapa Yucesl @,, ;. JTH YUCIA [AI0T HaM HOMep COOTBETCTRYIOuLel BepTHKaNu (i)
M TOPH3OHTAIH (j) maxmathoi nocku. Ec/in 0603HauNTDh uepes iy u j, nudpbl, onpe-
Ieanionile B HEKOTOphI MOMEHT INONOXKeHHe KOHS Ha [OCKE, TO BCEeBO3MOKHBLIE
XOAbl KOHf falOTcsl cooTHolleHusMH i —iy,+a, j—j, -+ b, rne a=—=+1 pnz
b==2wu a==2 a3 b—- . [Ipu 3TOM LEOGXOAMMO, uTOBH 0 <{, J=<<T.

BoceMb nap 3nayenuil @ w b MOKHO CBeCTH B cenyiomywo 1adfniy (CBepxy
Jlan HoMep k, CoOTBeTCTBYIOWIMH faHHOH wape a u b):

Bl 0 1 2 34 5 6 7

a 1 I -1 —-12 2 -2 2
b 2 —2 2 —21 —1 1 —1

Wrtak, myctb MalnHa «3HaeT» HOMCP MoAsl, Ha KOTOPOM CTOHT KOHb. Tloanpo-
rpaMMa JOMKHa PpadoTaTb TakuM OOpa3oM, 4YTOOBl YKa3aTh HOMepa BCEX Tex
nosel maxMaTHOH JOCKH, KYfa STOT KOHb MOXET ObITh MNOCTaBleH. Ilostomy
Mallluia «nepeCupaer» Bce 3HaYeHus k, NMpUBElEHHLIE B Tabawulle, W I Kauoro
H3 3THX 3Ha4yeHuH AMOO YKa3blBaeT HOMeP MOJsl, HAa KOTOPOE MOMKeT ObiTh MOCTaB-
J€eH KOHb, Ju00 naeT MHPOPMALHMIO O TOM, YTO COOTBETCTBYIOIMH XOj KOHeM He-
Bo3MOXeH. [Tycth, uanpumep, KOHb CTouT Ha mone 3 (i,=—35, j, —=2). [Tocmotpum,
KaK MallMHa «npoBepseTry ouepefHOe 3HaueHwe k=—2. Y CJIOBUMCA TPEXNE BCEro,
uto B sveiikax 0102 w 0103 Gynmyrt sanucanm Homep nons f3 W 3xayenne &—2
COOTBETCTBEHHO B BHIE:

(0102) 0000 0052 0000 0000 (0103) 0000 0002 0090 0000

Janee, B gueitkax 0160—0167 cnenuaibubiM 00pa3oM 3amHCcadbl 3nayeHus a,
COOTBETCTBYIOIME Pa3JH4HBIM &, a B auelkax 0170—0177 — snavenus b:

k| N seiikn a (k) e siyeitku b (x)

P e —— P
0 (0160) 0000 0010 0000 0000 | (0170) 0000 0002 0000 0000
1 (0161) 0000 0010 0000 0000 (0171) 1000 0002 0000 0000
2 (0162) 1000 0010 0000 0000} (0172) 0000 0002 0000 0000
3 (0163) 1000 0010 0000 0000 (0173) 1000 0002 0000 00CO
4 (0164) 0000 0020 0000 0000| (0174) 0000 0001 0000 0000
5 (0165) 0000 0020 0000 0000| (0175) 1000 0001 0000 0000
6 (0166) 1000 0020 0000 0000| (0176) 0000 0001 0O0C 0000
7 (1067) 1000 0020 0000 0000| (0177) 1000 0001 0000 0000

Kpome 1oro, B sueiikax 0150—0154 sanuckBaTcs HEKOTOpPble BCIIOMOraTte b~
HBIE KOJIbl, Ha3HAYeHHe KOTOPHIX CTAHET MOUATHRIM W3 JajbHeRIIero:

(0150) 0000 0070 0000 0000  (0153) -~ 0170 0106 0110
(0151) 0000 0007 0000 0000  (0154) 0000 0000 0000 0000
(0152) 4+ 0160 0105 0107

Tposepxa 3HayeHuss k==2 GygeT OCYWECTBASTLCA C TOMOLIBK CAEAYIOLEH 110~
CeioBaTeNLHOCTH MPHKA30B:
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(0200y A%y 0102 0150 0105 Jror npuka3 ¢ MOMOWbID BCIOMOraTte/bHOTO
kona ua siyeiiku 0150 BLInBiseT HOMep i, BEpTHKAMH,
Ha KoTopofl CTOMT KOHb. PeayibTaT 3anHChIBaeTcs
B sayeitky 0105

(0105) 0000 0050 0000 0000

(0201) A 0102 0151 0106 DTOT NPHKa3 COBEPIIEHHO AMaNOrHylio BHIABIAET
HoMep j, TOPH3OHTANH H 3amUCHIBAET €ro B s4elKy

(0106) 0000 0002 0000 0000

(0202)4- 0103 0152 0203 Tenepb HaM HYWHO CIOWHTL ;=5 U @, COOT-
BeTcTBylOIIEE B —2. Bcnomorareabibif KO B AYeliKe
0152 Mor Obl CAYXuTh st 5TOH 1lesTH, eCiiu Obl EI0 Tep-
BbI agpec 6wt He 0160, a 0162. TIpukas 0202 kak
pa3 ¥ MelsieT NepBbIH ajpec MPHKa3a 0152 ¢ 0160
na 0162 (1. e. na 0160-}-k).

(0203)4 0162 0105 0107 DTOT NpMKa3 oCyulecTBiAseT craoxenue i, a(2)
W saluchiBaeT peayabrar i B syeiike 0107
(0107) 0000 0040 0000 0000

(0204)4- 0103 0153 0205 DTH [Ipa NPUKa3a COBEPIIEHHO aHANOTHYHO CKna-
(0205)4- 0172 0106 0110 | neiBator j, u b (2), npuuem pe3ybTar j 3aMHCBIBaeTCA

B ayeiixe 0110:
0110y 0000 0004 0000 0000

(0206) Y11, 0150 0107 p INpukas cpaBhuBaet KON i (sueika 0107y ¢ Bcno-
MoraTeabHbIM KogoM 0150, mposepsist ycnosue i<<7.
TMockoAbLKY 3TO yCJAOBHe B HalleM Clyyae BbINOJHE-
HO, fa/bllle BHIIOAHAETCA OuePefHOH IpPHKa3. Ecnu
6Bl OHO 6bl0 HapylleHo, TO YymnpaBieHue OblIO Obl
nepenaHo B AyeHKY p ynpapasiolmeil nporpaMmel,
TaK KaK COOTBETCTBYIOIUHH XoJ Obii Obl HEBO3MOXEH
(BBIBONMA 32 TIpenenbl JOCKH)

(0207) ¥11, 0107 0154 p 3necy nposepaercs ycnosue {==0. Tak Kak B Ha-
meM CIy4ae OHO BBHITIONHEHO, TO CIeJYIOmHUM HCNo/-
HleTCs OyepeaHOH NpPHKas,

(0210) Y11, 0151 0110 p DTH MpHKa3bl COBEPLICHUO aHANOTHYHO MPOBEPAIOT
{0211) ¥I1, 0110 0154 p |ycnosus j<<T7 u j=0. (Kon j samucan B 0110.)

(02124 0107 01100104 [Mocje TOFO Kak BCe HEOOXOAMMBIE YCJIOBHS MPO-
pepelkl, STOT NPHKa3 JaeT HoMep 1ofs ed. Jtot

soMep 3amuchiBaeTcsl B syeiike 0104:
(0104) 0000 0044 0000 0000

) 3nech A9 MPOCTOTHL BMECTO ABOHYHO-BOCHMEPHYHOIO KOIa ornepauyd 1m-
[IeTCA €€ YCJAOBHOe o0603HavYeHue (CM. «MateMaruyeckoe NPOCBEIIEHHED, BhiM.-1,
ctp. 67. CumBon /\ YKasbipaeT, YTO CPaBHHBAETCH conepXuMoe IBYX AUCCK H U3
KaXIOfl Maphl COOTBETCTBYIOWIMX Lup BbIGHPaeTCA MeHpILIast).

6*
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Takum obpasoM, 3uayenme k-—2 NpOBEPEHO — MOAYYEH jloMep nojs ed, Ha
KOTOpOe MOMeT GbITh NOCTaBAEH KOHb C 10451 {3. Teneph HYXHO npoBepHTH M Apy-
rue yciaoBusl, B YaCTHOCTH, Y3HAaTh, He 3aHATO JM 3TO NOJe CBOEH $urypoi.
Ttockoabky KOABL Genblx M yepuBIX GUIYP OTAHYAIOTCA 3HAKOM, TO TaKas MPOBEpPKa
BCErfa MOWet ObITb NpOBeJiena NYTEM CpPaBHElNus COMePIKHMOTO HHTEpecyllei
lac syeliky ¢ HyneMm. PekOMelayeM uyutaTenid CaMOCTOSTENLHO HAlTH HOCIEeNO-
BaTEALHOCTh NPUKA30B, OCYIIECTBAAIONINX YKA3aHIYIO NPOBEPKY.

Hpyrue 6/0oxku nporpammel. IloMuMo 610Ka BBIPAOOTKH YNOBJIETBOPSIOIIMX
TIpaBunaM urpbl XONOB Pa3fiMuHBIX QHLYP, TPOTPaMMa, PeanusylolLas IMaxMarHyo
HIPY, CONEPHHUT HECKONbKO APYTWX ONOKOB. YmoMsiHeM 3iech OnOK BBIPadOTKH
BLEBOSMOMHBIX XOJOB B NAHHOH NO3MIMH, O/0K OCYINECTBAGHHS XOXA (CMBIC/EH-
HOTO» M (PAKTHYECKOro), OJOK BblYMCAEHHS 3HAYEHHs ONEHOYHON byukuuu f(P),
6ok BHIOOpa XO#a, OCYUIECTBASIOMMH NPOLECC MAKCHMH3ALMH H MHMHHMH3aTuH,
u p. Jloamen cymiecTBoBaTh M HEKOTOPHIH Benyuwii 670K s ynpasneHus BCEMH
YKa3aHHbIMH Onokamu. PaccMoTpuM npuHumme nocTpoeins HEeKOTOphIX G/OKOB.

Ilag noayyeHus BCeBO3MOMIBIX XOJOB CTOPOMBI, KOTOPOH MpefoCcTaBasieTcs
TIPaBO XOna, NOCTATOYHO IepedpaTh BCe ee QUIYpPhl, HMeILHecs Ha JOCKe, W Juls
Kaw:iofl U3 HHX uaiity Bce XOpbl, OTBeYaoulHe npaBunaMm urpel. [lepedop Bcex
Guryp onnoif M3 cCropon ocyuecTBAsercs CpapleHHeM COJIEPHHUMOIO fiYeex, I0-
CTapIeHHbIX B COOTBCTCTBHE TOJAM IIAXMATHOH JNOCKH, C HEKOTOPBIM YHCIOM.
Hanpuvep, ecnn obuapywusaercs, yto B suefike cTout YHC10, OONbIIEE Hy”Ns,
TO ST0 NpH3HAK TOIO, 4TO HaHnena Gesas ¢urypa. Kakas us Genwlx duryp uaiizeua,
Y3HAeTCsl CPAaBHEHHEM CONEPKHMOIO f4eldKH € MOCAenoBaTeNbiibIMH  CTeneHsIMH
JABOHKYM 0 COBmaieuus.

Tlonydenne passuuubiX BapHaHTOB M ONEHEA WX MPOMCXONST Mocae0BaTeNbHO,
OIIHO 32 IPVIHM, TyTeM H3MElleHHs B IeNu XOJOB MOCHeNHero Xona. V3MeHeHue
X012 BO3MOWHO OOpa3OBaHHEM JpPYTOrO X0fa paccMaTPUBaeMOfi (QWIYpsl Han
OEPBOro Xona caeayioued obuapymenHolt ¢urypsl. IMocie nepefopa Bcex oTpe-
TOB uyepHbiX Ha m-# X041 GeNblX STOT NOCAEMUME MEHSeTCs, M BHOBb OOPasyloTcs
BCEBO3MOMHBIE OTBeTHl YePHBIX. [locne TOro Kak Bce m-e XOnbl Genbix oynyr
paccMoTpensl, mensercs (m — 1)-# X0 YepHBIX M BHOBbL OOPA3YIOTCS BCEBO3-
MOWHBIE m-€ XoIbl GefblX ¥ YepHbiX W T. 4. Takofi npouecc nmpomomKaeres 1o
TEX mop, Hoka He GynyT o0pa3oBaHBl BCEBO3MOWIBIE MepBBlE XOAbl CTOPOHBI,
3a KOTOpoO#i ouepeab Xoja. [las ympaBlieuws MNpoNeCcoM TOMYYEHHST BAPHAHTOB
HeOoOXONMMO HMETb B HaMiITH HECKOJbKO Syeek: a) Ayeliky Jns noayyeuus H
XpadleHus noMepa Xxona B lenw; O) sucHKy jUls 3anOMHHaHHS HoMepa 1ofs TOH
Gurypbl, 119 KOTOPOH BRIpaGaTHIBAIOTCS XOABL B) AYEHKY 518 XpaHeHHs HoMepa
Xofia AaHHOH UTYypHI.

B.10K mporpaMMbl a5 BLIYHCTEHHS 3UAYEHHS OLEHOYHOH dyukumu f(P) cam
10 cebe I0CTAaTOYHO TMPOCT, HO TPeSYeT NpPeNBapHTC/ALHOLO MOZCUETa KOMHYecTsa
§HMrYp pPasauunBIX THIOB W OOGHAPYWEHH Ha JIOCKC onpeneleHHBIX O3UIHOH-
HbIX MOMEHTOB, KOTOPHIE BXOJSIT B OLEHKY TO3HIHH.

Brox nmporpamuer BHIGOpPa Xona OCYLIECTBASIET MAKCHMHE3AMMIO W MHHHMH3AMHIO
dynkimm f(P) pa9 BapHaHTOB, OGPA3yeMBIX M ONEHHBAEMBIX nocnenoBaTeNbHo
onuH 3a npyrus. Komuyectso sveex, HeOBXOMMMBIX Ju1R  XpaHeHus «9KCTpe-
MAnbHBIX» SuayeHud dynxumy f (P) npu padote nporpammsl, HEBENUKO, TaK KakK
OHO 3aBUCHT He OT YHC/A BaPHAUTOB B JAaHIOH MNO3UNMH, A JHWb OT FAYOHHEI
pacieTa sapuaitoB. Pe3ysbTatoM pabothl G:10Ka NporpaMMel sBAseTCS HHGOPMAaLus
0 «iyyllem» Xolle B JaHHOH mo3uumu (Hanpumep, HoMEp k£ Xofa QUryphl, cTosimeit
Ha none iyjp).

3aMeTHM ellle B 3aKMOYEHHE, 4YTO YAOOHO WMeTh B MAIIHHe He OfHY «IlaX-
MATHYIO NOCKY», @ HECKONbKO H MCNONL30BATh COCHOBHYIO» JOCKY A (aKTHue-
CKDTO OCYINECTR/IEHHs BHIOPAHHBIX XOJ0B, @ APYTHe — ANl «MBbICTEHHOTO) pacuera
BAPHAHTOB, 1O aHAJIOTHH C TeM, KaK STO fieflaeT ve/oBeK IpH pasdope NapTHi.

——




e ———————————

II. HAYYHBIE COOBIIEHNS

3AIAYA O KPYTE IOHTA IJil COEPbHI

10. II. Bypazo

(Jlenunrpan)

1. Bynem paccmatpuBath UrypH (IIPOH3BOJIBHEE MHOMXKECTBA TOYEK)
Ha cdepe eAMHHYHOrO pajiHyca. PaccTosinHeM Mewuy JBYMsI TOUKaMu
Has3oBeM IAHHY kpatvalilero myTn no cdepe oT onHOK TOYKH HO JAPYroil.
Tounast BepxHsf rpanuna pacctosinuii (no cdepe) mMexay TOYKaMH Gury-
po P HasbiBaeTcs aMamerpoM 9TOH ¢urypul. Bonpoc, KOTOPHIM Mbl 31€Ch
3ailvemcst, GopMynHpyeTCcs Tak:

Karoso naumensuiee soznosicnoe R, marxoe, umo wpyzom (moiumee,
Kpyesoll «uwanouroii») ') paduyca R MoscHo nowxpvims a108y10 pacnoiro-
JHEHHYI0 Ha chepe puzypy Ouamempa d?

2. Ananornunnii BOTpOC A fA0CKOCTH OwA  pemweR B 1901 r.
anrauiicknm Matematukom IO Hrom?). B cayvae cgepsl Bompoc 3naum-
TEALHO CJOXHEe, H ofllee peileHHe floka He HalaeHo. 3alava ocTa-
eTcst NPOCTOR TOMLKO A0 TeX nop, noka ¢urypa P zewur B ONHOK ro-
nycdepe.

durypa D HaspBaeTcsl €8573HOI, €cnH  NOObIE JIBE €€ TOUKH MOWHO
COENHHUTDL He Buxousiueil usz P kpusoil. OkasniBaetcsi, YTO B OTAHYHE
OT IUVIOCKOCTH MPH HEKOTOPHIX 3HAYEHHSX d paanyc R MOWeT OBITH Cy-
L[ECTBEHHO YMEHBHICH, €CJAH OrPaHHYHTHLCS TOJALKO CBSI3HHIMH (DHrypaMH.

ITostomMy BoOmpoc ue/neco06pa3Ho pemaTh OTAENbHO Jis CBA3HLIX M JAsl
HE OO0SI32TENIbHO CBSI3HBIX QHUrYp.

3. Cdopmynupyem mnonyueHsbie pe3ynbTaTtl. MX pOka3zaTenncTBy
GysaeT nocssiuled u. 4.

1y Tlon «kpyrom» pamuyca R c uentpoM A Ha cdepe Mbl NMOHHMAEM TEOMeET-
pHYECKOE MeCTO ToyeK cdephbl, yaaneHHnix of A He Gonbme yYem Ha R. Tlpu

T -
R > — TA4KOH KPYI'» MNOKPHIBACT Sonee moaycdepsl

2) FOir gokasaji, 4To Ha IIOCKOCTH R=— 5 Cwm., nanpumep, 1. M. Sirnom
/

n B. . Boatsauckul, Bunykase ¢uryps, M., 1951, sanaun 16 u 67,
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—_—
Teopema 1. Ecau guzypa O duamempa d sescum 6 odwoi nosy-
cghepe, mo R==arcsin (2;/5 sing

T .1
Teopema 2. Ecuu d << - arcsin 3

MEMIYy BEPLIMHAMH BNHCAHHOTO B Cdepy NPABWILHOrO TeTpasupa), mo
guzypa O yearuxorn sexcum 8 odnon noaycghepe ).

(T. e. menble paccTosHUS

Teopema 3. Fcau duzypa O cessnan u ee Juamemp dgzg—n ,

mo O sexicum 8 oduois noaycgbepe.
2nn

Teopema 4. Fcau dnzm, 20e n— npoussossroe Hamypa.p-
Hoe wuucso, mo R:dn.

Teopemn 1—4 HCUEPNBIBAIOT BCE, HYTO MBI MOKEM CKA3aTh O BEH-
unne R. Vx comepwxanue nofcHAETCx cnenyouwedt Tadmiuei, conepxaueti
JlOCTATOYHOE YHCNIO HepeleHHBIX BOIIPOCOB, KOTOPEIE MOHO PEKOMEHIO-
BATb BHHMaHHIO UypTaTens.

[poussoabuble Casiauble
4 GHrypht durypu
T o . (2V3  u
0<d<?—|—arcsm§- R._arcsm< 3 sm—2>
d=— in R=d
_-?-|—arcsm 3 =
T 1 2%
‘—J--|—arcsm?<d<§ ?
2nn 21 n - 1)
2n 41 <d< 2n4+3 7 ?
ﬂ:], 27 31 .. ?
P R=d
_—2n+l 3 - * i Yy *e ey — i— J

4. DokasatenbctBo Teopembl 1 pnonme 4HANIOrHYHO  JIOKA34TEeNbCTBY
Teopemn FOura ma nnockoctu. He mpencraensier TPynHoCTel U InoKasa-
TE/LCTBO TeOpeMbl 2, KOTOPOE, TAK e KAK M JIOKA3aTenbCTRO Teopems 1,
MOXHO NONYYHTb H3 PacCMOTPEHHSt (HAUMEHDBIIEr0) ONHCAHHOLO Kpyra
durypm .

T 1
) B 1o xe BpeMs scHo, uto ecau d =5 -|—arcsm§—, T0 ¢urypa P momer

He JexaTth B OfHOH noaycgepe, u 4T0 B 5TOM cny4yae R =d; gns noxasareabcTBa
JOCTAaTOYHO NPUHATD 32 P 4ETBEPKY BepuUIMH MpPaBUILHOTO TeTpasipa.
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Jlng nokasaTenbCTBa TeopeMbl 4 npoctaTouHO paccMoTpeTb MHO-

wecteo @, (n=—1, 2, 3, ...), cocTostee u3 TO4KH O H KOHUEHTPHYECKHX
oxpywHocTeit (Ha cgepe) ¢ uenTpamu B O U panuycamu
2nk
rk——‘———2n+l, k—1, 2, ...

HanGonpwnii uatepec npencraenser teopema 3. OHa rMokasmBaer,
uyto, B TO BpeMfl KaK I/sl NPOM3BONbHLIX Hryp 3HauenHe K 1pH mepe-

T 1 T .
e OT 3HayeHWH MeHbIUHX — arcsin — K d—— arcsin —- 1pe-
XOm D) + 3 2 + 3 P

TeprneBaeT CKAYOK, JJA CBA3HEIX Uryp neno OoOCTOHUT He TaK, W TeM
tamblM JdeT OTBET HA BOIPOC, MPENJIONEHHBH Ha reoMeTpHYeCKOM CeMH-
nape BapiuaBckoro yHrHBepCHTeTa.

NokazaTenbCTBO Teopemun 3. PaccMOTpUM MHHHMaJbHBI
saMkHyTHEE Kpyr K, conepxauuii ¢purypy P (onucanuuit kpyr ¢urypst B);

1
B YCJOBHSX TeOpeMbl 3 €ro paamyC 7 3aBeJlOMO He NPEBOCXOMHT - .

HetpynHo HOKasaTh, 4YTC B cJyuae 3aMKHyTOH UCYypel Ha TIpaHHUe
MHBHMaZbHOrO Kpyra K MoxeT oOKa3aTbCs JAHMOO JBe TOYKH uUryps
(1 Torma OHM JeNST OKPYXHOCTb MHHHMANbHOrO Kpyra nonosam), muGo
Gosnpuie (M TOrAa HAHWAYTCH TPH TOYKH, SABJAIOLHECS BepLIHHAMH OCTPO-
YrObHOIO TPEYroJbHHUKA).

Ina xawnoit touku O ¢urypn P moctponm oTkpwiTHil Kpyr K(O)

k1
aauyca —- € LHEeHTpOM B TOUYKE O’ IHamMeTpanbHO IMPOTHUROMNCNOKHON 110
P 3 ,

otHomenno k touke O. 3tor kpyr K(O) M nHasoBem xpyzor, coom-
semcmeyrouusn moure O; OH. OYEBHIHO, He COIEPHHT TOYEK (HUCYpHI.
Vines nokasaTenbCTBa 3akniouaeTcs B chenyiouleM. Ilpenanonoxus,

yto P ne ymemaercs B monycdepe (PI cnenoBaTenpHo, R 3aBemomo

T
Gonblie —7), Mbl CyMeem pa3ieJIMTb Kpyr K na H30JHPOBAaHHbLIE YaCTH

Kpyrami, COOTBETCTBYIOLUHMH HEKOTOPHIM Toukam ¢uryps P (1. e. kpy-
ramu, He comepxammu Touek (), mpuToM Tak, uTO B KawaoH uacTw
3aBenoMO GynyT HMeTbCHi TOUKH Hawed ¢urypn. Tak kak 370 HeBo3-
MOXHO sl CBSI3HOH QHIYpH , To mMBl 3aKJAOUMM, UTO CBASHAS
guzypa O Ouamempa d ymeujaemcs 8 00Hoit nosycghepe.

Wtak, Mbl CuHTaeM, 4TO —}<r<% Ianee paccCMOTPHUM OTHENBHO
nBa cruyuvas.

Cnyuai 1. Ilycts %<r<2?1 B stom cnyuae HA OKPY¥KHOCTH
onucanHoro kpyra K He MoxeT ObITb IABYX IPOTHBOIOJOXHHX TOYEK,
npunannexatmx P (H60 pACCTOSIHME MEXIY TaKMMH TOUKamH GoJblie Fn) .

3HAUHT, HA 3TOH OKPYXHOCTH HaBinyTca Tpu Toukn A, B, C ¢uryps P,
ABAAIOUIHEC BEPUIHHAMH OCTPOYrONBHOrO TPeyroNbHHKA.
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Bosbmem kakue-TO nmBe u3 Hux, ckawem A W B; OHH ynajcHu napyr
2%
OT Ipyra MeHee 4YeM Ha 5 3amMeTHM, 4TO TOYKa C JEeXHUT MEXJLY KOH-

uamn A, B, nmametpo AA, n BB, kpyra K. Kpyrn K(A) u K(B)
coaepxaT ToukH A, u B, OHH nepeceKyT Kkpyr K Mo pasHble CTODOHK
ot Toukn C U mepecekyTcs Mexay CoGoil
eayTpn K (puc. 1).

Takum o6pasom, K(A) u K(B) pas-
nenaT Kpyr K Ha JIBe H30JHpOBAHHBIE
ofnacTi, mpuueM, ckKameM, Toukd A u C
nexaT B pasHulXx obnactsax. Ho sto mpo-
THBOpeuHT cBa3HOoCTH .

Canyuait 2. Ilycts r=—=5-. Bo3se-

| ¥

mem mio0yi0 Touky O ¢urypu P u 1o-
crpoum kpyr K(O). Hononsutenvubii K

2n
HeMy Kpyr K OyneT HMeTb pamuyc 3 H

6ynet comepwats P, T. e. om Oymer
Puc. 1. (MHREMAaNbHBEIM) OMHCaHHEIM Kpyrom. Ecnn

Obl Ha OKPYXHOCTH Kpyra K uUmenuco TpH

ToukH ¢urypsl @, siRnsOLNECH BEPIIHHAME OCTPOYTOJIBHOrO TPEYroTbHIKA,
TC COOTBETCTBYIOWHE UM (OTKpuiThie!) kpyr# oTaenunn 6n touky O oT
ocTaabHblx Touek ¢Gurypu @ (puc. 2), uTo npoTHBOpeunT cpsazHocTH P,
OcTaeTcs MpennoNcWHUTb, 4TO HA OKPYWHOCTH Kpyra K zexaT mBe
Toukd A u B ¢urypn @, nensiiuue 3Ty OKpy¥HOCTb momosam. IlocTpony
kpyri K(A) ¥ K(B). Tpu kpyra K(4), K(B) n K(O) 6ynyT nonapso
KacateCsl npyr npyra B Toukax O, B, A. Onu pas3bupaioT oCTaBLIYIOCH
yacTh cdepn HAa 71Be «Tpeyronbiwne» obnactu U v
V, obuMi TOUKAMH KOTOPHIX ARJAIOTCS JHUIL «BEp-

0
vinne» A, B, O (puc. 3). flcHo, 4To Kawnas H3
3THX O00nacTell [EJHKOM JIEWHT B 3aMKHYTOH moJay-
cdepe (orpavnuenncii Gonbuum kpyrom AOB). loka-
nwem, uto ¢urypa @ uenukom nexuT B omHoH u3
3Tux obnacrei.
Puc. 2.

[Tpennonoxum, 4To 9TO0 He Tak. B Takom cny-
yae MOryT HMeThb MeCTO TPH chyuas.

a) durypa @ comepaut puyTtpenno touky C, obnactu U u BHyT-
penuio Touky C, obnactu V. Touku C, u C, ynmaneun ot A, B, O

MeHee uYeM Ha %ﬁ [Tostomy wentps kpyroB K(C)) u K(C,) ynanesn

oT ueHTpoB kpyroe K(A4), K(B), K(O) Ttakxe meHee uyem Ha %ﬂ Cne-

nosatenbho, kpyru K(C\) n K(C,) nepecekyT kasnnii u3z kpyros K(A),
K(B), K(0). loatomy, BriGpocue u3 obaacteél {J 1 V uxXx nepeceueHue
¢ kpyramp K(C,) n K(C,), Mn mnony4nM TpH HM30JHPOBAHHBIE HYAaCTH
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cepbl, B Kawsof u3 KOTOPHIX JIXHT ONIHA M3 TO4eK A, B, O Purypu .
Ho aro Takwke npotuBopeunt csiznocTH @.

6) durypa O conmepxut BryTpenriolo Touky C, obnacti U u rpa-
uMuHylo Touky C, obnactu V, ckaxem, Touky C, nyru OB, oTamunyo
or O u or B (puc. 3). B takom cnyuae marb kpyro K(A), K(B),
K(0), K(C,) n K(C,) pasnensiT NONONHUTENbHYID K HHM 4acTb cepbl
Ha B H30AHPOBAHHLE OONACTH, B ONHOH M3 KOTOPHIX JIEWHT TO4YKA A,
a B npyroéi Toukn O u B (puc. 4).

Kn;)

K ffz)

Puc. 3. Puc. 4.

B) durypa P npunamne}uT UENHKOM rpaHHuam obnacteh Un V,
Tak kak (O cBa3na, TO XOTb OAHA W3 NONYOKpy)HocTedr kpyros K(A),
K(B) nomxHa LeNHKOM npHHanjexarb ¢urype ®¥; nycth, ana onpene-
nenrHoctH, 3To ayra OmB. Kpyru K(X), COOTBETCTBYyMOUHE BCEM TOY-
kam X 9TOH JyrH, MONHOCTBIO MOKPHIBAIOT OrpPaHHuYMBAOMKHe V' mony-
okpyxHocTH OA um BA (32 rCK/IIO4EHHEM HX TPaHMYHBIX TO4YEK A, B
i O). Ecim 6w Ha nyre OnB wawnach Touka C Qurypel P, 10 KpPYC
K(C) smecte ¢ kpyramn K(X) nsomupopan On TOuKy A OT OCTaJbHHX
touek ¢uryps P, wr0 CHOBa NPOTHBOPEYHT CBA3HOCTH &b. Ocraerca
npennonoxuts, 4To P He COMEpXUT M TOYEK MONYOKPYXHOCTH OnB,
T. e. LEJIMKOM JexHT B {J/, a BMecTe ¢ TeM B ONHOH nonycgepe.

Tem camuiM TeopeMmMa 3 MOJHOCTBLIO NOKA3dHd.



Ceetewcrnido k/&t{fé{az

«Mathematics Magaziney 33, 1959 r.




PEKYPPEHTHBIi METOJI BbIYMCJIEHUSI KOPHEM
AJIF'EBPAVYECKOIO YPABHEHMNSY)

A. E. I'easman

(Jlenunrpan)

1. BBEJEHHE

1. o onyGaukoBanusi 3uamenutoil paGotm AGena (1826) ocHoHot
3ajauell anareGphl CUHTaNach 3anaya pelleHds anreGpaHyecKoro ypaBHe-
HUSL m-# cterneHH. A6enp nokazan, 4YTO € TOYKH 3PEHHS MpenbsBisio-
LIMXCH paHee K pelleHHI0 ypaBHeHHsi TpeOoBanuit 3Ta 3ajmava, soolule
rOBOPs, HepaspellnMa, T. €. 4TO eCJH X, X,, ..., X, — KOpHH 0011ero
anre6paHvyecKoro ypaBHEHHS! CTEIeHH m == O

2 Y m____

ay-Faxtaxt .. a,xm=0, (1)
TC HEBO3MOXHO C MIOMOLLUBIO KOHEUHOro 4ucna anreGpanyeckux neicTBHi
(T. e. ne#iCTBHH CNOXeHHfl, BHIUHTAHHA, YMHOXEHHUH, NENEeHUSl W H3Bleve-
HUSL KOPHS) TOCTPOMTD QYHKUMH @, (@, @;, -« -, Q,), ©,(Cgs @4y -0 2 Q) -« -
eens Yplag, @y, ..., @) Ko3dhduuuentoB a,, a,, ..., a, ypasteuus (1)
TaKue, 4YTO

Xi=—Y; (ao’ Qyy v nny am)'

IToT 3ameyaTenbHull PE3ynbTaT 03Hauan, 4TO Knacc yHKuMit MHO-
[MX [epeMeHHbIX, MOoJydYaeMbiX nyTeM IIDHMEHEHHA K apryMmeHtam (yHK-
IHH KOHEeYHOTO uHcHa anrebpaHyeckux neWCTBHM, SBAAETCH CIHIIKOM
Y3KHM IS 3ajaud pelleHMs YpdBHEHHH BBICOKHX CcTeneHefl. B cBA3M

1) J1a cratbf Gbita HaneyataHa B 1948 r. B mawmHOnHCHOM cOOpHHKE CTY-
JieHYeCKHX HayyHbIX paGoT Jlemuurpajckoro yausepcuteta. B 1949 r. B amepu-
KaHCKOM xypuane American Mathematical Monthly Oniia nomeliena 3anaya
B. MeasoBa (CLIA), B kotopoit Tpe6oBaloch JloKasaTb GOPMyJy, 10 Cyule-
CTBY commanamomyto ¢ ¢opMynoit (17) uacrosimedl crateu npu k—1 (1. 57 yxa-
3aHHOro WypHazna, Ne 2, ctp. 111, 3anaua 4331).

Pewenuss sToH 3anaun, npusajnewamme P. Jleccapy (Kauana) wu
P. Wrefiu6epry (CIUA), Obuid npuseneHbt B TOM e wypuaie 3a 1950 r.
(r. 57, N 9, ctp. 635—637); Tam we Oblna yKazaHa HEKOTOpas OTHOCSILIAACHA CIOIA
Jautepatypa [Bauumatomaics co crtatbu [lanunna Bepuyanu B Il Tome xyprana
Commentarii (C.-IletepOyprckoii akanemus) 3a 1732 r.]. (Ipum. ped.)
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€ 3THM IPeACTaBAAeTCH eCTeCTBEHHBIM PAaCIUMPHTh 3TOT KJAACC, OTKA3aB-
1IHCh, Hanpumep, OT OOpeMEeHHTeNbHOrC TpeOoBAaHHS KOHEYHOCTH YHCHA
onepauuii.

B HacTosllllell 3ameTKe MOKA3bIBAETCS, KAK MOXHO MpenCTaBHTL Kax-
Il BelleCTBEHHEIH KOPeHb MPON3BOJIBHOTC anrebpauvecKoro ypasHenus ')
sigHOM ¢QyHKUMeH ero KO3 (HULHEHTOB, NOCTPOEHHOH MpPHUMEHEHHEM K 3THM
Koapduimentam TONLKC p aUHOHAaNbHKX melcTBHH (T. e. meicTBHB
C/OXeHHs, BHYHTAHUS, YMHOXEHHS H nellenns), HO, pasymeeTcs, BooOlle
roBops, B OeckKOHeuHOM uHcJe. KoMIleKCHBIH KOpeHb MBI IIpejcTaBisem
KaK KOpeHb KBajpaTHOTO ypaBHeHHs, KO((UUHEHTH KOTOPOro TaKKe
MONYYalOTCsl TPUMEHEHHEM pANHOHANbHLIX ACHCTBHH K KO3(GdHUHMCHTaM
HCXOIHOro anreGpanyeCcKoro ypaBHEHHS.

Ionyudennnie opmysnl ynoooo603puMp: B HHX (GUrypuUpylT onpese-
JIUTENH HeOrPAHHYCHHO BO3PACTAIOUINX MOPSIKOB, 3JEMEHTAMH KOTOPHIX
ABMAIOTCA KO3(pUIMEenTH NaHHOro anre6panyeckKoro ypaBHEHHsi, pacro-
JIoXenHble 10 BeCbMa MPOCTOMy 3akoHy. IlpH 3Tom okasmiBaeTCs BO3-
MOXHBEIM YCTAHOBHTb PeKyppeHTHBe (OpMyINbl, MO3BoAfOIHE C GONbIIOH
JNIErKOCTBIO  MOC/IeNOBATENbHO BLIMHCAATL 3TH OMNpefeNHTenH; nocaenHee
0OCTOATENbCTBO OTKPHIBAET MYTh K NPAKTHUECKOMY [PHIOXKEHHIO [01Y-
YEHHLIX Pe3yJNbTAaTOB, T. €. MOCTPOEHHIO HOBOTO PEKYPPEHTHOrO crnocoba
YUCJIEHHOro pelnesus anrebpadyeckux ypaBHeHHH. JIoCTOHHCTBA 3TOrO
cnocoba (0coOeHHO OuLYTHMble, €CHAH CYEeT BeaeTCsl C IOMOLIBI0 BHIYHC-
JIUTENBHLIX MAlIHH) COCTOSNIT B CJIERYIOLLEM:

a) 3;1ech YNoTpeGsfI0TCs TONBKO pAUHOHANbHBIE JeHCTBHS;

6) anropuTM BHUHCJIEHHS KOpHeil cOBeplleHHO onHOoOOpaszeH u mpH
moBOM YHC/e Ndp KOMMJIEKCHHX KOpHeH He TpefyeT INpHUMEHeHHs HUKA-
KHX HCKYCCTBEHHHIX MPHEMOB;

B) Kawimlil miar anroputva TpeOyeT Bcero ueThipex neficTBHil (aBa
YMHOXEHHS, OIHO BHIHTAHHE, OIHO JeJICHUE), IPHYeM, 4YTO OCOBEeHHO
BA¥HO, 3TO YHCJO He 3aBHCHT OT CTeHeHW YyparHeHHd (R oOTaunumue,
Hanpumep, OT crocoba Jannenena — JloGauesckoro — I'pedhde).

. $YHKUHH €}
2. Iycts
P, (xy=a,+‘ax-+tax"t...}a,x™ (0

— MHOTCWJICH CTENEHH /7 C BEIECTBeHHHMH Koadduunentamy u x,,
X,y ++sy X, ~—— KOPHH STOr0 MHOTO4Y/IEHd, MPHUYEM

l<lxl<...<|x,l

1) VI3 paccMOTpeHus HCKAKOYAeTCsl y3kuil KJIacc ypaBHeHui, Y KOTOpHIX 4uCAQ
KopHeill, paBHBIX IO MONYJIO, 110 MMEIOLUIMX Pas/iHyHbie apryMmenthl, 6oablue IByx.
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B nanbuefiiuem Ham moHanoOATCA CAeAYIOWME CreuHaNbHble CHMMET-
pHueckue (QyHKUMH KoOpHeii:

n
Ep— 2 xf'x; - xf,’,",
re o;—ue/ible HeNOJMOXHTeNbHHE uHcaa (—n<<o,<<0) u rxe

o,+ e, ... +a,=—=Fkn Ouesunro, uto npu noGom n uucio k
MOXeT NpHHuMaTh 3Havenust 0, 1, ..., m; Tak, nanpumep,

gp=—1, g =x —]—x —l— +x ’
eL:x,"x{'—]—x, x —]— +xm—1xm )

R -
En=—=X, X, e xm .
8. COrnacHo OCHOBHOHi TeopeMe O CHMMETPHYECKHX (DYHKIHAX, Ep

MOXHO MPeACTABHTh KaK PanvoHanbilylo (YHKUHIO Kopeei#l ypasneuns (1).
Inst Toro 4ToOB 3TO CIENATh, PACCMOTPHUM TOMAECTBO

L= () O e

B"(x)EH = _— - - - =

Wy — X)Xy — X) - (X — )

i=1 —_

m

= I (=5 )=

=1

C npyroif CTOpPOHH, B cu:idy ompenenennst ¢hynkuun B”(x) umeem

i it T (142 ).

=1

TNpupaeansas KOI(GHUUHEHTR NPH ONMHAKOBBIX CTElEeHsX X, MOyvaem

bv—lexz .o x:nm (3)
(e, }+a2,+...+a,=—v, 0=0,=—n).

OTciona BHIHO, 4TO (YHKUMH € NPEACTABNAT COOOH yaCTHHH cryuail
koa(puIHenTos by

— D 4)

4. Kosdguuuents by muorounena B”(x) MOXHO OmpenenuTb W3 TOX-
nectea (2)
m

P,(x)-B"(x)=a, [1 [1 —(xil_)"“] ) 2)

=1
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Ecin npouasecTn yMHOXeHHe B mnpaBoH 4acTu MOCHENHETO TOKIe-
CTBA, Mbl MOJYYHM MHOTOuYNeH cTenenu m(n-}1), poswo mn koagu-
UHEHTOB KOTOPOro OYnyT INPEencTaBnsTb Co0OH TOMIECTBEHHBIE HYJM.
[lpupapruBas nynmo ceoTBeTCcTBYUMe KO3(MHUHEHTH JeBOH wacTH, MH
NOy4YuM CHCTEMY m7l NUHEHHLIX YpABHCHHH Il ONpENeNeHHs /M7 Heua-

BeCTHBIX by, b3y .., bmn (B5==1). DTa cuctema umeeT pun

b:lao —_-—a,,
b :zal -+ bzao =0y
bia, -+bia, -}, =—a,,
bia, -ba, b, b, =—a,,
bia,_,+ba,_ ...+ bha, =—a,, ()
bia, b, ...+ bna,tbhyaa, =0,
b:m—zam“l“b,:nn-—lam_l+b'yznnam_z =0,
b;lnn_,am—l—bznam_lzo.

5. Kpanpatnas maTpuua mnopsinka mz, oOTBedaroulas Nesoi 4acTH
cucTembl (3), mMOXeT OHTb NpencTapneHa cnenyioweii cxemoit:

Onpenenutens A STOK MAaTpPHUB JErkO BHYHCASETCS € TOMOLIBIO
Teopemn Jlamnmaca. A wumenno:

a=11 og, ©)

k=—o
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rune DZ—OHpeﬂe.’IHTEJ[b n-ro 1nopsnaka:

G, Gy 1 CQh,---0, 00 B
Gy 0, Qi ...0n ;2,0 ... 0
Qp g Qp_ 1By eee eee e a, 0 cee ... 0
Dh— a, a a, ... a, ...0 1)
0 a a ...
o 0 g ...
00 a, L L a, Cpyy
00ae, ... ...0Qp_, @, 4,

Ecnu En-it cTonGel onpenenutenss A 3ameHuTs Ha cTonber,, COCTaB-
Asionwil MPapylo yacTh CHCTeMmb (5), TO monyverHwil ompemenutens A,
TaKke JIErKO BHYHCISIETCS

m-—1

A= (— 1" Dy I Dr. (8)
=1
Takum o6pasom '),
n n A n n D,
ch— b= — (1) ©

111. BBIYHCJIEHHE BEILECTBEHHOIO KOPHS

6. Tlpn Buwuncnennmn kopueli ypasunermst (1) rnassyio ponb OynyT

urpath He (QyHKUMH €, 4 OOpPa3oBaHHHE C MOMOULBID STHX (YHKuMH
BLIPAXEHHA

SE=(%, X, ... %)" e, (10)

yxe He SBMSIOLIECS CHMMETpHYeCKHMH (PyHKUMSAMH KOpHEi M, cnenopas
TEJbHO, HE BLIPAXAeMple pauHonansHo Yepes Koabduumuentrl ypasnenus (1).

B cuny onpeneneHus €y, OYEBHAHO, HMEEM

=Y

loed 3O+
Xp 'y

B 402 3
XX e Xp

.3m ’
xm

rne

p1+p2+"'+pk=pk+l+"'_l_pm’ 0<Bi<”~ (11)

1) A # 0, u60, KaKk JErko BUJETb H3 HalleH CHCTEMbl, MOMHO IPH g, # 0 nafity
OAHO 3a ApyruM BCe by.
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7. llycts Teneps

|xk_1l<‘xkl<|xk+1l; (12)

K3 STHX HEPABEHCTB, B YACTHOCTH, CJENyeT, YTO KOpeHb X, ABISETCS
seujecmeennpia. Mpl yTBepwiaeM, 4YTO B TAKOM Caydae GecKOHEYHbI
paa

3t 42 53
XXt L. X
‘ * Yk
Skgo_ ps : ,;k+f S l), (13)
xk—i—l e Xpy

riue
p1+pz+ see +ﬁk:Bk+l+ "'+Bm’

nonyuanumics n3 S; npu 71— 00, CXOIUTCH a6COMOTHO.
LefictButensho, Bestkmi unen sToro psina, sns kotoporo B, -8, ...
co e T Br=0ps+.-.FB,=N, He nupeBocxomMT 1O  MOZYMO
No

3 HYHCJIO Xe TaKHX YJEHOB PAaBHO

AAS-DY ... (A+N,— 1),
CAQVSFNQ—IZ ( +) N(!+ (1] ))'

rie A=k (m-—FE). Takum 06pazoM, Hall psiL MAOKOPHPYETCH aGCOMOTHO
cxomsiiumed [B cuny (12)!] psaom

3w [ [
—1
RC Xk+1
H TMOTOMY CaMm CXOIHTCS aBGCOMIOTHO.
7 — 3
. . [
8. Uz cxommvocty psima Sp = lim S; caemyer, uto lim —=1
n—> o n - oo sk
UM 4TO
. (3 Xy oo xg)" €
lim =1. (14)

nsow (X Xy 0. xp) ey !
Orciona BuiTekaet ¢opMyna, FBISIOILASCH OCHOBHBLIM NyHKTOM Haluux
paccymaenui:
n—i
. €r
...xk: llm —n. (15)
n-—>ao €

X, X

1 2

'} HetpynHo nposeputs, uto
sp= I .

1<si<k 1_ %

N,
%) Cfdgl—No —y — UHCAO couemanuwii ¢ noemopeHuamit u3 A 3s7eMeHTOB

%
B HALIEM CNyyae — aNEeMEHTOB ——, 1<Ci<C %, k- l<<j<C m) no N,

7
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PaznenuB (15) nounenHo Ha aHalOrHYHOE PAaBEHCTBO

21
. —1 ’
XXy oue Xp_ = lim ——, (15")
n—>w € _,
TIOJTY 4HM
n—i_n
€ €
. B fR—
x,= lim : (16)
n.n—1
nsw Epfp_y
YuutnBan (9), umeem oTcrona
Dn~an
. 3 k—
= — lim — k=t (17)
nDn—l
n>ow DpDp_y

Ota ¢opMyna [B KOTOpOH BeJHYHHEI D}, onpenensioTcst COOTHOMIE-
HueM (7)| ¥ HaeT MCKOMOE BHIpaXeHWe KOpHA X aBuenns (1) uepes
3
k03(QHUIUHEHTH ITOFO ypPaBHEHHS.

9. Ecmm X,=X,,,, TO, KaK JErko BHIETb, XOTH Si— 00, HO TO-

n — 1
. E
npexsemy lim —==1, ¥ nostomy ¢opmyna (17) coxpasseT cuny.
n— o sk
OnHAaKO ecimm X, =X Ho |x,|=I|x,,, 1, TO Seo1 ye crpemnTen wm
184 W Xp 7= Xpan [xp ] =1 %p s by S, p

K KakoMmy npeneny, W ¢opmyna (17) TepsieT CMbICaL

IV. CJIVUAII KOMIIJIEKCHOI'O KOPHSI

10. B cnyuae, korza

lxk—ll<lxkl:ixk+1l<lxk+zlf (18)

HO Xj 5~ X, (HanpuMep, KOrAa KOpeHb X, KOMIUIEKCHbIH M xk“:?ck),
Mb OyIeM HCKATb IMOPO3Hb BENHYHHBl §=—=XpX;,, H p=X,+ %4 ;.-
Ecim p m ¢ OynyT vaiimessl, TO, OYEBHIHO, KOPHM X, H X, , HCXOI-
voro ypaBHennst (1) cmoryt ObiTh ONpelefieHsl KaK KOpuHM KBaApaTHOrO
ypassenust x*— px |-g=0.

Cornacuo ¢opmyne (15) nmeeM

en—l
. =
XKy wne Xy = lim — = (192)
n>w €p_y
H EZ_T_l
- 1
XXy o Ky, = lim —"—, (196)
n - 5k+l
OTKyla
En;l E'l
: k41 k-1
XXy, = lim ————— (20)

n—s>w €p, Ep_y
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HIH
D.’l— an
kE+1%k 1
§=XXpy, = lim D pioa (21
>0l (Hp
11. PaccvorpuM cienywume QyHKUMR KOpHel mnonmuoMa P, (x):
En-—l En—l—l En—l En
n k k n k &
Qr=— n—2 _n n R,— n—2 np-—1]s (22)
Ep € Er Ep
Apanornuso n. 8 MOXHO NOKasath, 4TO
n
lim JF %ot Xy (23)
n—)OORZ KyXge «  XpXp 1y
Yunresas (15), 3akmovaeMm otciona:
Z_T_l n
1
i, = fim (24)
n—>oo Ek—|—1R
HIH, B cuay (22) u (9),
n—1 77 1
g—l Dk Dk+
+1 DF—2 pn
. . (3 (]
X+ xp,, ——1im i (25)
n — oo D ] (3
k41 n—2 rn—1
Dy~* Dy
Tak xaxk u3 teopems Jlannaca nerko BLIBECTH, 4TO
Dn_l Dz 72— 1 77— 1
Dn—z Dn—x Dk+1 Dk-—u (26)
TO OKOHYaTENLHO HMeeM:
D~ Dt
D}—2 D¢ (27)
. (] (3
p:xk+xk+1=—hm n =
n—w Dk+1 Dy 1
}

®opmynnl (21) u (27) nonHoCTHIO on
ypaenenus (1).

penesi0T KOPHH Xp H xk“
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V. MPAKTHYECKHE NPUMEHEHHS NOJIYUYEHHBIX $OPMYJI

12. dopuynsr (17), (21) n (27), onpenensioume BelleCTBEHHHI NM
KOMIZIEKCHO COMpSenHble KOopHU ypassewus (1), mMoryT OHITb C yCrexoM
NpHMEHEeHH 15 MPAKTHIECKHX BhMHMCNEHnit. JlefC TBHTeILHO, HMEET MECTO
crenywollee peKyppesTHOE COOTHOLLEHHE:

DZ DZ—'—I\
nt1_ DZ—lDZ _(D;el)z_DZ——l Z—!—l
Dyt =k s : (28)
Dk Dk

1I03BONAIOLLEE NOCAEN0BATENLHO BHIYHCAATH ONpPEAeHTENH D}, ¢ Gonbiuvmu
3HayennsMH n (3aMETHM, YTO MpH UeNHX Ko3dduumenTtax nenesne B ¢op-
Myae (28) NMPOMCXONMT Haueno). JTH BHIYHCIEHHs 3aMETHO NPOLUE BbIYHC-
nennit o cnocoby T'pedie, ocoberHo Ins ypaBHEHHIl BHICOKUX CTenexed.

Ilpu mocnenoBaTeibHOM  BHIMHCIEHUH D7 wmbl cpasy cmoweM omnpene-
JMTH HOMEpa KOMIVIEKCHLX Koprell B pamy |x,|<C|x,|<<...<<[x,|
JeficTBUTENbHO, €CAH X, — BELLECTBEHHbIK KOpEHb ypaBHEHHs (1), 7o

D> 0, signDyt!'=signD;=signa,

Crenopatenbno, 3saku emmuns Dy, rme & (UKCHPOBAHO, MPaBHIbHO He-
penyioTes (WM coxpassiiotcst Ges msmenennst). Hanpotns, ecnm x;, — komn-

o 7
JIEKCHBIH KOpE€Hb YpaBHEHHUH, TO 3HAKH BeJHYHH Dk U3MenalTCa COBEp-

LIEHHO HENpaBWILHO. JTO BHAHO W3 TOro, 4YTO TIJaBHas 4acThb Sy mas
sin(n-+1)¢

sng 2 THe |z|=1.

KOMIUIEKCHOFO KOpHSl X, WMeeT BHI
13. Tlpuwmep. Ilycts
P, (x)=—1-10x- 6x* - x".

B stom cayuae 3Hayenus onpenenutenei Dy nawrea  crenymouleit
Tabnvueii:

n DY D? DY D}
1 1 6 10 —1
2 1 | 62—10-1=26 10 — (— 1)-6 =106 +1
3 1 | (262 —106-1):6=095 (1062 — 26.1):10=1121 | —1
4 | 1 | (952 —1121):26=2304 (112124-95):106 = 11856 | +1
5 1 848 125392 —1
6 1 1953 1326 177 +1
7 1 2934 14 025 978 —1
8 1 — 2774 — —




180 A. E. I'EJIbMAH

B coraacso ¢opmynam (18), (21), (27)

1326177

1 12025978

14025978
*o¥s = 1336177

___—2774-848-1 29341953 8082454

X, F-x, = 1326177 = T 1396177 *

=0,09455148154. . .,

TounocTs BbIUHCHIEHNH — 10 12-T0 3HaKA nocsne 3anaTo.



MOJIEJIE EBKJUJOBON TEOMETPUU HA rUNEPBOJMUYECKOM
MJOCKOCTU )

A. C. JIyonos
(Mocksa)

Xopollo HM3BECTHH PAa3/INYHLE MOLENH TrUNepOONHYECcKO# reoMeTpuu
(reometpun JloGa4EBCKOrO) Ha €BKIHIOBOH IVIOCKOCTH, HANpUMEp MOLEMN
Kneitva u Tlyankape ?). Llens HacTosilefl 3ameTkd B H3BECTHOM CMbICIE
NPOTHBOMOIOKHA: 31€Ch CTPOHTCS MO0y eGrAUC0BOL  2e0MeMPULL HE
eunepboauteckoil naockocmi. TakaM 06pa3om, BCe reOMETpHUECKHe Tep-
MHHH M CHMBOJIBI, HanwcanHue 6e3 Ka-
BHYEK, O03HAYaloT COOTBETCTBYIOLLHE
noHaTHs M OOGbexTH rHNEpOOoNH-
yec kO naockoctn (6e3 HecoOGCTBEH-
HbIX 3JEMEHTOB).

1. Bnibepem Ha IJIOCKOCTH ompe-
nesedHylo  touky O ¥ ycTasosuM
CN0Bap b.

1) «mourka» — TOYKa;

2} «npsamas»— (N01y)SKBUAHCTAH-

Ta ¢ 6as30il, npoxoasiiel yepe3 O (Bkaoyas Coaa W NpsiMble, [POXOAs-
uwe yepe3 O);

3) «uHHUOeHMHOCME» «TOYKH» H
H 3KBHUIUCTAHTHI;

Puc. 1.

«npﬂmoﬂ» — UHUMJIEHTHOCTb TOUKH

4) «meancdy» — IR TPeX «KOJAJNMHEAPHBLIX» (T. €. «HHOALEHTHHX» ¢
onHoOlt «rpsMOiiy) «Touek» A, Bu C— «TouKay B aewuT «Mexay» A u C,
ecim (cm. puc. 1, rae AA,, BB,, CC, nepuesnukynsipsl Gase SKBHAM-
CTAaHTH W, CACIOBATENbHO, HE MepecexaloTcs) B3, NewuT Meway A, H C,.

M3 4) n Bumosnsesus akcuoMmn Kantopa nms (rmiep6o:HyecKoi)
npsvoli  BHITEKAET BLIIOJAHEHHE 3TOH aKCHOMB H 1A «TPAMORY (BC.1EHL-
CTBHME B3aHMHON ONHO3HAYHOCTH cOOTBETCTBHA A <«——>A)).

1) Tekct 7ol cTarhbt coctaBaed M. M. $IrmoMOM MO 3anucsM, COXPaHMBLIMMCS
B nvreparypiom Haciennu §1. C. Jly6nosa.

%) Cu., uanpumep, . M. SIraom, FeomeTprueckue npeoGpasoBauys, 1, M,
1956, INpuaowenns k va. 1 u IL
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Ham wsyxun 6ynyr tarxwe CleNyl01Hye BCHOMOraTeNbHbE MOHATHS:
) «0auna ompesway. Ecnn «Toukuy A, Bu O ne CKOJIIMHEapHRIy,
70 «ammHy» oTpeska AB «upsmoity GyseM onpemensth dopmynoii (puc. 2)

<AB» —sh OC,

Tie skeuauCTauta BC umeetr Gazoik OA (kowewuwo, OC — runep6onmye-
CKasil INHBA; OTHOCHTENBHO CYLIECTBOBAHUSA TOUYKH C CM. HHXE, Teopema 2).

Ecmu we A, B, O CKONIHHeapHEI»  (C/IeI0BATENBLHO, KOJLTMHEap ),
TO MO ONpPELENeBHIo

[sh OB—sh OA|, korna O we nexwt Mexny A u B,

«AB»_{ sh OB~{-sh OA, korma O nexut wewny A u B.

ITpruMewaHue. Onpeeseniio «<uuHbD OTpeska AB MOXHO puiaTh U 1py-
Ty1o ¢opMy. Bocctasum B Touke O nepnenaHkyasp k 6aze OC sxBuugMcTauTtbhl AB
W ONyCTHM Ha HEro nepleHuKyIspbl
AA" u BB m3 touek A W B, mainam
STHX NEepNEeHNKYIAPOB TPHIHIIEM, Kak
OCBIYHO, OJMHAKOBblE HIH pa3NHUYHbIC
3HaKK, B 38BHCHMOCTH OT TOFO, JewaT
JM TOYKH A W B 1o oguy wim mo pas-
Hble cTopoubl 0T A’B'. [To onpepeneHuo
npUMeM

«AB»=|sh BB’ —sh AA’|.

Ins 1oro yto6m yGeputhes B co-
b NaJCHHH 3TOro OfpejeneHus ¢ Mmpes-
Puc. 2. HHM, NOCTATOYHO 3aMETHTh, YTO TpHMe-
Heuue GopMyn runepbonnueckoit Tpuro-
HOMETPHH K IIpAMOYTOMIbHBIM TPEYTonbiukaM OBB’, OAA’, a Takxe K TPEYTONbHHUKAM
OAA,, OBB, (rie AA, = BB, — nepnenuk JISAphbI, ONylteHHble H3 ToYek A u B
SKBUIMCTAHTHL AB wa 6asy OC) u OCC,, OBB, (rre CC, == BB, — nepneuuxy-
JHpBI, Onyiiednble u3 Touek C u B sxkBumuctantsl CB Ha 6asy OA) naetr (Mbl
OTpaHUYMBacMCsl CydacM, H30GPaMEHHBIM Ha puc. 2):

u3 A\ OBB’:  sh BB’ = sh QB-sin (90° — B)=sh OB-cos B, (n)
w /N OAA": sh AA’ = sh OA-sin (90° — ) = sh OA-cos «, 2)
oo oad, } sh A4, = sh BB, = sh OA-sin a — sh OB-sin§, @)
1
u3 /\ OCC,, | shCC,=sh BB,— sh OC-sin a — sh OB-sin (@ —B)=
N\ OBB, u —=sh OB-sina-cosp—shpB-sinB-cosa:
u3 (1) u (3) ==sh BB’ -sina — sh OA.sif a.

Otciona u u3 (2) cnenyer
sh OC = sh BB’ — sh OA-cos a —sh BB’ — sh AA’.

3aMeTuM eIle, uTO mociaennee OfpefesieHHe «QMMHBIY OTpe3ka OXBaThIBaer,
OUYEBUAHO, H Cay4all «KOMIHHEapHOCTHY TOuEK A, B,

6) «Mepa yzras. Kaxpomy  «npsivonunefinomy nyqay» ADB otBeyaet
Berxomsumit u3 O nyy OB, 6a3sl SKBHAMCTANHTHI AB, uMeHHO TOT, Ha
KOTOpHIf NPOEKTHPYIOTCH TOUKM «Jyuay, HOCTATOYHO ylaJenusle OT ero
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sayana A (puc. 3). «Mepoity «yraay Mexay IBYMs <«JydamMH» Ha30BEM
Mepy (KOHEYHO rHnepOONMYEcKyIO) yiNd MEXIYy COOTBETCTBYIOLHMH JyUavy
6a3 3KBUAHCTAHT.

7) «KoHnzpyenmHocmp ompe3ro8y. JlBa OTpe3Ka HA30BEM KKOBIpyeHT-
BBIMHY, €CJM OHM HMEIOT OIHHAKOBYIO «IJAHHY».

8) «Honzpy enmnocms  yza06%.
JiBa «yriay Ha30BeM «KOBIPYEHTHBHI-
MH», ©C/IH OHH MMEIOT OIMHAKOBYIO C,

«Mepy ». | —

2. Teopema 1. Ecau «mou-
wu» A u B pa3autHsl, mo cyuecm-
gyem 0OHQ U MOABKO O00HQ «HpSi-
MASTY, € KOMOPOTt OHU UHIUOCHMHDL. A Bs

JokazaTenbscTBO (Mbl Cun-
TaeM TOYKH A W B OTAHYHBIMHM OT 7
O, T10CKOJAbKY TPOTHBHLIH Cayu4aii
ouesuncH). Yepes cepemnsy M or- Puc. 3.
peska ADB nposenem nepnesaukynsp
K AB n u3 O onyctum Ha Hero Nepnesaukyasp ON (puc. 4). Ecmr
AA, n BB, nepnesmukynspul ON, TO dYeTwpexyronbuuku MBBN n
MAA, N papusl (nepernGanve no MN M eIHHCTBEHHOCTb MEPNEBINKYApa,
ONyILLEHHOTO U3 TOYKH HA NpAMYI0); clenoBatenbio, AA, =— BB, 0 3Hauur,
yepea A W B npoxoauT 3kpurHcTanta ¢ 6Gazoit ON. Bropoii 3xsunu-
CTanTel ¢ 6a3o#, npoxoxasiuei uepes O, He MOWeT ObITh, TaK Kak Ga3a
npoxonsideit vepez Toukn A u B
SKBUIUCTAHTH 00A33aTEAbHO MepleHam-
KyJsipHa npsaMOi, MNpOBENEHHOH uepes
cepenusy xopasl AB  nepnesanky-
nspo AB.

Teopema 2. Jlge «npamviey
nepecerxaiomecst moz0a L MoAsbKO mMoz-
Oa, Kozda 6a3bl COOMBEMCMBYIOUUX
IKBUOUCMAHM PA3AULHBL.

JlBe pasanyHble SKBHAMCTAHTH C
onHOt W TOl We Oaszoi mnepeceybcst
HEe MOryT, TaK KaK, [0 ONpeJleNeBHI0 SKBHUINCTAHTH, pACCTOAHHS HX TOUYEK
oT 6asbl pasanyusel. IloaToMy ocTaeTcsi paccMOTpeTh Cay4al, Kkoraa
paccMaTpHBaeMele SKBHAMCTAHTH HMEIOT pas3nnddnie OGasbl. Jlokaxem,
YTO y ABYX SKBHIHCTAHT @ W a’, 6a3bl xotopbix & W b" mpoxoast
yepea Touky O, o00d3aTenbHo CyuiectByeT oOuias Touka.

Hokazatenbcrtro. [lpavasg b momxsa nepeceyb SKBHAMCTAHTY @,
60 paccTosinue MexIy ctopowamu b u b’ yrna ¢ sepumsoi O ctpe-
MHTCSl K 0O MpPH HEOTPAaHHYEHHOM yaaneBud Toukd ot O; Takwe W 1ps-
Mast O’ Hoswna mepecedn IKBUIAMCTAHTY @. Boabmem Te ayun 6aswl b ).

Puc. 4.
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KOTOpEIe MepeceKaoTcest ¢ @' (C a); yron © Memmy STHMH ny4yamu (puc. 5)
pasnenum Ha (npunerawoume x b n k 6') vactH o n o Tak, 4ro

sina __shd
sina’~ shd’’

rae d m d — COOTBETCTBEHHO PACCTORHMS TOYEK SKBMIMCTAHT @ H @ OT
ux 6as. IlycTs nyu, mensuwmii yron Ha 4acTH, nepecekaet a B M: Takas
TOYKA CyUleCTBYET, TaK Kak

14
/"To* shd =sh MN —sh OMsino =
‘\‘ o —=shom LN
oo OTKyIla
shd’ = sh OM sin o’ =sh MN’,
W CJIeJOBATEIbHO,
MN =d’,
Puc. 5. T. e. Toyka M newutT W Ha 3K-

BHAHCTauTe a’.

Cnencreue (Esxann). Yepes cmourxy» M, AEHCAUUYIO BHE (RS-
MOIY @, MOJNCHO NpoBeCmit OOHY U MOAbKO OOHY KAPSAMYIO», He nepe-
CeKaoOmYI0 Q, M. e. CHAPAAACABHYIO» ell.

HeTpynno Temepn passuTh BCIO €BKAMAOBY TEOPHI0 TNapasiesbHbiX.
Mol orpanuynMcs 31eCh IBYMs [PHMEpaMH.

Teopewma 2a. [lpu nepecewenun d8yx
KRAPAANCNBHBIXS CHPSMBIXY Mmpembell <npsi-
MOIL»  «COOMBeMCMBeHHble Y2Abl» KPABHbLY
um 0.

HlokasatensctBo (puc. 6). Ilo
ONPENIENIEHHIO «Mephl yray Kawblil «yroma»
NIpH TePECEYEHHH (APANIENbHBIXS KTIPAMBIXY
a, ma, ¢ b paBeR yrny mexny ¢ u d,
rue ¢— 6a3a SKBHIKCTAHT a, M a,,a d —
6a3a SKBHAMCTaHTLE b.

Teopema 26. «Ompesxu» «napas- Puc. o.
NEABHBLXY (ADSMBLE», 3K AIOUEHHBE Med-
0y CNapaAfesBHBLMUY CIPSMMILY, «pagHb» Medcdy cobol.

HNokasatenpctro. Ilo onpenenesnio «aiaHHbY HMeem {(0Go3Haue-
HuSl fiICHL M3 pHC. 7)

«MB» = « NC» = « 0Q», «MA» = «INDy» = «OP,

{4

OTKyJa CJlenyeTt, Yto
«AB» = «DC»

(cm. umxe teopemy 306).
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3. PaccMoTpuM Temepb Nonpo6GHEe YCTAHOBIEHHBIE ONpejeieHdsMy 3
u 6 n. 1 «OauHB OTPE3KOBY W «MEpbi YLJIOBY».

Teopema 3. a) «AB»=—«BA»; 6) ecau A, B, C roauneaphsi,
npuners B aemmum «mencdys A u C, mo «AB» -} «BC» = «AC».

JdokazatTenbcTBO TeopeM a) H
0) cBomuTcs K  ToMy, u4TOGH  [OKa-
3ath, YTO B 00038aYeHHsX, HACHBIX H3

-

pHc. 8, a n 0,
a) OC=0D;
6) sh OD -}- sh OE = sh OF;

W TO U IpYroe HETPYAHO BHBECTH H3
dopMys runepbonuUECKol TPUTOHOMETPHHA
(kak?). Ho eite npouie BOCMOIb30BATHCS
BTOpPbLIM OINpee/eHeM «IAMHB», YyKa3aH- Puc. 7.

HbiM B [IpMMeYaHuH Ha c¢tp. 182; u3 storo

onpejenesus  yTBepwjeHns a) # 0) BHTEKAlOT HENOCPEACTBEHHO.

Mpumeuaune. B nitepupetauns Ksan — Kneilua teopema 3a) Bbipawmaer
caenytouiuil GakT NpoeKTHBHOH TEOMETPHH: ecall mpll KOMUMECKIX CEeueHlis M-
cansl 6 uemsepmoe KORUMecK0e cederiie T (1. €. IBawWMhl KacaloTcs Y) mak, 4mo
mpi xopOst, cOLOUHAIOULIE MOUKI KACAHUS, RpOXOOsm uepe3 OOHY moOuKy,
i ecan l-e 1 2-e KOHUdeCKlle Cevenus nepecekaromcsi Ha xopde, coeOursiouieil
mouxil Kacauus ¢ S 3-20, a 2-e u 3-¢ — Ha xopde, coedunsioweil mouKl Kaca-
g ¢ ¥ I-z0, mo l-e © 3-e KOHuuecKue ceueHllsi nepecexaiomcs Ha xopoe,
coedunsiougeii. mourn xacanus ¢ X 220 (cp. pue. 9 ¢ puc. 8, a). Hetpynuo natb

Puc. 8.

npsiMOe aHaNHTHYECKOE NOKa3aTeqbcTBO STOH TEOPEMBL eC:H YPABHCHHC KOMye-
CKOTO ceyenns ¥ 3amucaTh B Buie K ==0, a ypaBHenus Xop1, COENMIAOINX TOYKH
kacauuii © C HAUIMMH KOHMYECKHMM CedyeHusMu,—B Buie ax4by=0,
a,x}b,y=0, a;x—+ b,y=0 (Touxy nepeceyerHs xOpji Mbl IPHHHMACM 33 lAYANO
KOOpHMHaT), TO YPaBHEHHs TPEX KOHMYECKHX ceyenuit 6ynyT HueTb BHI

K44 (ax+ bhyy2=0, K+ A, (ax b, =0, K+ A, (agx - by =0.
OGuwie TOYKH NepBbIX IBYX KOUHYECKHX CeyeHuil yIOBJCTBOPSIOT ypaBHeHUAM
M@y x 4 5,302 — by (ayx 4 b9 =0



186 si. C. LVEHOB

4 (10 yCIOBHIO)
ax+b,y=0,
h(aby — b0, =), (a,b, — bya)
Touno Tax e noxasplBaercsi, 4To
1, (ab, — b0,y = )‘s (@b, — bya,y,

OTKYIa BbIBOAUM

4 CnejnoBaTesbHO, U
N ab, — bha, =1, (ash, — bya,),

¥ 3HauMT, o0las Xopaa 1-ro ¥ 3-ro KOHMYECKMX ceyeHuii coBnagaeTr ¢ npsiMoit
2%+ b,y =0.

Vi3 teopembl 36) MOXHO cnenaTh clemyiOulMe BHBOMHL.

Cnencreue 1. Ecau A He sesxcum «xmencdy» B u C, mo dasn
mozo, umobe. B sescanra «amencoy» A u C, Heobxo0uro u docmamonHo,
umobbr 6bin0 «AB» < «AC».

Helicteurensuo, ecnn
«TOuKa» B JewHT «Mewmy»
A u C, 10 <ACH=—
= «AB» -} «BC» > «AB»;
ecnn C JIEXHT  «MeXLy»
An B, 10 «AB» = «AC» -}
+ «CB» > «AC».

Cnencreue 2. FEcau
A AL A, . A, .. B
—makue  <mouKu»  O0HOIl
«NPSIMOIY, 2Mmo

CAApD = «A Ay —
=cA,Ar»=...

u A, sexcum «mexncoy» A u

A, A, — «mesrdy» A u A,

Puc. 9. Ay — «meancdy» A, ul,...;

A, —«memdyy A u B, mo

MOJCHO YKa3ams maroe n, umo B aesicum < xuesxcdy» A u A, (Apxumen).

HOokasarenbctpo. W3 «AB» >«AAp», «AAy—=—n «AA»

¥ apu(pMeTHueCKOH aKcHoMbi ApXWMMeJa clelyeT CyLIeCTBOBAaHHE TAKOrO 72,

410 «AA,» > «AB». Tax kak A ue newwur «mexny» A, u B, ToO
OCTAeTCSl MPUMEHUTb NPEeALAyLIEE CJeNCTBHE.

4. Tlepeiinem Tenepb K M3yYEHHIO «TPEYroOJbHHKOBY pPacCMaTpHBa-
€MOH «reoMeTpuny.

Teopema 4. Cymma 6HYMPEHHUX Y2408 <MPEYZOABHUKAY
pasHa 2d.

loxaszartenbcTBo. Kawnwit BHyTpenmnuit yron Tpeyronbamuka
A A A, (puc. 10) papen yrily Mexny COOTBETCTBYIOUIMMH JIy4aMM mpsi-
nbix 11, 22, 33— 6a3 SKBHIHCTAHT q, a,, a,. Hu onnn w3 stux nyuei
He NOBTOPAETCH ABAXIbl, T. €. CPeAH TpeX yrioB ¢ obuiedl pepwinnoi O
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HUKAKHE JBa He wuMeloT oO0ie#i CTOPOHH (3TH TPH W3 (UECTH YF/OB,
obpazoBaHHbX npsaMeiMH 11, 22 w 33, pacnonowennl «4Yepes OIHHY).
3amensisl OAMH M3 STHX yIr/OB BEPTHKANbHBIM C HUM, MOJIYyYyMM TPH yria,
ofpasyoue B CyMMe PasBepHYTHH yrosm.

Tcopema 5. «Maunbs»y cmopon a;
«MpeyeoabHIKA» NPONOPULOHAABHbL  CU-
HYCaM NPOMUBONHCAULY (Y2A0EY.

HokasaTtenbctBo. Yepes a,,
a,, Qg 0003HAYMM K ANMEE CTOPORY, yepes A 3 A2
Uy, Uy @y — KMEPH YTIOBY» TPEYrofb- l 2
nuka» A AA, (puc. 11). /

1°. Cumauyana paccMOoTpuM CJyuyai,

KOrfa BeplMHa A, coBnagaeT ¢ TOYKOH 4 0
O (puc. 11, @). TlpoBenss SKBHAMCTAHTY

AZA; c Gazoit OA,, umeem
«A,A» =a, =sh OA, 2
a,=—sh0A,, a,=shOA,.

Puc. 10.
3anuckBas Tenepb, 4TO TOMKM A, u A

skBHaMCTanTh A,A, paBHOynaneus OT

ec 6asm OA,, Toukn A, u A, skBUAMCTaNTH A,A, PaBHOY[ANeHH OT ee
6azpl OA,, noi1yynm

sh OA, sina, =—=sh OA, sina,, T.e. a,sino,=—aq,sina,;
sh OA,sina, —=sh OA,sina,, T. ¢. @a,sine, =a, sina,

2°. IlycTb Tenepb Bepilmnel A, ¥ A, «TPCYTOJBHMKA» KOJJIMHEApHH
¢ O (puc. 11, 6). CornacHo npeablayLleMy HMeeM

a, _ sino a, sin © (1)
«OAp»~ singg’ «OAp~ sin(r—ay)’

OTKyJa
a,sina,—=a,sina,.
Janee, n3 tex we tpeyronbuukoB OA,A, 1 OA A, nmeeM

«OAgp» _ sin(n—o —a,)  «OAp» _ sin(z, — o)
«OAp sin o, ' «OAp~  sing,

B CJIeJIOBATEJILHO
a, _ «OAp» —<«OAy _ sina,sin(w 4 a,) — sina, sin (2, — v)
«OAp «OA» — sin a, sin a, =
___sin a, (sin © COs a4 - oS w Sin a,) — sin a4 (sin a, COS © — COS a, Sin v)
— sin a, sin 2, =
___sino (sin a, Cos a; 4-0S a, sinag)  sino sin(a, -a;)  sinw sin 2,
- sin a, sin a, T sinaysina, ~ sinagsina,”
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CpapsuBasl 5TOT pe3ynbTaT C mepBuiM n3 papencts (1), noayuyaem
@,  sinay
a, sina,’

3°. O6umit cnydail — Hu OIHA W3 «CTOPOHY» «TpeyronpHuka» A A A,
pe cogepunt toukn O. Coemvuum O ¢ A, (puc. 11, 8) ¥ mpeanonoxum

Puc. 11.

crauana, uto «npsimpie» A A, n OA, He ¢<napanielbHbD (nepecekatTcs
e Touke L). B takom ciyuae wumeem (oGosnauyerus CM. Ha puC. 11, 8):

a, _ sin{x—8§) a, __sinf
LAy~ sina, ’ «LAp  sing’

OTKyAa
a,  sina,
a,  sina,

Ecmn  «crtoponay A,A, «mapamnensha» OAg, no A,A, ne «napaln-
nenvnay OA, n A A, ne «napainenuay OA, (puc. 11, 2), TO
a, sina, a,  sinag
a,  sina,’ a, sina,’
OTKYAa CHOBa VMEeM
a,  Sina,
Q,  sina,’
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Hakonew, ecim A, A, «napannenbna» OA, n A,A, «napanienbna»
OA, (puc. 11,0), To «OA» =—a, n (no Teopeme 2a) l=—uo,; Kpome
Toro, p=2,. A Tenepb M3 «rpeyronbuuka» OA,A, nonyuaem (cm. 19

«OAy;» __ sind @, sina,

= W =
a, sin g a, sina,

Cnencrpue. M3 Teopembl O CyMMe «YIJIOB» «TPEYroOJbHHKA» H
«TeOpeMbl CHHYCOBY» II0Jy43eM «TeopeMy KOCHHycoB». JleiicTRHTEAbHO,

sina, ==sin (2, -} «,) ==sin 2, cos o, - sin o, cos a.,,
OTKyJa Cleayer

s a2 s P ) so2
sin® o, = sin® o, (1 — sin® ;) 4~ sin® 2, (1 — sin® a,) -}~
: —+- 2 sin o, sin 2., cos 2., cos 2.,—=
R - . . . . o
=sin® a, -} sin® o, + 2 sin a,, sin 2. (cos 2, cos o, — sin 2, sina,) =
e in2 M 2 H 1 —_—
—sin® o, -} sin® a, 4 2 sina, sin o, cos (2, }2,) =
ok . . .
=sin®a, 4 sin® o, — 2 sin a, sin 2, cos 2.,.

3amensisi 31nech CHHYCHl «YTJIOB» MNPONOPIMOHAJbHLIMA UM «JAJHHAMH
CTOPOH», NOJYyYaem

a; = a; 4 a;— 2a,a, cos a,.

CnencrtBue (Bawuoe). «Zirunanu» O8YX «CMOPOH» KMPEY2ONb-
HUKQY U «MEpOL YZAQ», 30KAI0YEHHOZO MexcOy HUMIL, ONpeoenstiomcst
OOHO3HQHYHO «OAUHA» mpemsell «CHODPOHBLY
I «mepbry O0BYX OCMAABHBLX «Y2A06.

JelicTBUTENBHO, «CTOPOHAY» @, onpene-
JseTcs no a,, a,, 9, C NOMOLLBIO KTEeopeMbl
KOCHHYCOB», & 3aTeM «yIJH» 2, ¥ o, (rae
0, o, =2d — 2,) HAXONATCS U3 KTEOPEMH!
CHHYCOB».

5. Bcé ckaszaHHOe TO3BOJSIET yTBEP-
WAATb, 9TO NOCMPOEHHAS HAMU (200Men-
pusty noaHocmero cosnadaem ¢ OObIAHOIL Puc. 12.
zeomempueli Egrwauda. HeTpynHo nposeputb
BHINIO/IHEHNE B STOH «reOMEeTpUHM» BCEX AKCHOM €BKJHAOBOH IMJIaHUMET-
pHH; B 4YaCTHOCTH, CJEACTBHE U3 TeopemMnl 2 o6eCneuynBagT BolilOJ-
HEeHHe AKCHOMB MapasiielbHOCTH, a CAENCTBHE W3 «TEOpeMbl KOCHHY-
COBY» — BHIMOJHEHHE AaKCHOMB O KOHIPYEHTHOCTH TPEYroibHUKOB. DBwi-
NONMHEHHE JMHEHHBIX aKCHOM MNOPSiiKa BulTeKaeT u3 onpepedenus 4 mn. 1
W ¥3 B3aUMHOH OJHO3HAYHOCTH COOTBETCTBHA A <—+ A; BHIONAEHHE
akcpomsl [lamia serko mpopepsieTcss and TOro Clydas, KOrAa ceKyulas
«mpaMasg» mnpoxoaMt uepes O, T. e. sABnderTcs NPAMOH, € TNOMOUIbIO
NeMMBl, OYEBHHO CNpaBENMBOH B rumnepGonuueckoit miockocTn (puc. 12):
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«npamos, nepecexaiomas 8 O0O0Holl mouke 0Oyzy (xopdy) axeudu-
cmanmsi, Heobx00uno nepecercaem xopdy (0yzy)»; B obuiem ke ciayuae
MOXHO, OnMUpasCh Ha KOHIPYEHTHOCTb TPEYrOJbHHUKOB, TEPEHEeCTH BCIO
¢urypy Tak, uToOb CeKyllias CTala npsiMoil.

Takum 06pa3oM, MB NOCTPOWIM MOJZENb E€BKJMAOBOH NJIOCKOCTH Ha
runepOoNMuecKol, MNO3BOJSIOLLYI0O YTBEPWAaTh, 4YTO M3 HENpOTHBOPE-
YUBOCTH reoMeTpuH JIoGauyeBCKOro € HeOGXOAMMOCTBIO CJedyeT Hempo-
THBOPEYMBOCThL reoMeTprn EBkauaa.




KAK BBIHTU U3 JIECA?

(06 onmuoit sapave bemimana)

B. A. Baszaaanep
(Jlenunrpan)

B kunre P. BeanMana «J/lnHaMpueckoe 1porpaMMupoBaduey ') cpe-
oM Bompocos K rnase !V aptop, ccwinasch Ha O. I'pocca, craBar ie-
ped 4YuTaTeNsMH Caedylouwmit BOTMpOC.

Bil OKa3anuCh BHYTPH Jji€ca, O KOTOPOM 3HaeTe TO/NBKO TO, 4TO OH
uMeeT BuA Oeckoneunoir npsmoil monocst wvpune . Tlo kakoit KpuBoi
cnenyeT MATH, YTOOH OBl BO3MOXHO MEHBIIMM NYTh, NOCHEe KOTOPOro
Bul 3aBeIOMO BhHiinere u3 neca, U3 Kakod Oul TOYKH BB HHM OTIpaR-
AMKMCh M B KakoM Gbl HAMpaBjieHWH HE [OLUTH?

MoxHO, Hanpumep, MATH N[O OKPYKHOCTH nuaverpa [ (ilpH 3TOM Mbf
3aBeJIOMO BHiljeM M3 Jeca, npoias nyTb T/==3,14 /) nim npolta no

npsiMoil Ny Th 11V 2 un sareu, nosepuyB Ha 90°, npoiTH elile HyTblV—Q
(npM 3TOM ML 3aBELOMO BHiimem W3 neca, npoins nyTtb 2 l/ 22,82 1)

“ 2
WM CHayana npoHTH no npsaMod nyThb lﬁ W 3aTem, MOBepHYB Ha 120°,

- 2 .
npoiTH eute nyTh /——— (OpH 3TOM ™Mbl 3aBeJOMO BHiaEM U3 Jeca,
V3
. 4
npoitas nyTh IV—T%Q-_Q,Sl [). Bo Bcex 3THMX Tpex CAyyasx Bbl 3aBEIOMO

shifiieTe rJe-To Ha Kpait Jseca; KaXAbd CHAeAYIOWME U3 3THX nyTe#
BhiroaHee npensayulero, HO M MMOCJIEIHNIT He SIBJAFETCH CaMBIM BBHITOIHBIM.

1. Chopmynupyem 3amady TaK: Ha naockocmu Hado Halimu 603-
MOJKCHO 00see KOpOMKYIO KpuUsyw, KOMopass He MOoenm YMecmumsCs
sHympl Gecrxoneuroli noaocs: P wupunse 1. Tlpn npeoGpasoBanuu nojo-
6usl AMMHBlL BCEX KPHBHIX M IUMPHHA MOJOCH  M3MEHAIOTCH MPONOPLHO-
HAJbHO; MO3TOMY IOCTATOMHO pewiMTh 3amauy npu [=—1.

JNemma 1. Hewomvili munusys docmuzaemcss xoms Obt 0455 00HOL
svinyxaoil dyeu L.

) P. beaawman, HMuuamuueckoe nporpammuposanve, M, 1960. CMm. takxe
PedeparueHpii wyprian «Maremarnkay, 1960, Ne 2, ctp. 156.
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JlokasaTenrcTBo. He ymemawoumecs BHyTPH P kpuBbie KOHEY-
goii maupe  cyulectnyior. IlycTb o -— HibKHfsl rpanb IJMH BCEX TaKHX
kpuppix u {L;}(i=1, 2,. ..} — NOC/IENOBATENBHOCTL TAKHX  KPHBHIX,
JUMHB KOTOPHX CTpeMstcs K G. BuiGepem HEKOTOPYIO nocen0BaTe:lb-
nocth {k;} umcen k;>>1, TaKywo, 4T0 lim k;=— 1. TlogoGHO yBesiniuB

i»»

Kawaylo KpuBylo L; B k; pas, nonyunM HOCNEOBATENLHOCTD KPUBHIX KL,
He yMeUaoLMXCsl B PACIIMpeHHBIX  Nonocax k,P; nanHpl STHX KPHBHIX
TaKkiKe CTpemsiTcs K G. B Kawayl KpHUBYIO k;L; Bouuien  JiOMaHYIO AP
HACTONBKO OuaM3kyw Kk K;L; 4TO \; ne ymewaercs B Py mmen
TaKke CTpeMATCH K G. ‘

Ha kaxofi nomaHoit A; pukcnpyes olnpeneseHHoe HanpapieHue ob6xoxna.
TlepeHocst Tenepb 3BeHbS \; KaK BEKTOpHl, NepecTaBuM HX B TaKOM
nopske, 4To0b Kaw b cJeAyIOLIM# BEKTOP MOBOPAUHBAL TOJNBLKO BIIPABO
O OTHOIIEHHIO K mpegnayiieMy. TeMm caMbiM soManbie \; ynactcs 3awme-

’
HUTL BB Y KJIBMH JIOMaHbBIMY \, TOH We JAJAAHBL. B moboMm Hanpasie-

HHH IUHpHHA .-‘\,'- OyseT He MeHblle, 4YeM LIIpHHA A;. Tostomy A; Tamke
se ymeulaiotcs B P.

W3 KOMNakKTHOCTH PacriosiOeHHOro B orpaHuveHroll 4acTH NnpoCTpan-
CTBA MHOWECTBA KPHBHX C OFpPanHYCHHLIMH 8 COBOKYIMHOCTH JLTHHAMA
3aKAIOYaeM, uTO U3 MOC.J€A0BATeNbHOCTH Bhl-
NyKJIbX KPHBBIX A:- MOWHO BHOpPAaTbh CXoid-
uyyrocs K HEeKOTOpOH KpHROH L nomuoche-

JOBATENBHOCTD A:-j‘). Buecte ¢ ‘-\;-j npe-
fgenbHas Kpubad L OyJeT BHINYKIOH K He
yMewujalouieics BHYTPH P. Kpome TOro, nm-
Ha mnpenenbHOH KpHBO# 6ynet paBHa npe-
ey JUIMH JIOMAaHBIX .\,'-j , T.e. 6. [loaromy
o  Ha L JIOCTHraeTcst MCKOMbiH MUHEMYM.
A4 8 B Nemma 2. Kouuyw A, B oyen L He
cosnadatom Opyz ¢ Opyzos, u Oyza L pac-
NONOINCEHA  MeHCOY NePREHOUKYATPaANL K
AB 8 mouxax A u B.
Noka3aTenbCTBO. [Mycts m— npsiMas AB (unu onopHas npsi-
mas k L B Touke A)?), ecim A coBmanaetr ¢ B). Tlporenem mnepneni-
KyAsipHBiE 711 OTIOPHBIE TPSIMBIC m', m” x L. Ecm 6m A, B nHe cosna-
nany € TOYKAMM TepecedeHHs m w m, m" um (puc. 1), TO, 3aMehuB
y xpuBoit L yyacCTKH MA v NB na MA u NB' COOTBETCTBEHHO, MH

-

m’ m

Puc. 1.

1y Cp. .M. flraom u B I. BoaTsaHcxkHii, Bunykase gurype, M—JL,
1951, Hononuenne L.

2y [IpsiMast m, MpoOXosimas 4epes TOuKy A Kpupoil L, Ha3biBaeTCsi ONOPHOIL
110 OTHOMICHHIO K L, eciM BCe TOUKH 3TOH KPHUBOH DacroONOXKEHE Mo O1Hy CTO-
pouy ot m. Yepes nioByio TOUYKY BLIIYKJAOH KpHBOH MOmeT ObiTh NpPOBEICHA
onopuas npaMas.
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yKopoTHuAM Okl L, COXpaHHMB HEBJOWMMOCTb L BHYTpb P. 310 nporueo-
PCYHT MMHHManbHOCTH L M JOKa3hBaeT Jemmy 2.

Bynem nance 0603HauaTh JiMHY oTpe3ka ADB uepes x. Ha ne\mm 2
cnenyet, uto x==1 u A, B— TOuKH nepeceyenns m am m' num
(puc. 2). TlpoBeneMm nyru CC' v DD’ xak AYrH OKPYIHOCTEH eIMHHYHOro
pannyca ¢ uentpamu A, B. Tak kax L He BMEeIaeTCsl BHYTPb NOA0CH
wuprnn 1 ¢ Hanpasiaennem AB, ona xots Owl B onHoﬁ TOYKE JOCTHraeTt
otpeska CD, otcrosuiero ot AB Ha pacCTOsiHMM Kpome Toro, L Ha
nyts ot A g0 orpeska C[) ne MOXeT nepeceub CEKTOPa D'DB, a na

nyth or CD no B— cekropa ACC'.

[TocTapum Tenepb BCMOMOTATENbHYIO 3a-
naay. CHauana npu ¢UKCHpOBaHHOM Xx == 1 m
HaiimeM kparTuaiiilyio U3 KpHBHIX L, KOTOpHe ([ b/}
YAOBNETBOPSIIOT CJIEAYIOLHM YCJIOBUAM:

1) coemmusior TOukM A M B;

2) umeroT XoTs Ol OAHY TOUKY Ha OT-
peske CD;

3) na nyta ot A no CD ne 3axoasr
BuyTpp oGnactn D'DB;

4) na nyrtn ot CD po B ne 3axojdt
BHYTPL o6nactu ACC'.

Bce KpuBLiE, YIOBICTBOPSIOUHE yCIOBUSAM
1) —4), He MOryT yMemwarbcs BHYTpH P;
3HaunT, BCE OHM He kopoue L. Kpupas L — onna U3 Takux KPHBBIX; Il TOrO
4TOGH ee Ha#iTH, HAL0 BLIACHHTD, KaKas U3 MOAOOHHX KPHBHIX, OTBEYaIOUINX
pasmigHEIM x == 1, spageTcs KpaTuyaiiei. Ecau kpartuaitiuas mmnups
6yneT e AMHCTBEHHOHN, TO oua Gyner eIHHCTBEHHOH Kpm30i’4 L.

ITycth L nocturaet otpeska CD B touxe M. Kpnpas L pasee nMub

«y
=)

40
Puc. 2.

COKpaTHTCH, €CJH €€ Y4aCTOK AM’ 3amMenuTb KpaTuyailiei smHuel A’H
coenunstouleii Toukn A u M W uemnkom Jexauled B 00nacTH ACDD
a y4acTok M'B— kpatuaiimeii munpeii M’B, nexauedi B o6nacta C’ ~'CDB.
Kpartuaittuast AM’ siBnsietcst 60 NPOCTO OTPE3KOM NPAMOH, 160 COCTOUT
us kacatenbHoli AE, nposemennoit uz A k nyre D'D uexotoporo yua-
ctka EF 9TO# nyri, u Kacatenbhoit M'F k 9TOR ayre u3 Toukn AM'; ana-
JIOTMYHO BHIASANT W kpatuaimasg M B. Jluumio, oOpasoBaHHYIO IBYMs
kpatuaiiummn AM u M'B, M ofo3pauum uepes L.

Fcnu touka M’ ne sBasierca cepenntodl M otpeska CD (HO oT/muna OT
C v ot D), TO KpHBYIO L’ MOXHO eule COKpaTHTh. [lcHCTBATENBHO, BPOBEs
6auskylo k¥ CD npsimyio 7, napamnensnyio CD, Mbl oTCE€4eM OT L’ yuactox
B BHie 1BYX GOKOBHX CTOPOH TPEYrONbHHKA C OCHOBAHMEM, MpHHAJsIEHa-
uvm 7, u sepwunodt M'. Ecam touka M’ otmmuna or M, To s3TOT
Tpeyronbhnk Oyaer HepaBHOOEJpPEHHBIM H KPUBYIO L’ MOXHO YKOPOTHTb,

7 Maremar. npocBelieRHe, Bbn. 6
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3aMeHHB 3TOT Y4acTOK KPHBOH OOKOBHMH CTOpPOHamu paBHoGenpen-
HOTO TPEeyroipbHuKa C TeM Xe OCHOBAHHEM K TOH e BHICOTOH. ITpu
STOM BHIYKJOCTb KPHBOW OYyIeT HapyilleHa, OAHAKO, MEPEXONOM K BhIIyK-
Joii  0BONOYKe JIETKO MNOCTPOUTH
AHANOrMAHYI0 BHMNYKJAYIO KpH-
Byl He OonbuleH AJIHHEL.

HeTpynuo mokasaTtb, 49TO KpH-
BYIO MOXHO YKOPOTHTb W B Ciyyae
M —=C vmu M =D.

Wrak, pellieHieM Haglel BCrno-
MOraTenbHOH 3dmauu fBAAeTCs CuM-
smempuunast kpusast L (x), cocmog-
was us spamuaiiets aunuu AM (20e
M — cepeduna CD), seacauyeli 8 06-
Aacmi ACD/-D\’, u u3 wpamuaiiner
aunuy MB, aescawelr 8 obaacmu
BDCC'. Tenepb HaM ocTaeTcs auilb
BHISICHUTH, NMPH KakoM x =1 JnnHa
Takol nuHUM OYACT MHHUMANbHOH.

Puc. 3.

2 .
Ipn x = —— 73 KpaTtyaiipge JvHEM

AM w MB npefcTaBasior co6ok OTPe3k# MPAMBIX, JAJIHHE KOTOPHX yOHBAIOT
c YMEHbLUEHHeM x. TlosToMy #am ocTaercs HaHTH MHHMMYM Miuubl L (x)

V_.

Mepeiinem K peiueHmo 3ToH nocnensell 3amaus. Vs puc. 3 Haxommu

mp 1 << x << ——

— P

a=arctg?, B:arccos%, RT:".’:—-“?——QU.—B;

L(x)=2(AR -+ RT+TM) =
=2V —1-}+n—4arctg ———2 arccos ——l——x.
O6LYyHOE UCCHeJ0BaHUE [0Ka3bIBAET, 4TO nNpou3BojaHas

LI (x)=2]/x:—l

‘_44-)&—}”1

HenpephiBHa B rpoMexyTtke 1 =Ix << oTpuuaTtenbha npu x =1, no-

2
V3’

2 .
JIOXKUTENbHA INIPH x=ﬁ " O6pamd6TCﬂ B HYJb B €NHHCTBECHHOH TOYKE

BHYTPE 3Toro npomexytka. [losTomy L (x) docTuraeT B 5TOH TOuKE MH-
uuMyma. Ypasueuwe L' (x)==0 mpeoGpaszyeTcs K BAILY

3x® 4+ 36x* |- 16x* — 64 =0, (")
ero KopeHb M3 HHTepecylouero Hac gpomexytka x == 1,0436, ueny
otseyaet L(x)== 2,278.
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Mb TONYYHIH CNETYIOUME BHBOL.

Perienuen nocmasaennoii 3a0auu npu =1 sgasemcs u3o0paxrceH-
nas Ha puc. 3 xpusas L—ARTMT'R'B [20e x =~ 1,0436 — Kopens
ypasnenus (*)], unerouas oiuny ~ 2,278.

2. 1°. B n. 1 nokasano, 4TO MocTpoeHsdas KpuBasg L eCThb €AHHCT-
BEHHAs MHHEMH3WDPYIOU[As CPEAM BHI MY KJ Bl X KpuBHX. Mbi yTBepxaaem,
YTO OHa BOOGUIE eAWHCTBEHHasl KpHBa#, HAa KOTOPOH HOCTHraeTcsi MUHH-
myM. Uto6H yGeamThCs B 3TOM, AOCTATOYHO MOKA3aTh, YTO IV KawmOH
HEBLIMYK/OH cnpsimaseMoit KpuBOH iumpuHpl == 1 cyuecTByet Gonee Ko-
poTKas BRIDyKJas KpHBas, Takwe umelouas umpuny == 1. Ilpemoctasum
OTHICKAHHE TaKOTO IOKAa3aTenbCTBA YHTATENI0.

2°. P. Bennman CTaBMT Takwke BONPOC O TOM, KAK MCKAaTh Jyullyio
KPMBYIO NPH NPOW3BONLHOH, HO TOYHO M3BECTHOH (hopMe Jieca.

OTMeTHM 1Ba YACTHBIX cjyuas. Ecim sec umeeT BH Kpyra auamerpa d,
TO ny4diuuilt nyTh-— OTPE30OK MJMHL d (nedCTBATENBbHO, BCHKYW JAPYryio
JVMHRIO JUMHLL d MOXHO YMECTHTb BHYTPH TAKOro Kpyra: IOCTaTO4YHO
PACNONONHTL €€ TaK, 4TOOB LEHTP Kpyra JQeluwl STY JHHHIO TONONam).
Ecin nec mmeeT pua npsiMoyronbHuka D mnpuHn 1 ¥ JinHE == K, TI€
k=~ 2,278 — navna HalimeHHOH BHIUE KpHBOH L, TO peuieHHeM 3aAauy
apaseTcs Ta xe kpupas L. (HeiicTeuTenbHo, mobasi KpuBas, yMeularoulascs
B nonoce Py He ymewaouwasics B D, nomKHa MMETb JJIMHY HE MEHBLUYIO,
yeM gnuAa D: NOSTOMY Takue KpuBhe OyayT pas3Be Juilib JunHee L.)
A Kkakue KpuBBLE PellanT 3aKauy Aas 6ojee KOPOTKHX NMPHMOYroJIbHUKOB
(B uacTHOCTH, I KBajapaTta)?

3°. Jlns cayyas, KOrna Hajo BHIITH He M3 MOJNOCH, & U3 NONYIJIOCKOCTH,
HarpaBJieHye Kpas KOTOpOH HEW3BEeCTHO HIYUIEMY, HO H3BECTHO paccros-
Hue R WCXOAHOH TOYKH N0 Kpas MONYINIOCKOCTH, 33J34a O JiydileMm MmyTH
pewena Vcbennom*): Hamo mpoiTH npaAMO mnyTh R, 3aTeM oOnMCaTh 3/4
OKPYXHOCTH pamuyca R BOKPYr MCXOAHOH TOYKH ¥ CHOBA MpPOHTH MIPAMO
nyTs R mapamienbHO HauyalbHOMY YHacTKy MyTH.

4°, Bpine mua peub O KPHBOH, rapaHTHpyIOLLeil BHXOL U3 nojock P
NPH CaMplX HeGJaronpusTHHX NS BHIOpaHHOH KPHBOH MOJOWEHHMH Hadvana
NyTH M HanpaBiCHWH JBWKEHHs U3 HaualpHoH toukd. EcTecTseHnee,
0jiHaKo, CTARMTH 3amauyy beanmana B MHOM CMBbICZTe: Kakas KpuBasi mpH-
BENeT K HAaWMEHbIUEMy CpeIHEeMY 3Ha4eHHIO MPOXOXHMOro JO Bbl-
x0fa w3 P nytn (CKaweM, NpH pPaBHOMEPHOM pPAaCNpenesIeHHH HCXOAHBIY
TOYeKk B P ¥ paBHOMEPHOM PAaCMpeieseHHd HanpaBJeHWH JBYKEHUH B Ha-
YanpHuil MOMeHT)? M3BecTHO, uTO Takas Jyuyiuas KpHBasl CyIleCTBYET, HO
KaK OHa BHIMAIUT?

1y Cm. Pedepar. wypnan «Maremartnkay, 1960, Ne 2, ctp. 156.




H. H. JIV3HH O TEOPHH ®YHKLHI
JEHCTBHUTEJIBHOIO [TEPEMEHHOIO

Omseuasn wa nucomo O. C. Ilepbanosckozo no nosody odroil sadauu
u3 meopun EyRKYIL 1 O6pAULASL BHUMAHIE ABMOPA NUCOMA Ha JonyuieH-
Hy1o um ownbky, akad. H. H. Jlysun nuwem:

«Buoume, Ounez Cepeeesun, Kaxum OCMOPOICHOLM COAICEH
Goimb 8carxuil, kmo npucmynaem x pabome no meopuu HYHryuil
OeficmsumeabHozo nepereHHozo. 3decy 8cezda Hado bbimb npu
spoibope caos, 06pa3os, NOHAMULl u 3HAKOB CMOAbL OCMOMpUMEeib-
HOLM, Kak ecau Ob 3a 8CsKOe HeyO0auHoe CA080, onpedefeHle
3HQKQ NO0AQZAAQCL CMepMHasl Ka3Hb. YUyscmgo zubenu scezo npeo-
NPUHSIMOZ0 pacCydcOeHuss OOANCHO BCe Bpess BUcemb Had 2040-
gof0. B amom omHomenun kax npedsem casooucuuniuns Teopusn
DyHKyUi ecmp npepsecmrHelas u3 §cex samemamiseckux Ouc-
LUNAUH, HO U ONacHeQuiasi 8 Mo Jie caioe BpeMsry.

ABTOIrPA® TTOHCEJIE

ST npednoaczaro, uwmo amy 3amemxy 0y0ym uumamb mame-
xamurcu. [losmomy Hem Heobxolumocmu npedCmasasimes uns
JHana Buxmopa [loHcene — ocHosameAsi npoexmusHoll zeomempuu.
HanomHro moabko, umo OH yuacmsosas 8 noxode Hanoneona
8 Poccuro. B cpaseruu nod Kpacuwm (14 aseycma #. cm. 1812 2.)
[Torcene 6bin paner u 83sim 8 naen. lsa 2o0a OH nposes 8 nieny
8 Capamoge, YCUACHHO 3GHUMQSCH 2eomempueil. 3a 3mo 8pems
oH pa3paboman meoputo CcBoiicms Ouzyp, URBQPUAHMHbBLX OMHO-
CUMEAbHO NPOeKMUPOBAHUSI, M. €. NPOEKMUBHYIO 2e0Mempuio.
B 1814 2. [lorcene sepryacs so Ppaennuro. C 1815 no 1825 e.
pabomas 8 Kauecmse BOCHHOZO UHJiCeHepa 8 GpceHane 20pooa
Memuya. Heckoavico sem yuao HG CUCMeMAMU3QUUIO U Aumepa-
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O JBOMHBLIX YUCHAX U UX SYHKLMAX')

M. 1. Heanes

(Mocksa)

i. Iisofiuble uucna. JsoiiHbiy #uCAOM O HA30BEeM Napy AEiCTBU-
TelbHBIX uMCed, B3ATLIX B ONpeleneHHoM mnopsaxe: o=(ae, b); uph
—0 ycnosumcs obosnadate: (@, U)=—a. CaosceHue WM YMHOCEHUE
IBOHHBIX YMCEN OMpenenseTcd Tak: )

ad-B=(a, b)-}+ (¢, dy=(a+}-c, b+ a),
a-B=/a, b)(c, d)=(ac - bd, ad -} be).

[lpy TakuX ONpene/eHusiX COXPAHSIOTCH BCE 3aKOHLI apH(METHKH.
Ocobyio ponb Gymer urpath uucno j=(0, 1). Ouerunto,

=0, 1)-(0, ) =1, =1, j""=].
Bcsikoe ABOHHOE WUCJIO MOWHO MPEACTAaBUTH B BHae o==a |- jb:
o= (a, b)y=(a, 0)4(0, 1) (b, 0)=a - jb.

1 1 a—jb

Uneno B=—=—~5=—-3 7 Ha30BeM obpamubia  4uCHy 0.

a a-tjb a2 — b

Ofciona BHAHO, 4TO ducna Buaa a(1-1-j) Be uMeloT oOpaTHbIX; WX

eCTEeCTBEHHO HA3bLIBATL OeaumeAsmu HYAs (CM. HKe, CTD. 199).
Jpoitnomy umcny a-}-jb MOXHO CONOCTAaBATH TOUKY IMIOCKOCTH

C KOOPAMHATAMM @, b WM BEKTOP C TEMH € KoopAuHaTami. ‘ucnam

a(l4-7) conmocTaBaTcs TOYKH Ha JIBYX NEPECEeKAOUMXCA  [PAMbIX

1) Hactosimast paGoTa, BLINOJAHEHHas aBTOPOM €ille (1a CTYZEHuYecKoi CKavbe,
conepKuT 0630p CBOACTB T4K HA3LIBAEMBIX NBOHHBIX YHLEN, IPENCTaBASIOILUX coboit
MOGONBITHYI0 MOIU(GUKALKMIO OOLIKHOBEHHBIX KOMIEKCHLIX 4uCes (CM. B HACTOS-
meM pbinycke cratoio M. M. Siranoma «Kounaexcuble uucna 4 ux npHMEHCHHE
B reoMerpun», crp. 61). C reoMeTpHueCKHMH NPHMEHEHHIMU ABOHHBIX ducen uura-
Tenb MOMET Mo3HAaKOMHThCS no kuure: b. A. Po3sen g enbn, Heesxkaunosbl reo-
meTpuy, . V, M, 1956; cM. Taxe U. M. Siranom, MMpoexTUBHBIE MepooNpe/e-
JeHHs HAa MAOCKOCTH M KOMILMEKCHble 4ucia, Tpymbl CEMHHapa MO BEKTOPHOMY
TensopHOMy ananusy 7, 1948, ctp. 276—318. O630p uncto anreGpantCCKux CBOMCTB
nBOHHBIX uHMcea conepwutcd B cratbe M. C. KoponeBa, K anreGpe JBOMHBIX
yrces, Yuemnble samucku OpexoBo-3yEBCKOTO NefMHCTUTYTa 7, BblIl 2, 1957,
crp. 113—136. (ITpur. ped.)
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x4-y=0, Ienmwpx MMIOCKOCTh Ha uetwipe detsepru ([, [[, [ll, 1V
na puc. 1).

Yueno o=—a— Jb  Ha30BeM  COMPSNCEHHbIM  NBOHHOMY qucny
o=a-}jb. Modyses nBOHHOTO HUMCAZ © HAZOBEM MONOWUTENbHOE
yucno p, mpudem nas I w I uverBepteit p:]/az—-bz, a nna Il u IV
yeTBepreil p:l/az—}—bz. Abcostomuyo  BeAutuHYy  IBORHOCO  4ucia

YA
7
I
z [
7 z
—
¥
N
tuc. 1.

o=—=a-} /b mMH onpeneniM, Kak OOGBIYHO: |a|_—:Va2—}—b"’. Taxum obpa-
30M, A8 NBOAHLX 4YuCEN TOHATHS MOAYy/Ms H aGCOMOTHOM BETMYUHM He
coBnanaT, u Mb GyneM o003Hadaths Momynb o cumsonoMm |z | (upnne
yeprouku!).

OnpenenuM Tenepb «TPUrOHOMETPUUYECKYIO GOpMYy» ABOHHOrO uucaa.
J1ga yucen neppoil yeTBepTH

a:a_}_]b:Va’—bz(Vaza_ e +-] Vazb__ b2> :P(Ch(’P—l{_JSh ".’))’

rie @ — qpzyMeHm JBOIHOrO 4Yucia;

tgo=", 0<p< o0, — o0 g0

a
Ha (a, b)-njaockocTy JIMHUAMH PABHOTO aprymMenta OyayT mnpsiMhble,
BLIXOAfIME K3 Hadana KOOPINWUHAT, a JUHUAMM PAaBHOrO MOLY.s — PABHO-
cTopoHHUe runepbosnn ¢ acumntotamud x 4 y=—0.
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Jnsi npoussBeneHus v I8 4aCTHOro HBOHHmX uucen OyneMm umerb
a, -0, ==p,-p, [ch (¢, +@,) 4 jsh (g, 1 ¢,)],

a2 -

71_1 :% [ch (9, —¢,) +Jsh (9, — "Pz)]'

2
Byner cnpasensmea Takwe «gopmyna Myaspan:
[p(cho+jshe)]”=p" (chng+jshny), rne n>>0— uenoe.

PaccmatpuBas Kopenb 7-if CTENeHW U3 JBOHHOIO 4YHCJA, Mbl HAXOLUM,
4TO MMEETCd /Aulib OAHO 3HAyenuwe KOpHs, Jexaiee B | detBeprH:

[p (cho - jshg)/m =g (ch% 4 jsh %) .

Jlerko euaeTh, 4YTO CywMa, NMPOW3BeNeny€ W YacTHOE NBYX NBOHHLIX
gyucen | wetBepru camu npuransnexat | yetsepTH, a pasnHocth, BOOOILE
roBopsi, He MPUHALIENKHT.

B npuBoanmoil Tabivile MOKa3aHO, KAKOH 4€TBEPTH MPUHAMNIEKUT MpPO-
nipeaeHue ABOHHKX 4YuCes IAaHUKX 4YeTBEPTEd.

Bonpoc 0 Bo3BhlICHHM B LIENYI0 CTerenb
n8oiinbix  yucen moOoH 4YeTBepTH peuiaeTcd I M o Iv
oyYyedb NPOCTO: MPU BO3BLILIEHHN B 4YETHYIO CTe-
nenb ABOHHBE uncna OyayTt nexatb B I yer-

BepTH. a B HEYETHYIO — B CBOEii. MHave oGcTout [ I I mIv

— 11 1 Iv I
neno ¢ uspneyenneMm kopus. Ecnw V1 nnveer I m v 1 I
yeThipe 3nadenns: —— 1, ——J, TO BeJH4YHHDI v IVv 1 i

]/ Js V——l, I/—j BOOOUIE HE OYLYT UMETh U
onnoro (MmBo#Horo) 3Hauenus. B camom nene,
nycrb, HanpHMep, V j=—a-}jb; torma j—a®-}-b*-{2jab, ovkyna
a* - b*—=0, 2ab =1, uto nepoamoxno. BooGuie, kopenb ueTHoi crencuy
MOYHO Uu3Bl€Yb JMUIb W3 4qucea | YeTBEPTH, NPHYEM OH HUMEET 4YeThipe
3HAUEHHs, hAaXoasuuuecs B pa3usix ueTBepTax. Kopenb Heuetno#l cteneuut
MOYXHO wu3RJI€Yb BCErjaa, MpudeM OH MMEET OAHO 3HAUECHHE, MpUHALIeXa-
[iee TOH XKC YETBEPTH, YTO M HCXOHOE YHCJIO.

Ienwtenu Hyas, 0O OIpPeJIC/EHNIO, WMEIOT MOLY/Ab, pPaBHplil HY/TO.
OueBuano, 4to noboe ABOHHOE YMCIO MOXET OblThb MPEACTABIEHO B BUAE
CyMMbl OBYX JLenutench nyns:

a—b

atp="F a4+ 2570 —h.

3aMeTuM, 4TO NpOM3BENeHNe JNByX ne/utenefl nyns pasnoro pona
ectb wynp, u60 (1 -} j)(1 —j)=0. Cokpawatb Ha HyJeBhe HHCHA
Hennbas, uGo, nanpumep, (a--sb) (14 /) =(a-}-b)(1 -}-)).

AnanoroM yucnoBo#i puManoBol cepnt A8 NBOWHBIX YuCeN CIYWHT
«YUC/IOBOM THUNEpPOOAOMAY, TOYKH KOTOPOrO MOXHO B3aUMHO OAHO3HAYHO
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oTo0pa3nuTb Ha [IOCKOCTh JABOHHOro mnepemensoro. I[lycts ypasnetue
runepbononsia UMeeT BHIL

E—v(t—g) =g wm E—r'=0—0).

Ieofinomy uwueny o=—x -} jy comoctrasum touxy M, (§, 5, ) runepGo-
nouna, mpusamnexaumyio npamoit OM, rae O (0, 0, 1), M(x, y) (ctepeo-
rpaguueckas mpoekuus). OTciona serko mosjydaem:
Xy X ¥
c-—xZ___y2+11 E_—xz__y2_'_1, 'rl'—‘xz__yz_|_1-

Beenenve 4ucnoBoro rurnepbononja HarAsAHO MOSCHSET MOHATHE YeTBep-
Teil W ngeauteneir nynsi. [py 9TOM paBHOCTOPOHHAS runepbosna MAOCKOCTH
xy: Ax*—y)+Bx-+Cy-+D=0 (A, B, C, D— neiicreutenbHoie
qycaa)  gBAsgetTcs  npoexuuel IOCKOro  CedyeHuss  rumepoosnouna
B: 4+ Cp4+-(A— D)L -+D=0 u obparHo.

IBolinoMy umcny a=—=a-}-jb cOMOCTaBUM KOMIJIEKCHOE H4HCJO
e*—=a-}ib. Ecom oGosnayutb P (a)=a*, T0 snerko npoeepure, 4TO

D (Ca)=CD (2) (C— neiicTBUTENBHOE YHCIIO),
D (2, 4-0,) =D () |- P (a,)-

O6patnoe npeobpazosanne P~' obnamaet temu e cpoiicTBamu. Anano-
ruuno, ec noiaokute W (a) =oa**, roe a==p (chy -} jshy) — nsoii-
noe uucno 1 dgetseptn m o** —p (cos v -} i sin ¢) — KomneKcHoe
4UCIIO, TO

P(Co)=C-YP (a) (C — neficTBHTENBHOR MHCJIO),
)

q; (0'1 ° 0'2) — lp (0“1) 'qj (0'2)’

v nns peficteutenshnix uncen Wc, t¢,) =¥ (c,) 4 ¥ (c,). Ouesunro,
yto o06paTtHOe mpeobGpasosanke YT obnamaer Temu e CBOHCTBAMH.

Beenennbie npeobpazosanus MOryT ObITb MOJE3HLIME MPU NOKa3aTesb-
CTBE p™Aa TEOpPEM HCYUCJEHUst ABOHHMX 4HCes, TAK KaK OHH MO3BOJSIOT
B HEKOTOPHIX CJydasxX HemoCPeACTBEHHO MEPEeHOCUTb JIOKA3aTesbCTBa
ITUX TEOpeM U3 TeopHH (YHKLHH KOMMJEKCHOTO MepeMeHHOro.

[Ipedes TOCNENOBATEBHOCTH IBOHHBIX 4HCes] MO¥HO Ouo Ol onpe-
IeNuTh, Kak OObIYHO: 2z, fIBNAETCH MPEJENOM MOCJEN0BATENBHOCTH ABOI-
HBIX 4Yuces, €CJd, HaduHag ¢ Hekotoporo 71 >N (g), mpu aobom € >0
MMEET MEeCTO HepaBeHCTBO |z, —z,|<Ce. MoxHo Takke nath omnpene-
JieHHE mpejesia MoCNenoBaTeNnbHOCTH, MNOJb3YSCh MNOHATHEM MOLYJS JBO#H-
HOTO uucsa. 3aMeTeM, YTO W3 OrpaHHYeHHOCTH JIBOHHOrO duciaa mno Mo-
LYM0 BOBCE HE C/leAyeT OrpaHWYeHHOCTb ero no aGComoTHOH BenUUYHHE,
Orpanndensocte 1o  abGcomotHoll BennunHe OyneT BbINOJHEHA  TPH
Iz}<Au |g(2)|<B, rae y(z)=—argz, A u B— aeicTBuTeNbHbe
[ONOXHUTENbHbIe dHcna. Takum ofpasoM, MOWHO Ha3BaTb 2, OpPENE/OM
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[OCTE0BATENLHOCTH  ABOMHLIX UHCEN 2., 2y, -«.y Z .-, €CAH TIPA
mobom € >0 naitnerca takoe N (g), uto mpu n>N Jz,—2,4<em
|9 (z,— 2)| < B-

Ouepuino, 4TO JIBAa NPUBENEHHBIX ONpe/leNenus Mpelesna He SKBUBa-
nentibl. OrpasMueHHOCTh N0 Yr/ly OpU BTOPOM OMpe/eeHHH HCKOouaeT
W3 PACCMOTPEHMSi YWCNA, JEWAlUHe Ha [PSMAIX, MApaenbHbX HPIMbIM
x-+y=0 ¥ mnpoXonsuux uepes TOUKY 2, Orciona BbITeKaeT, HTO
[OC/EJ0BATENbHOCTD, CXOASIAACHA [0 MEpPBOMY OUPENEseHHio, MOXCT
PACXOAMTBCH N0 BTOPOMY ONPEENEeHHIo — MEPBOE OMpeneserue  CXOIu-
MOCTH siBnsieTcs 60see UIHPOKHM.

2. Gynkuuy [BOHHOIO NepeMeHHOro. PyHKHsL 060iiH020 neperer-
Ho20 w=—f(Z) nmeeT BUL

w=u(x, y)-4Jjv(x, y) (z=x--Jy),

rne #(x,y), v(x,y)— AeACTBUTE/bHbIE (QYHKUMM ABYX HNEPEMEHHBIX.

[Tonsitne HenpepwsHOCMU PYHKUAH W — f(2) moxHO BBECTH 1O-pas-
nomy: 1) ¢yuKums f(2) HempepbiBHa B TOUKE 2Z==2,, €CIM JUIA Kawk-
moro € >0 cyuwectsyer ¢ (€) > 0 Takoe, 4TO HMEET MECFO | f(2)—f(z)]
AAS BCEX Z, YIOBAETBOPSIOLIMX PABEHCTRY | 2 — 2, | < 8; 2) ¢ynkuus f(2)
HenpepbiBHa B TOUKE 2Z==2,, €cJu I8 CKOlb YTOLHO MAi0ro e >0
cymectsyetr  4(¢)>>0  Taxkoe, 4TO  BHINOJHAETCH  HEPABEHCTEO
1/(2)—Flz)]<e mam Becex 2z, y/OBNETBOPHIOUMX ~ HEPABEHCTBY
IZ—ZO|<6, npudeM Arg (f(z)—f(zo)) <Bn Arg (Z—-—ZO) <Bz1
rae B;=const, — oo < B; < oo.

[lpHBeaeHHblE 1BAa ONPENCTEHAs HEMPEPLIBHOCTH (PYHKUMH HEIKBUBA-
NeHTHB: (DYHKUMS, HENpEepbIBHA MO BTOPOMY ONPENENEHUIO, MOKET OHITH
pa3pbiBHA MO MCPBOMY, TAK KAaK HUYEro Henb3s CKasate O SHAUCHHUNX
GyHKUMM HA OPSIMbIX, MapasienbHbIX NPSMbIM x--y=—0 ¥ NpoXOmésuUIX
yepes TouKy w,=—=/(z,) (Taxne mpambie Oynem Ha3bIBATb Xapaxmepl-
cmuyecrumy). PynKivs, HENpepbIBHAsS MO NEPBOMY ONPENCNCHHIO, MOKET
He yIOBJETBOPHTb YC/IOBHSIM HENPEPLIBHOCTH MO BTOPOMY: B CaMOM nene,
TOYKM [OCKOCTH 2z—=x-}jy, nexaunwe Ba kakoM-nu6o0 HexapaKTepH-
CTHYECKOM HAMPABJEHWHM, MOryT TMepeHTH B XapaKTepHCTHHeCkue J/
@ ==}~ jU, 4TO HEBO3MOXHO B CNyyae BTOPOrO ONPEALNEHIS.

[Mepexons K Ougbghepentuposerio ¢GyHKURY JBOHHOrO MEepeMEeHtHoro,
OTMETHM, 4TO (OPMANbHO MOXHO OfpeleuTh MOHATHE NPOW3BOAKOH pas-
JTWUHBIME CNOCOGAMH, COOTBETCTBEHHO Pa3HbIM OMNpPENE/eHNAM HEnpepbis-
HOCTH B TodYkKe. Mbl mpuMeM Creayiollee OrpeneneHue: dyurums f(2)
Ougbhepernupyema B TOUKE 2z, 001MACTH G, ccom pns xaxaoro € >0

o zZ)— z
MOWHO HaiitTy Takoe ¢ >0, dYTO HEpaBeHCTBO lf—(—z)—:y——f' (z,)[<e

(1]
spinonmsieTcs, Korna |z —z,| <& (Jz—z,]5=0). 3nech f' (z,) — ®ron-
He ONpeneseHHOE JBOHHOE UHC/IO, HA3HBAEMOC 3HQ4CHUENM npou3goonoil
dyukiyy oT f(2) B TOUKE Z==2,.
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PyHKUMI0O W= f(2) Mb HA30BEM MOHOZEHHOII B TOUKE, €c/;M OHA
B Heit mnddepenuvpyema, W aneAumuzeckoli, €cnvw  ona nnddepenu-
pyema npu Beex z, rne [z—z,|<[e, Jz—z,|=40.
Yenosus Hanrambepa — Jitsepa nns pywkumil (BORHOCO 1€pPEMEHHOIO
3anuyTcd B BHie
du _ ov ou__ov
ox— oy’ oy ox’

TaK u4TO
o%u o 0%v 0% ou ou
0x? 0y* O o oy* 0. v a—ya’x Fady e

Tak kak pewesus BOAHOBOrO YpaBHeHUsT MoryT ObTb  Hanucanul
B o0llieM Buie, TO JErko HaiTH

t=%(x+y)4+0(x—y), v=T(x+y)—06(x—y)

(noctosinnyio B dopMyne Anst v Mel oTGpaceBacm).
JIioGyi0  ananuTHYECKYI0 (QYHKUMIO NBOWHOTO MEPEMEHHOrO MOKHO
UPEACTABUTL B BHAE CYMMBl IBYX CHEUMANBHBIX (DYHKLMI:

w=ut =[x | y)+ 60 (x — )] +j[¥(x ) — O (x — )] =
=Px+y14+N+6x—y01—p.

Oueugno, 4TO €cau aHaNMTHYECKas $yuKuus  mBOHHOrO mnepemen-

dy
o <1 wm

d
% > 1, 1o ¢QyskuEs w-=—w(z) N€rko MOXeT ObITh onpenenena

HOrO Onpeseniena Ha oTpesKe kpusol y — f(x), ana KoTopoii

B COOTBETCTBYIOILEM MPSIMOYLONbHK-
ke ABCD (puc. 2).

Ps1dbt moryT GbiTh CXORSUMMACS

B CMbICJIE MIePBOTO KM BTOPOTO

onpenenetnd npenena. He octanas-

JUBAsCh HA CBA3AHHBIX C STUM BOMPO-

Cax, Mbl KOCHEMCH JUUlb CTEMEeHHbIX

4 7 panos: ¢, 4-c,z-4-c,2* ... Bem

Puc. 2. TaKoH pan CXOAUTCH MpH 2=z ,TOOH

CXOIUTCH ¥ MPK BCAKOM 2, ANf KOTO-

porofz|<}z,| npuuen Arg z <B. Onpenenenve #00yist cxodursocmu

CTeNEHHBIX PANIOB MOXET OHITh MAaHO Ha OCHOBe Gopmynu Ko — Anamapa

yig c

. 1 .
R= lim ——=. M3 stoit opmymm CleAyeT, 4YTO PSAbl
n-—>0:V 'L‘,,'

z z? FA z? z4 FA
V- dg+s+--- T+t atagt---

FA A z7
ziﬁ_!_s_!—iﬁ—l_ e




O NBOHHHX YHCJAX M UX OYHKI{HSIX 203

CX0AfTCy BO Bcefl mIOCKOCTH aBofiHoro nepemennoro. Ecnm ycnopumes
0603H34aTh (YHKUWM, ONpeleNsieMble STHMU  psiiaMi, COOTBETCTBEHHO
yepes €%, chz, cosz, shz, sinz, To ana 3Tx Qynxuuil, anaavtTuve-
CKUX BO BCEH MJOCKOCTH, CNPABELNUBBLI CHELYIOIUIME COOTHOUIEHUS:
I iz —Jz I z -2 1 jz i
__ — —Jjz
5 (¢ +e™"), chz=5 (-7, shz_2j_(e’ —e %),
1

shz:TZ—(ez——e’z), shjz=—=jshz, chjz=chez, sinjz=—jsing,

chz—

€OS jz ==C0s 2.

OTMeTHM, YTO HeKOMOpble COOMHOULEHUST Meopull OmHOCUMeAbHOCMIL
yno6no 3anucaTh, NOAb3YACh ABOMHLIMU udMCAami. [ing mpumepa octano-
BUMCH Ha npeoOpasosannax Jlopenua:

vx
t— =

% x—ut s

c2
—_—— y = A —
U2 UZ
]/1 = ]/ -
[5 [
Ecnn nonowwutb ct=—*¢,, ct*— tf, TO JIErKO MONYYHTh

ety (1= 5 5)
x* gt = —— .
v
V-5

Monaras z=—x-}jt,, z¥=x* —|—jf:, monyunm  z¥ —ze’*, rae

L4
@:Arth?. Takum o0O0pazom, npeoOpasoBanus Jlopedua CBOAATCS

K runepbonmyecKomMy MoBOpOTY.

Ilonstue uxnmezpasra GywkuMM NBOMHOrO mnepeMeHHOro BBeJAEM, KakK
o6biuno. Coctasum cymmy Y, f(z,) Az, rne Az =z,,,—z, u yctpe-
mum | Az, | x wymo. Tlpenenom coctasiaentoli cymmbl u Gynet unterpan

Sf(z)dz. TloBTopsisi OGBHUHLIE B 3THX C1ly4Yyadx PaCCYXKIACHUS, MOKHO
flI0Ka3aTh, 4YTO

Sf(z)dz:S(udz—}—vdy)+jS (zdy +vdx).

Jlerko nokasath, uto ecau ¢yHaxuns w = f(2) ABOHHOrO IepPEMEHHOrO
aHamutHdeckas B oOnacti (G B uMeeT B KawjAOH TOUKE HENpPEephiBHYIO
MPOHU3BOLHYIO, TO HHTErpas BAOAb 3aMKHYTOro KOHTypa OyneT pasel
Hymo (teopema Koum).

Tlonb3ysice sTOll Teopemoil, MOXHO MOKA3aTb, YTO

o
S e”"**ch (2hax) dx = % e .
—Q0
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mypHoe ogbopMaeRue pe3yabmamos, noAyientHsx 8 Capamosge.
Harxowney, 8 1822 2. oHu Obmau onyOauxkosoHs. 8 sude KHuU
«Traité des propriétés projectives des figures».

Yumas 3my wxhuzy 6 Oubsuomerxe um. Jlenuna (8 Mockee),
ST 0BHQPYICUA 3QNUCKY, NPUKACEHHYIO OOHUM KpQes K CMpaHune
kHuzu. B ronue ee — noonuce eprusamu: «Ilonceaes. Ilpu ume-
Hul 3moil 3Qnucl s UCHbIMAA HEeKOMOpOoe BOAHEHUe, NPOCMIMelb-
HOe MHe KaK NpOeKmiusHOMY zeomempy. Xouy Uu38Ae4b HQ CBEM
amom asmozpagh BeAUKOZ0 UeA0BEKQ, NpoAexcasuuli 8 Oesgecni-
nocmu noumu 140 aem. Bom gbomoronis:

RE;U de Monsieur AM_M“‘“"“"“‘ZA/«JM e
la somme de 31’1*-1»— TSt A pouUr LAt
ecxempl. du TRair# pEs PrRoPRIETBS PROJECTIVES DES

F16uREs.

[ .
Mets, le Yo . 1822,
DY > e

Jato pyccruli nepesod. Crosa, swileserubie pa3psioxoil, Hani-
caupt pyroro [lowcene, ocmaasHOl mexcm HANELQMaH:
«llonyueno om e-Ha (Hepasbopuugo — cbamusus u 38auue)
cyume 8 O0seHadnams GPAHKOE 3@ OOUH 3K3eMNASID
»Ipaxmama o npoexmugHbx ceoiicmsax cbuzyp“.
Memy, 30 8-20, 1822.
[Toncene».

Har suorno, [loucese cazomosun neuammbie OAQHKL, HQ KO-
MOpbX OH NOKYNAMeASM C80eil KHuzu 0a8af pACnUCKY 8 nNOAY-
yenuy Oenez. [lepsmil saalenel; 3IK3eMNASIPQ, HAXOO0SALE20CS
menepy 8 Gubauomexe, xenasi COXPAHULMb HQ namsams amy pac-

nucky, sKAeuL ee 8 KHuzy.
H. M. becxun




KPATKUE COOBUIEHUA

1. P. I Bunz u H. ]]. Kasapurnos (R. H. Bing, N. D. Kaza-
rinoft, Maoducon, Bucxowncur, CLLIA). O KoHewHOCTH 4HcIa oTpaweHnuil,
NepeBONANMX MJIOCKAH HEBBMYKJbIH MHOrOYFOJBHUK B BBILYKJIbIN.
[lycts P-—npocToit  HEBBUIYKbI
n-yronbauk (puc. 1), AB—— ctopoHa
BLINYKJIOH o6onoukn H mMuOroyronb-
nuka P'), umetowias ¢ P Tonbko ABe
obue Toukn A u B. Yacts H— P,
npunexauylo Kk AB (nma puc. 1
3alITPHXOBaHa), 0TOOPasuM CHMMET-
puuno ot AB; B pesyibTate U3 HC-
XOAHOTO MHOrOYTONbHUKA MyTeM 3a-
MEHBl B HEM COOTBETCTBYIOLIEH YacTH
nepuMeTpa ee 3epKanbHbiM 0TOOPa-
YKEHHeM, IOJTYYHM HOBBIH MHOrOYro/ib-
vuk s (P), rie s-— npUMeHeHHas K
P onepauns oTpaxeHud.
fcuo, uto s(P) ecTb R-yronbHEK
(n — 2 << k =< n), CTOPOHBI KOTOPOrO
paBHbl COOTBETCTBYIOLIMM CTOPOHAM
P. PaccvoTpuM mocsiefoBaTeNbHOCTh
mHoroyrosnbuukos { r,, (P) }, rne r  (P)=P,r, (P)=r,(r,_, (P)) (m>0)
w BCe r, mpu m >0 CyTb MNPOH3BOIHLHO BLIOpaHHbie OnepauMul oTpa-
IKEHUS S.

Teopema. [Tocaedosamensrocme {r, (P)} rxomeuna, u ee nocaeo-
WUl 4seH ecmb SbNyKAbil k-yronbBEK (k<< 7n) %).

NokaszaTtenbcTBo. [lycte V, — npoussonbnas BepilnHa P n
vV, =r,(V,_,) (m=1). Jonycram, 4T0 MOCNEL0BATELHOCTD {r,(P)}
GeckoneyHa.

Puc. L.

1) Boinykaofl 06040YKOH MHOTOYTOJAbHHKA Ha3blBaeTCs HaUMENbINH BbLINYK-
Abtl MUOTOYTOJbHUK, conepxaiuil Nanuulil. (Bce npuamediariis K Hacmosueil 3a-
atemie — peoaKyloHHbLe.)

%) Dra TeopeMa NO3BOAACT CBECTH PEIUEHHE Psia SKCTPEMAAbHbIX 3ajau JUA
npoCTbix MHOTOYroabHuKOB K (Gonee npucthiM!) 3anauaM, KaCatOHMCH BbINYKABX
MHOTOYTOALHUKOB.  HeckoabKo —HHOE — JIOKa3aTenbCTBO TOH e  TEOpEeMbL
erm. 0. F. Pemetnak O6 OZHOM NpHEME NPEBPAILEHHS HEBBLITYKAOH noMaHOH
B BLIOYKAYI0, Ycnexu MateM. Hayk 12, Ne 3 (75), 1957, crp. 189—191.
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1°, IlokaxeM cmauana, uto V,—V 1tpu m—s oco: otciona Oynet
C/1enosarb, 4YTO nocnenoBarenvhocts {r, (P)} Touewno cxonmres u
HMEET TIpENe/OM HEeKOTOPH MNpefenbHbil  A-yroabHiK, npuyem k<< n.
Jlng nokazatenscTBa 3aMETHM, 4YTO echH E, F, G—1pn BHyTpeHHHE
TOYkH H, He nexalye Ha OXHON OPSIMOH, TO TPH MOCAEHOBATENbHOCTH
paccrosmnit { EV,, }, { FV,}, { GV, } seasmorcs orpannvenupmn mnocie-
IOBATENbHOCTAMH  HEYOBLIBAWOLMX  MOJOWHTENbHBIX  YHCe . Tlyers

Rp= lim EV,; ananornuno onpene-
m —> O

nsorest Rp n R, Tpu okpywHocTH ©
LeHTpaMH B Toukax E, F nu G u ¢
pamnycaMu Ry, Rp, R; DOmKHB nMeTs
no Kpaiine#t Mepe onny o6uiyo TOUKY,
a NoCKObKY ToukH E, F, G we nexar
Ha OIHOH TPSIMOH, TO OHH MMEIOT eJHH-
CTBEHHYI0 00wyl0 Ttouky V. 310 go-
Kaauiaet 1°.

[lycte Teneps W — moGas BEp-
LIHHA BRIMYKIOH 00604049KH Q mpemeis-
HOTO MHuOrOyroaeuuka r(P) (puc. 2).

' w 2°. IokaxewM, uyto mobad BEPILNHZ
r(P) nonyyena B peaynbtate KOH e y-
HOTO 4ncna Ny, oTpaweHnit. YT1obbi
IOKazaTb 3710, OylleM paccynaTh cuie-
nywoumm obpasom. I[lycts §, ects yroa
MROrOyrospHuka r, (P), cootsercTByio-
wnit yray ) muoroyronbunka r (P) npn

BepumnHe W. Mul 38aem uz 1°, gyto lim f,=10. Kpome toro, h<Zm. Ho
m—> o

ecan W, He coBmapaetr ¢ W, .. LIS HEKOTOPOro m W ecsn b, <m,
0 0,,,—21—0_>mn, a e f,>m 10 0, =2n—0 <m
(cm. pue. 1). Crenosarensho, lim 6, =—0<m TonbKko B TOM ciaydae, ecsau
m—> oD

Bce f, ommuakoswl, Haumnas c HEKOTOPOrOo m, T.e. TOrga M TOALKO
Torna, korna W rmonyuntcss B peaynbTaTe KOHEUYHOrO umCna oTpa-
WeHuH.

3° TIlycts tenepnr N=— max Ny, o1 Bcex sepwunn N MHOTOYI'OJIb-
nika Q. Torna ry (P)==Q=r(P)?.

910 ouesnnno! Jl0Kas3aTenbCTBO 3aBepILEHO.

Puc. 2.

') OrpannueHHocTs caepyer, HarnpuMep, U3 TOTro, Uto BCE F,, (P), Kak Mioro-

YTOABHHKM OZHOTO H TOTO € INEPHMETPA p, HMEIOT JHaMeTp, MeubIuuil ﬁ, H,
KPOME TOro, UMeT O0LLYI YacTh ¢ . 2

) Q copnagaer ¢ rpy (P), Tak Kak B NMPOTHBHOM CJiyuae CYLIECTBOBala OBl
CHEPALST OTPaMEHN, BhIBOSILAn 7y (P) 3a mipesennl (), 1 Q He MOMIO 6B ObiTh
BBINYKIOH 0Gonoukoit r (P).
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[lpexnmonoxenue. [lpn ¢ukCHpOBAHHOM 7 IS BCeX n-YrOMb-
HHKOB ¥ mpH NMo6GoM BLIGOpE onepaiuil oOpalieHusd 7, YHCI0 /N OrpaHnieHo
BENMIHHOK 27.

3aMeuanne. Muoroyroibunk P #e 00683aTenbHO NOMKeH OwThb
NpPOCTHIM.

JlokazatenbcTBO 3TO# Teopemul, nanHoe D. Cexedaapsn-Hanen Jewm.
B. Sz.-Nady, Amer. Math. Monthly 46, 1939, ctp. 176—177], nerepHo.

2. A. I'. Hopghman (operuil). PomOOKyGOOKTa3ps! W B3aKM-
Hble MM MHOTOTPaHHUKH. BHIYK/Ib# MHOrOTPaHHHK HA3LIBAETCH pPABHO-
Y2016HO-NONYNPABUABHELM WIH QPXUMEO08bLM, €CIM BCE €ro MHOTOrpaH-
HBIE YIAH PaBHLI MEXAY CoOGOH,
a BCE TpaHH — NPaBH/IBHBIE MHO-
rOyro/bHUKH HECKOMbKHX THIIOB.
[pocTelitinMi [IpUMEpaMH  apXH-
MEJIOBLIX MHOTOrPAHHHKOB fIB/fA-
fOTCH TPH3MBI  C  TPABHILHBIMU
MHOTOYTO/TbHHKAMH B OCHOBAHHAX
H KBajipaTHbIMH OOKOBBIMH Ipa- a)

HSIMH H CKOULeHHble NpU3Mbl, NN

aumunpu3.mbl (OCHOBaHHSl — Mpa- Puc. 1.
BU/IbHLIE MHOTOYFOMBHHKH, GOKO-

Bhle T'PaHN ~— PABHOCTOPOHHHE TpeyronbHnkH). Kpome nByx GeckoneuHBIX
CepHil — MPH3M M CKOIUEHABIX TPH3M, — Cyu(ecTByeT 14 paBHOYrO/IbHO-
MOMyNpaBHAbHBIX MHOrorpanunkos'). K HuM npuHazmnexnt poMOOKyGOOK-
tasap (puc. 1, @) n obnapywenusit B. I'. Awkuuyse?®) cxomennuoili pos-
Gorxybooxmasdp (puc. 1, 6),
OCTaBaBIIMACA He3aMeYeHHBIM
OKOJIO JIBYX THICHY JIET.

Buinyknbiii  MROrorpaHiHk
C OIWHAKOBBIMH T'paHfiMH H
NPAaBH/IBHLIME MAOTOrpaHHbIMH
yrnanm HECKOJIbKHX THUIIOB
Ha3bIBaETCA PaBHO2PAHHO-
4 ) noaynpastasteiy. llpoctei-

MMM [IPHMEPAMH PaBHOTPAHHO-

Puc. 2. MONMyNPaBUIbHBIX  MHOTOrPaH-

HUKOB SIBNAOTCH OUAUPAMUObL

¢ rpanfiMu, HensumMmu mononam peGpa npuam Apxumena. Bce octanenbie
PaBHOYTOMbHO- M PABHOFPAHHO-NOMYTIPABH/IbHBIE MHOTOTPAHHHKH HAXOMATCH

¢)

) OnM npuBoOAATCs, HaupHMep, B KHure: JI. A. JllocTe pHHK, Brinykinie
Gurypn M MHororpanfukn, M., 1956, ctp. 182—185.

) B.T. Amkuuyse, O uucie nonynpaBWIbHBIX MAOTOTPAHHUKOB, Matema-
THYECKOE NpOCBelleHne, o, 1, 1957,
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B aHAJOTHYHOM COOTHOLIEHHN: cepeOuHbl pefep pagHO0Y 20 NbHO-10AYNPABLLL
HO20 MHO202PGHHUKG NPUHQONEICAm ZPAHAM PABHOZPAHHO-TI0 LY tpaBUIL-
1020 MHO202PaHHUKG. B YACTHOCTH, MIOCKOCTH, NE/sliHe Tolo/am pedpa
pOMOOKYGOOKTa3/pa M OTCEKAlOl(He DaBHLIE TMHPaMHIb, 06pa3yoT paBHO-
[PAHHO-NIO/YNIPABIbHbIE MHOMOTPAHHHK (PHC. 2, a) — uxocomempasdp (no
TEPMUHOJIOTHH, TPHHATOH B kpuctannorpadun). O XOpouio M3BECTeR.
OnHako MHOrOrpaHuuk (puc. 2, 6), COOTBETCTBYIOUMH yKa3aHHbIM 00pazoM
CKOIIEHHOMY POMOOKYOOOKTa3Apy, NPHBOAHTCH, MO-BHAMMOMY, BIEDPBHIE.

3. H. A. Kawdan u C. C. Macoko (cmydenmxu 4-zo Kypca
MITIH um. Jlewuna, Mocxea). BapvaHT HOHATUA CTeHEHH TOUKH
OTHOCUTEJBHO OKPYXHOCTH. OKPYWHOCTH S, Tmepecekaet OKPYXHOCTDH S,
OpTOTOHANbHO, ECIH KacaTejbHbie K HHM B TOYKE HX TiepeceteHis

oproroHanbhel (puc. 1, a); mp# 5TOM ri-tra=—d?. Dynem TrOBOPHTS,

L

Puc. 1.

YTO OKPYXHOCTb S, mépecekaer S, AMaMeTpanbHO, €CIM OHA Tiepe-
cekaet S, B IMAMETPaibHO MPOTHBOTIOJIOWHBIX TOHKAX (puc. 1, 6); npu
stoM ri—r;=d?. Otciona CleLyer, 9TO MOXHO TMOCTPOHTb OKpPYyXHO-
ctH: X panmmyca p, C LEHTPOM B moboit Touke M, BHemiHed OTHOCH-
TeMbHO S, mepecekawulyo S OpTOrOHAMbHO (p:]/dz——rz, roe r—
pagnyc S, d =O0M, O— nentp S); 3, pannyca p,, C LEHTPOM B JOCOH
touke M, BHyTpeHHeHl OTHOCHTENbHO S, KOTOPYIO S nepecekaer IHamer-
panLHO (pzzl/rz——dz ); ¥, pammuyca p,, ¢ uenTpoM B moGoi touke M
MIOCKOCTH, HEpeceKawu(yn S IHaMerpanbHo (pszd2+r2).

Kak u3BecTHO, CcTeneHb TOYKH /A OTHOCHTENBHO OKPYXHOCTH S
(CtgM) pasna d®—r®, 1. e. CigM=[r(X)] wm —[r(®)?, rme
wentp ¥ coBmajmaet ¢ M, W OKpPY}HOCTH S repecekaeT X OpTOroHalb-
HO B TEpBOM C/yyae W MHAMETPANbHO — BO BTOPOM. MOXHO 3aMeHHTb 3TO

-~
CIOKHOE ONpeNe/ieHHe CJAENYIOIM, CXORHBIM C HHM! Crg M=[r ()%,

20e yewmp X cosnadaem ¢ M w X nepecexaem S ouamempansto.
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S~
Bermunsy C1g M==d* -}-r® nasoseu 7ices00cmenenbio TOUKH M oTtuocu-

TENMBHO OKPYXHOCTH S.
HeTpyaHo yGeauThes, YTO: @) TEOMETPHIECKOE MECTO (r. m.) Touek M
~

taknx, uto CrgM=—const (rze S — 3apmana) ecTh OKPYXHOCTb KOH-
~

~—
uentprueckasi ¢ S; 6) r. M. TOYeK M raxux, uto C1s, M — Cts, M==const
(rme S, u S, 3amankl), ectb mpsvaf, NEPNEHAHKYNpHAT K JMHMM LEATPOB
~—

“~—
S, n S,; B)r. M. TOUEK M takux, uro Cts, M: Crs, M=const, ectb OKpyX-
nocth ¢ uentpod Ha O,0,. Bce 5TH yTBEPWIEHHS NOTHOCTHIO COBNAAAOT
C COOTBETCTBYIOLIUMH TEOpEMAMH
8
o Crg M. L

Han6onee wATEPECHBIM U3
STHX TI.M. SIBASIETCS T.M. TO4YEK

~ ~
M rakux, uto Cts, M= Crs, M.
B cuny 6) 310 e€cTb mpsvad,
[EPHEHIMKYAAPHAA K JIHHIH LEHT-
pos 0,0, okpyxnocteit S, n Sy
ee MBI HA30BeM 7iceg0opaduxass-
HOli 0Chi0O IBYX OKPYXHOCTeH.
Hetpynao y6eanThbest, 4TO MCEB-
ZIOpanMKanbHas OCb ABYX OKPY¥-
pocTell cUMMeTpHYyHA HX padu-
KaAbHOH  OCH  OTHOCHTEJIBHO Puc. 2.
cepemnsan orpeaka 0,0,%) u uto
[OnapHLIE TCEBNOPAANKANbLABIE OCH TPEX OKPYXHOCTEH WM mapaslienbHbl,
WIH TepecekanTcs B 0AHOH TOYKE; 9Ty TOUKY HA30BEM nces0opadurKafbHbLM
LeHmMpOoM TPEX OKPYWHOCTeH. MOwHO n0KasaTh, 49TO ncesdopaduxait-
Holl  LeHmp mpex OKDPYJCHOCMeil CUMMEMPULEH LX paduKasbHory
HeHmpy  OMHOCUMEeNbHO UEeHmpa  OKPYICHOCMLL, ONUCAHHOL  BOKPY2
mpeyzoabruKa, 00pa306GHHOZ0 LeHmpaiL OaHHBIX OKPYICHOCMEIL.

COBOKYMHOCTL  OKPYXKHOCTEH, MMEUX TONapro Onxy H Ty Ke
[ICEBIOPAAHKATbHYIO OCb, HA30BEM 71Ce800MYHIOM. Hetpynno yGenntbed,
YTO TICEBIOMyYOK — 3TO COBOKYNHOCTh ~ OKPYXHOCTEH,  TOCTPOEHHBIX
Ha XOpHax HEKOTOPOH OKPYWHOCTH 2 (Tarwe BXoAfuULEH B MCEBIONYYO0K),
napannesibHblX €€ ONPENENIEHHOMY JHAMETPY AB (puc. 2); oruGaiowed
STHX OKPYXHOCTEH SBIFETCH S/IMNC, OlHA OCh KOTOPOrO COBHAAAET
¢ AB, a mpyras pasuna ABY 2.

Fcau HekoTOpas OKPYKHOCTL TeEpeceKkaeT IHAMETPanbHO JBe OKPYyX-
HOCTH MCEBIOMNydKa, TO ACHO, YTO OHA IHaMETPabHO MepeceKaet noBy10
ero OKpy¥HocTb. COBOKYNHOCTH OKPYKHOCTEH, MCPECeKAIOUHX NHAMET-
paspHO BCE OKPYXHOCTH TICEBHOMYy4YKa, NPEeiCTaBIfeT coboit (runep6o.u-

4 Cp. U. M. flrnomM, Tleomerpuieckue npeobpasosauwst I, M., 1936,
crp. 227.
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YecKnit) Ny4YoK OKPYWKHOCTEH, MepeceKaloux OKPYXHOCTh X ncespo-
nydKa B KOHLAX MepHeHAuKyJaspHoro AB puametpa (my4ox OKPYIXHOCTEH,
npoxomsimx  uyepes Toukk C m D ma puc. 2). 10T nywok Haszopem
CONPAINCEHHBLM VNCXONHOMY TICEBAONYYKY.

Ilces0oc6a3Ky OKPYWHOCTEH oONpelennM Kak COBOKYIHOCTb OKpY K-
HOCTEH, KaXIble TPH M3 KOTOPLIX HMCIOT OAMH H TOT e NCEeBLOpaaN-
KanbHelii NEHTP (MAH KakK COBOKYIHOCTb OKPYXHOCTEH, OTHOCHTENbHO
KOTOPHIX (MKCHPOBaHHAs TOuKa O HMEeT OXHMHAKOBYIO TICEBNOCTENEHD).
[lceBnOCBA3KA — 3TO  COBOKYIMHOCTL  BCEBO3MOMHBIX OKDPYKHOCTEI,
MOCTPOCHHKIX, KaK HA NMHAMETPAX, HA XOPAAX HEKOTOPOH (DMKCHPOBAHHOH
OKPYXKHOCTH X (Take BXomsiueil B ncesnocesaky). Ouesupno, yto
nepecexenite G6yx rces00c8s30K (eCNH TOJNBKO OHO CyulectTryet) rnped-
cmasasem coboii ncesdonyyor.

Beenennwie 31eCh IOHSTHA MOTYT ObiTh HCHOIb3OBAHLI MPH PeIeHHn
HEKOTOPHIX 3aa4 HA TOCTPOGHHE (HANPHMEP: «TIOCTPOHTH OKPYKHOCTD,
NEpeceaiollyio IHAMETPANbHO [IBE NaHHHE OKPYXHOCTH S, 1 S, n Kacaio-
L(YIOCH TPeTbeil OKPYWHOCTH S», WIH «NOCTPONTH OKPYHOCTD, Mepe-
CEKAIOLLYI0 IHAMETPAIbHO TPH NAHHBIE OKPYIKHOCTH) ).

MurepecHo eule 3amMeTHth, uTO LMKIOTPaduueckas MPOEKINA, COoro-
CTaBafiiollas  KaXIOH OKPYIKHOCTH MIOCKOCTH TOYKY npoctpaucTsa '),
TIEPEBOINT TICEBAOCBASKY 8 CQlepy C UEHMPOM HQ OCHOBHOL HAOCKOCIL.
Takum 00pasoM, NCEBAOCBSIBKH ABAAIOTCS MPOCTEHINM 4aCTHBIM cayuaem
TaK Ha3LIBAEMBIX CgleputecKux cucmem reoMeTpuu Jlareppa ?); oun —
€NMHCTBEHHbIE CHEPUIECKHE CHCTEMBI, KOTOPHE MOKHO paccMaTpuBath,
He BBOIA MOHATHA O HANPABNEHHBIX OKPYKHOCTSIX.

4. A. B. Kyosiceap (Ynmans). Uccnemosanue KOpHeH ypaBHeHus
x" 4 px* 4 g=0. Paccmorpum ypasrenne

f)=x"+pxF4-g=0, (1)

rae n, k(n>k)—HaTypaanue HEYETHBhIE, a p, ¢ — BEUIECTBEHHBIE He
pPaBHBLIE HYNIO YHC/A, [IPHYEM p<0. (Ua nanmpueiiniero Buino, yto ciy-
yait p =0 tpusuanen.) [lonowum

) e

n
Torna, kak Oyner NOKa3aHO, OTHOCHTEJBHO KopHe#t ypaBuenns (1)
UMEIOT MECTO CJENYIOLIHE YTBEPIKICHHS:
1° Ecau D>0, 10 (1) umeem odun semecmsennsisi v n— 1 Hege-
KieCmBeHHbIX K OpHeli.

Cm. U. M. draom, T coMeTpHYeCkue mnpeobpazopanus I, M., 1956,
ctp. 315.

’) W. Blaschke, Vorlesungen iber Differentialgeometrie IlI, Berlin, 1929,
cTp. 152 u cren.
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2°. Ecau D<C0, mo (1) umeem mplt pa3iutHblLX Bel4eCBEHHbIX
KODHST W N — 3 HeBelLeCMBEeHHbLX KOPHS.

3°. Ecau D=0, mo (1) umeem mpu 8elwecmeennblx KOPHA, Cpeodl
KOmopulx 08Q DQBHbIX; OCMAAbHble N — 3 KOPHS — HeseujecmeeHHble.

Ilns ypasuennst x° - px—g=—0 D= (%)2 -+ (%)3 . CnenoBatenb-

HO, B 9TOM CJlyyae HallM YTBEPWKIEHHs TNEepPexONaT B H3BECTHLIE MpH-
3HaKH, BHITEKaoume u3d ¢gopmynas Kapuawo.

Nokasatenbctso. Tak kak f (x)==nx""" pkx*~', 10 Qyex-
st f(x) uMeeT CJAENYIOLIHE SKCTpeManbHple TOYKH:

xl:_(w)%, x,=0 (ecan & >1), x,:(M>IT,

n n
rne [—=n—=Fk. Tlpn sToM TOUYKM X, W X, SBJAIOTCA COOTBETCTBEHHO
TOYKAMH MAKCUMyMa W MHHEMyMa ¢yukimu f(x) [B cuny Toro, uro
fHo0)=o-00]. Eciu k=1, 710 TOUKa HyJb He ABISETCH SKCTpE-
manphoit. Ecmm we 2>>1 (1. e. B==3), TO TOYKA HyNbL HABAAETCA TOY-
koit mepernba. [lostomy f(x,) > f(x,) > f(x,).
Tlonoxnm temepnb D:m_—lk)—sf(x‘)f(x,). B cayuae, ecnm D >0,

aHaueHust ¢yHKUMKM f(x) B TOYKAX X, M X, JeWKaT ONHOBPEMEHHO 5o
B Bepxueit, nubo B HixHell mnonyrockoctsx. Crie0BaTenbHO, B 3TOM
cnyuae rpaduk QyHKUHH f(x) MOXET Nuulb B OHHOH TOYKE NEPecekathb
och abcuucc. Tak Kak 3Ta TOYKA He MOWET COBNAnaTh € X, X, W X,
TO B 5TOM ciayuae ypaBdedue (1) uUMEeT OINH BeLUECTBEHHBIH U n— 1
HEBELECTBEHHHIX KOpHeH. AHaJOrHuHO paccmatpuBaores caydan D <0
u D=—0. Taknm o06pa3oM, anfl OKOHYATE/LHOTO NOKA34aTENbCTBA HAUIMX
yTBEPXIEHHI OCTaeTCsl TMOKa3aTh, 4TO 4YHCAO DD Moxer OwbITh 3amncano
B BHuje (2).
Tax kak f(x)=x*(x*+p)-Lq w x,=—x,, 10

Fly=xtpl"—E g slxy=—x*p|" " tq

Orcona

D=t f ) =1 ) — (12L) (12H4) 7

o~ (sa) ()

Irum yreepwpennst 1°— 3° moxazaum.

HITH

5. 3. A. Croney (Slpocaasas). MpoextuBHOe 06006ileHne Teope-
Mbl CHMcOHA. XOpOLIO H3BECTHAS TEOpeMa 9JEMEHTAPHOH TEOMeTpHH,
COTJIACHO  KOTOPOM  OCHOBQHUS TNepneHOUKYASIPO8,  ONYULEHHbIX — HQ
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CrOPOHbL MpeyzoAbHUKa U3 1000l MoK L ONUCAHKOIL 0KO040 He2o OKp Y-
Hocmut, pacnonojensl. Ha 00HO npsmoil — npamoli Cuncona (Robert
Simson, 1687—1765), monyckaet caenywouee 0606uieune.

[lycts B kpuBywo Broporo nopsinka 3 Bumucas Tpeyronbank ABC,
CTOPOHb KOTOPOTrO mepecevers mpAMOi £, B Toukax A, B, C, (puc. 1).
Kpone TOro, Ha KpHBOH panbl [Be MPOM3BOAbHBE TOYKM U 1 V, ne
COBMAaZAOUIHEe OXHA C APYrod M C BEPIIMHAMH TpeyroabHuka. M3 touku U
DpoeKkTHpyem Toukn A,, B,, €, Ha KpPHBYI0 2, 3aTeM MO0ayYeHHHIE

]

Pue. 1.

Toukn A, B, C, mpoexktupyeM H3 TOukn V 00paTHO HAa COOTBETCTBYIO-
e CTOPOHK TpeyroabHuka. Mel yTBepxjaem, 4TO B peaysabTaTe mpH-
meMm K Toukam A,, B,, C,, maxoxe npunadieycauuss 00Hoil nparoir g,.

Hng Toro uwtoOB NOAYWHTHL M3 3TOH  TeopeMbl teopemy Cumcona,
LOCTATOYHO CYHTATb, YTO KpuBas X €CTb OKPYXHOCTH, MpsMast g,
fiBIsieTCst HecoGCTBennoi, a toukn U u V pguametpanbHo mpOTHROMO-
JIOWHEIE; TPH 9TOM Mbl TOJMYYHM, YTO NepneHOUKYAADb., ONYUPHHbIE HA
CMOpOHbL  mpeyzorvHuxe W3 moxxlt V, sexcam Ha o00Hoit npsmoi
{pnc. 2). Ecnn e X eCThb TMO-TIPEKHEMY OKPYXHOCTb, a g, — Hecob-
cTBeHHafl mpsimasi, HO TOYku U n V —He NHAMETPAnbHO MpPOTHBOMNOMONK-
HHE, TO NO/JyuYaeM H3BeCTHOe ycHicHne Teopemhl CHMCOHa A ciyuas,
KOrda H3 TOYKH OIMHCAHHON OKONO TPEeyroibHHKA OKPYXKHOCTH K ero
CTOPOHAM TMPOBELEHH HE MEepNeHOHKYNsph, a MPAMbLIE OIHHAKOBOLO
nakiona. M B 5TOM cnyuae ocHOBaHUSI HAKAOHHBIX MaKdiCe Aexcam Ha
00KHOfl NpsMOl, €CIN CYNTATHh Yribl HAKJIOHHBIX CO CTOPOHAMH TPEyro/b-
HHKQ OPHEHTHPOBAHHLIMH, NSl 4YEro HAJXO HamIexauluM oO6pazoM OpHEH-
THPOBATb  CTOPOHBI  TPEYrONbHMKA (MPen/IOKEHHOE HIKE MOCTpOoeHHe
0CBOOOMIAET OT PAaCCMOTPEHHS OPHEHTHPOBAHHBLIX YIVIOB).
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Jlns nokazaTenbCTBA Hawledl TEOPEMbl JIOCTATOYHO 3aMETHTb, HTO
CTOPOHBI TPEYrONbHHKA W TpAMafd £, 06pa3ylorT TNOMHE YEThIPEXCTOPOK-
HHK, MPOTHBONOMOWHBIE BEPLIMHH KOTOPOro, COrIacHo BTOpOi Teopeme
Llesapra '), NpPOEKTHPYIOTCH H3 JIOGOH TOYKH TIOCKOCTH, OTJHYHOA OT
ero BepllMH, MapaMH MPAMbIX, MPHHALIEXALINX oot nupomoumn. Ecan
33 LEHTP TMPOCKTHPOBAHUA TMPHHATH TOUKY U, t0 Ha LAHHOH KpUBOW
MOMYyYHM TPH Tapsl TOYEK A4, A), (B, B), (C, C,), Taxke npunamie-
WALMX ONHOH HMHBOJIOLIMH.

Puc. 2.

Iycts upsmas A,B, nepecekaer ctopony AB B TOYKe C.. Paccmort-
puUM BTOpOE NOJHBIH 4eThIPEXCTOPOHHHK, 06pa30BanHHKifl cTOpOHAMI JlaH-
HOTO TpeyroabHuka W npsamoit A,B,. TpoexTrpysl €ro nNpOTHBONONOXHBIE
BepILHHB Ha KPHBYIO M3 TOYKM V, MONyyMM HA KPHBOH ONATH TPH Taphl
TOUEK, MPHAALMENAUMX OAHOH HHBOMOIMH. OJHAKO B MOAYUEHHBIX HA
KPHMBOHl IBYX HHBOTMIOLEAX WMEIOTCH IBE obume mnapu (A, A,), (B. B,).
CrejoBatenbHo, 006e HHBOMOUMM COBNANAOT, W TOSTOMy TPETHH Taphi
touek (C, C) n (G, C")) IOMKHB TakXe cosnacte. HO 3TO O3HadaeT,
yro npameie VC, u VC, 1UPOEKTHPYIOT OnHy M Ty JKe TOUKy C, u
nostomy Touku C, m C, cOBIajalT H TPH TOYKH A,. B,, C, npuuan-
nexat onnoil mpsamMoit g,%).

TlokasaHnasi TeopeMa OCTaeTcsl CNpaBelMBOH M JUIS  pacmapuieHcs
KpHBOH BTOPOro TMOpszKa ¥, npencrasmsuowei coO6OH mapy nPSIMLIX.
B stom ciyuae Toukn U, V n OziHa BepllMHA TPeyroibHHKA Jiexwar Ha
onHOH N3 IBYX TNpPAMHX, a JBe NPyrHe BepPIUHHbI TPEyroIbHHKA — Ha
npyro#l npsiMOi.

) CM., Hanpumep, H. A. T'maroanes, [lpoekTuBHas FeoMeTpis, M.-JL,
1936, ctp. 118.
2) Ecsi, B 4aCTHOCTH MpsIMast g; NPOXOJHMT 4Yepes U, 70 g, npoxofut yepes Vi
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3amemm, YTO COOTBETCTBHE MPpAMbBIX gl Hu gz ABJAAETCSH MPOCKTHBHLIM.
B 3TOM MpPOEKTHBHOM COOTBETCTBHM TOYKe UJ COOTBETCTBYET TOuKa V
CTOPOHBl  TPEYTO/bHUKA SIBNSIOTCS JBOHHBIMH MPAMBIMH MPecGpa3opanys.
Ecnn e kpuBas BTOPOr0 MOPARKA pacnafaercs pa JBe psiMbie, TO
TIPOEKTHBHOE COOTBETCTBME CTAHOBHTCH romosoruedt. Ctopowa Tpeyrosnb-
HHUKa, TpHHAANEXAllast KPUBOH, ABNAETCA OCHK) TOMOJOTHH, a TPOTHBOMO-
NOWHAsA BEPILHHA — [IEHTPOM TOMOJOTHH.

6. f0. 3. Tesecun (Mocrea). O npepEcTaBieHun HaTypaJbHbIX
qdces B Buje CyMMbl 3HAUEHHH KBAJpaTHOrO nBywieHa. B cuiy us-
BECTHOH Teopembl Jlarpamka Kawioe HaTypanbHOE YHCIO MOXHO 1Ipej-
CTaBuTb B BHAE CYMMBl YETHIPEX KBAAPATOB HEOTPHLATENbHBIX LEABIX
yncen. C zpyroil cTOPOHBI, CyllecTBYeT GECKOHEUHO MHOLO HATypaibHBIX
UHCEl, HENPENCTABHMHX B BHIE CyMMbl TpeX KBajipaTOB UENbX wucent).

Moxuo 0600muth npobnemy Jlarpawa, paccMaTpuBasi B KavyecTBe
cnaraeMrlX 3Havennst ne QyHwkimH x*, a KBampaTHOM ¢yskimn  Gonee
ofllero Buna

F(x)=ax®}-bx,

rie @ n b— nenwe, B3aHMHO NPOCTHIE, PA3HOH YETHOCTH a>07%,.

. Tlans nokasan, uto: a) wascdoe docmamouro Gossuioe Hamypaas-
HOE HUCAO0 MOJKHO npedcmagums 6 8ude cymimv. ngmu 3sHatenuii F(x)
om  4enoz0 HeOMpULAMEAbHOZ0 apzymenma; O) wemblpex 3HQueHUl
@ynxnuu F(xy O0as 3amozo ywe Hedocmamouno, T. e. CYLIECTBYIOT
Takne «moxne» QysKumn F(x) (K 4UHCAY KOTOPHIX, OYEBHIHO, HE MPH-
HAANEXHT QYHKUMA X7), YTO MOWHO HAHUTH GECKOHEYHO MHOTO HATypasb-
HBIX GHCEN, HENPEeACTABMMBIX B BHJE CyMMbl yeThipeX 3Hayenuii F (x)
OT NENIOr0 HEOTPHLATEe/ILHOTO apryMeHTa.

B cooBuiennn o pesynbrate ITans *) npusesieHo IBa mpHMepa «INOXHX»
muorounenos: 3x*--2x n 3x* -} 4x. Tlepswil MHOrOYIeH mnpercTaBaser
CaMOCTOAITENbHBN HHTEpec.

Mycts f(x)=3x*-1-2x. JokawxeM, uto cyuecmsyem GecroHenHo
MHOZ0 HamypasbHeix yices N, OAs Komopsilx ypasHeHue

N=f(x,) 4 f (x,) +-F (%) - f (x,) (M

HEPA3PEUINMO B UENBIX HEOTPHIATENbHHIX uYHCnax x; (i—1, 2, 3, 4)
W JIaXe He HMEET MenbX peuleHHid x; >—Fk, rne k— ¢ukcnpoBannoe,
CKOjlb YTOAHO OONbUIOE MOMOKHTENbHOE YHCIO ?).

'} Cm., uanpumep, M. B. Apuoabs, Teopus umcen, § 32, M., 1939.

%) Ecin ne Hanarathb 3THX OrpaHMuennil, TO HafiieTcs OGeCKOHEulo MIIOro
HaTypanbHblX HHCEJ, HEMPEACTaBMMBIX B BUIE CYMMbl 72 38a4CHMH OT LEJOUHCICH-
HOIO aplyMeHTa, KakoBO OH HH OLJNO nenoe n,

*) Cm. Bull. Am. math. soc. 36, ctp. 862.

Y MipiMH clIoBaMH, KakoBO Obi HH OBLI0 R, HaljleTcss GECKOHEYHO MHOro Ha-
TYPaZbUBIX YMCea /V, KOTOpble HENpencTaBuMH B Buie (1) npu x; > — k.
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Nemma. ITyeme @ (x)=(3x -4 1)%. Ecau x; (i=1, 2, 3, 4) gesoe
22710—1
M X;>———a——, M0 pABeHCMBO

S

g (x;) = 16" (2)
1

13

1l

He umeem mecmQ HU Npl KAKOM R =1,

HDokasgartensctso. JlonycTum, 4TO TPH 7= rn, HMEET MECTO
pasencteo (2). [ycte uncao 3x;-}-1 neantes wa 2t m He nenntcst
Ha 2ti+1 (i=1, 2, 3, 4), 1.e. 3x;-}1=24(2z,-}-1); Gymem eue
CUNTaTh, uYTO f,=<"f,=<Cf <1,

1°. Eemn £, <<2n—2, 10

@ (x;)) =4t [4z;(z;-}-1) -+ 1] =44 (mod 2-4tit1),

a TaK Kak f;<Ct, TO

1?

@ (x;) = 4% (mod 2-41:-+1),

W3 pasenctBa (2) cnenyeT cpaBHeHHE

4
> @ (x;)== 16" (mod 2. 4%:+1)
i=1
Wim
4t p 4t ] 4t 4L =14%" (mod 2.4t+1).

Jleast 06e 4YacTHM TNOCAEHHEr0 CPaBHEHHS M MOAyIb Ha 4h, wonywaem
B cuy f,<<2n—2,

14—t 4te—ti | 4t~ =0 (mod 8),

4TO HEBOIMOWKHO.
2°. Ecnu £,=2n—1, 10 3x,-}1=0 (mod 2*"71), 1. e.

3x,+1=2""""2. (3)

Uz (3) cnenyer, uyto z=2 (mod 3)").
a) Ecan 2==2, 1o u3 (3) BHITEKaeT

@ (x,) == 42" 2= 42" — 16"
Tak kak mis Beex nedbix x (3x—-1)° >0, 10 cnaraembie @ (x,), @(x,)
4

u (x,) nonoxutensus n Y, 9 (x;) > 16", 410 mporusopeunt (2).
r—1

=

NTlocnenee CpapHeHHE ClejyeT u3 (3) U W3 OYEBHAHOIO cpaBlenvs
227 __ 1 =0 (mod 3). B caMmom pene, u3 (3) umeeM

_3x, 41 3xfl14om_om

— gen—1 - 92n—=1

SRR L B FY @
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6) Ecim 2<<— 1, tou3 (3) cnenyer 3x, 1 << — 22771 < — 2577

(tak Kak n=n)n x, << ———5 ) "TO [POTHBOPEUMT YCIIOBHIO JIEMMHI.

16" —
6 4,20erz2n

Teopema. Bece namypasvube wucia N 6uda —3 00

HenpeOcmasumv. 8 8ule

N= 3] /() (4

16" — 4
3
yacTH paBeHctBa (4) Ha 3 m mpudaBnsst 3aTeM K oGeMM 4YacTAM 4, Mul

[ONYuMM PABEHCTBO { 2), HEBO3MOWHOCTH KOTOPOTO [OKA33HA BhILle.

B zakmouenne YMECTHO YKdA34Th Ha dJedYlliye HHTEPEeCHLIE 3a0auM:
n

3
pewieHuit nas GeCKOHEYHOro KOJMYeCcTBa ITHUX UUCEN?

2) Kak ommcath Bce KBajpaTHHe MHOMOUNEHH, 06iajaiouie TeM e
CBOHCTBOM, 4TO W MuHOrouned f{x)=—3 x*-4 2 x?

3) Mamenutcs nn peaynbtat, e€cnam 007acTh IONYCTHUMBIX 3HAYEHHi
1[eJIOUHUCIEHHOTO apryMeHTa X He OrpaHuuHBaTh CHU3Y?

HNoxasaTtenbcTBO. YunthBag, uto N— , YMHOXas o6e

1) Tonbko nu pnsg umcen ypaBuenne (4) He wuMeet Menbx




M. HAYYHO-METOIMYECKUE COOBLUEHUS

(OmBIT MpenofaBaHusi ¥ MeNaroruyecKuit 9KCIEPHMEHT)

0 CPEJIHHUX

H. H. JKozun

(lagpuHCK)

Bo MHOMMX BOMNPOCAX MATEMATHKH BAXHYI0 pPOJb HIpaeT TeopeMma
0 (B3BCIIEHHKX) CTeNeHH B X CpeJlHHX IPON3BONBHOTO NOPAIKA. Teo-
peMa 3Ta yTBepwlaeT, 4TO HenpepbleHas dynryus

(plaf + -.- + pnai \)1; 7&0
PP ; npu x )

y=f(x)= A A (1)
@ ...’ P pnx=0

MOHOMOHHO 603pACIMaem 1 ee SHQUEHUS 3CKAIOYEHb. MeHCOY HuCAaml
—min(a,, ..., ;) & a=max(q, ..., @)

a<lfx)<a

3MECh @,y ««-s A, U Py « vy Pp— 1BE CHCTEMHl NOJOWHTEIBHRIX HUCET,
npuuemM B NepBOH H3 CHCTEM 1O kpafineit Mepe IBa 4YHCIa HE PaBHH
Mexnay coboit.

dynkuus f(X) Ha3LIBACTCH 838LULEHHbLM CITENEHHbLIL CpeOHLLM NOPSIOKA X
HUCEN @y, - ..y O, C 80CQMIL Diy ooy Py

B kauecTBe CJaejCTBHil 3TOH TeopeMn MOXHO MNOMY4YHTbH MHOrME
BaJKHbIE HEPAaBEHCTBA aHalM3a, B YaCTHOCTH HEPABEHCTBA Koww, [énp-
nepa, MuukoBckoro u Ap.

Tak, uanpumep, nonaras x, =0, x,=1 n yunthiBasg, 4TO

Fx) < flx,) (mpn x, <x,), 2)

nojyuaeMm TeopeMy O cpenHeM apncbmemqeucom U cpelHeM reoMeTpUIeCcKoM:

Px...apn Pt tPa plal+--'+pnan N (2'
(@ .an) <t )
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B nacTosliuem ouepke mbl noctaBuam ceGe LebI0 TATb DJIEMEHTApHOR
H3N0MEHAE OCHOBHBIX IIOHATHH, OTHOCALIMXCH K ydenmo o cpeannx. Ilo
HALIeMY MHEHHIO, ONKT TAKOTO H3M0KEHuS MOr Ohl OWTb HCHONb3ORAH
fIPENOAABATENIMH 1€/IaTOTUYECKHX HHCTHTYTOB.

TloxazaTenpcTs0 OCHOBHON Teopemul HauneMm ¢ paccMoOTperns cnenyio-
wedl Gpywkuun ot £ (¢ > 0):
e 1 (14-5*+3
¢O=0+0+ P=""Am— 3)

{ 1 B— npou3BOIbHEIE MONOKHATENBHLIE napameTpLi).
Nupdepentpys o (£), moayunu:

, a(l 4 frtam B
¢ O =" (t—0)
Jlerko Bupeth, 4to ¢yHKums @ (f) mocturaet MHHUMyMa [pu t:i—;
¢ (i—) <¢ (). (4)

3HAK paBeHCTBA NOSABASETCS JHILID npu t:i—. ITonaras B 4 t— Y
x

(Xs y — DPOHM3BO/bHbIE MONOWHUTENbHBIE HHCIA), MOJYHUM

) =G

PaBeHCTBO OyAeT uUMETh MeCTO JHMUIL NpPH :ET Bamenss 3pecy B

va By, y ua y-2, nonyunu
o) =G =G0

Hakoreu, vupykiueR JIerko nonyuuth, 4TO KAKOBE Ol HH  GLiau noJo-
KUTEABHBIE 4YuCna

a
X

Tyy Qgy eeey %y
B B - vs B

{HpaseinnvBo cneaypouee HEPABEHCTBO:

(o =) ()" - (=) ()

Bt i B B Br

Papencto umeer mecto ammb B cayuae 2 —, | | =% - Heparenctso (5)
Py n

MOXHO NPEACTABUTb H B LPYroil, B psuie NpUnoKeHHii Goaee yno6Hoi

dopme:
1 o Bp\2te - Amm 1\ B\ n \™ 4
o) =00 @
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[Monctasnsig B (5) BMecTO a; M B; p; U p,q; COOTBETCTBEHHO, MOAY-
uuM OBHIYHYIO, Haubonee pacnpocTpaHeHHyw (OpPMY TEOpeMH O cpPeaHeM
apUMETHHECKOM M CPEIHEM TI'eOMeTPHUYECKOM:

Mttt ppag \Prt et .
a "'a"\( PP ) ' (©)

ecant B (6) Bce p;=1 wm p,+...+p,=—1 (B nocnenuem cayuae
BMECTO p MHUIYT ¢), TO COOTBETCTBEHHO

a‘___a"<(“l‘|"—"+“g>", (1)
\

n
al'af...a"< g, ... }qa, ()

Bo Bcex Tpex ¢opmynax (6), (7), (8) paBeHCTBO BO3MOWHO JMWIb B Cly-
yge, KOrfa BCe @; OJMHAKOBhHI.
OTMeTHM 3[ech eule HepaBeHCTBO

v}_Jlaw...li\(z )(zb) ( )A, )

BepHOE I mpoWsBosbhHX TOouek A(ay), B(b.), ..., L(l,) n-mepHoro
NPOCTPAHCTBA C UOJOKUTENbHLIMA KOOPJAMHATAMH B MPEANONOKEHHH, YTO
CyMMa MOJOWHTENBHBIX @, §, ..., h paBua 1. DTO HepaBeHCTBO JierkKo
nonyuutb u3 (8):

Yaidl ... 1 _ ~f s, “r b, 3 L, )"

Ca o). (8 Ly)* =2 La) Ebv) (LT =<

a, lv . a, lv .

<3(=v; 35 )= Sge 4 =

=a,—-|—...—|——l:l.
Ons nyx touek A(a*) m B(b*), rne k>1, k'_—_—_kL;]_
—— =), a,::l—, .—:—]—,, 3 (9) nonyyaem Teopemy [énp-

Tk % k y

(1. e.

nepa:
1 L
D ab <(Fa) oy (9"
ak ak
(paBeHCTBO npH —bT'= = —T”,), ausunee npu b=k =2 —wnep a-

1 ]

seicteo Kowmwu

Feaby <=2 a)(20) (10)

(paBeHcTBO TIpH %‘: = ;L‘) .
1 n
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[Tokaxem Tenepb, KakuM 00pa3oM C MOMOUIbIO (D) MOXKHO JOKa3aThk
O011yI0 TeopeMy O CpelHHX CTereHHHX, T.e. TOT (akT, 4t0o Qyuxums (1)
npn — oo < x < -} oo BospactaeT mMewny a u a@. Ilpu 5TOM, KoHeuHo,
MHl [pelonaraeM, uTO He BCe (MONOXKHUTENbHBIE) KOOPAMHATH TO4-
ku Ala,, ..., @,) ONMHAKOBL, TaK KaKk unaue ¢ynxuma f(x) coxpaniia
6bl MOCTOAHHOE 3HAYeHHE a.

Yoéemumesi, uto f(x) BO3pacTtaeT B KaxaoH TOuKe.

Ilpn x =0 nmeem:

fo_ 1, na+ ... paay, + 1 pmaiina,+ ... -ppayna,
f * pnt - +Pa PE A oot paat '
" = _lnp;a’f-l-----l-l?naﬁ +p1a’f1ﬂaf+---+l7na§1ﬂai_

f Pt e+ pa na+ .-+ paal
£ _ P18y A+ <o+ Pafy \Piat - . tpna),

xP1a 1 ﬂnax

Pla‘f Pna” (a l) .(ax) "

In ( (e} ..@) ")=In n
+ (( ) (an) > nay+ - -+ paay, )Plal“‘ +p,,a
2% R o

3jech nOL 3HAKOM Jnorapudma, seuny (5), npm moboM x=~=0 crour
yucno, Gonbuee 1. CrepoBatenbho,

X (p @i+ ... —]—pnan)ff:;2>0 1. e. f(x)>0.
[powagoznas B Touke x=—0 TakKke CyLleCTByeT:

;' O=l% [(,,—ii—,f)—(apap)m]:

1
:% (a’f‘ . .(lr’;") PrttPn 3¢

x| Ot P

(P ln”a,—f—---+pnlnzan)(p1+---+pn)—(p.lna1+---—l—pnlnan)z],

seniy nepaseticta Koum (10) f'(0) > 0.
TaknuM oOpasom, ¢yukuug f(x) BCooay nncpcpep(_e_uunpyema " uMeer

NOOKNTENbHYIO npou3Boanyto. To, uto lim f(x)=a, lim f(x)==a,
Xp O X_p —O0O -

rne ¢ 91 o 0603HaYal0T COOTBETCTBEHHO HAaNMeHbllee H Hanbobliee K3 YH-
cen @, ..., 1, ouesunto. Teopema nokasana.
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Mbl cOCTABHAN JIOBONBLHO siCHOE NPelCTaBiAeHHE O TedeHHH KpuBoOh
y=;1{x): OHa BO3pacTaeT MeXLy CBONMH aCHMOTOTAMH y=—=a U y =a.
Mul MOWeM TNO3TOMY HEpaBeHCTBO (2) NODOMHUTH CAEMyIowleid OueHKOH

(xz — X, > 0)'
0<f (%) —F(x,) <a—a. (11)

Tlepexonum K npuMepam.

1. Tlycts a, a
Vimeem uz (9)

no\n 14 ... -1 4. 41

—r = <
n I Fa)+ ...+ Fa,

(”—'—‘)‘ak) (l “) ( a))

a, HeOTPHIATENbHLI.

9y e 3 n

1 1
<1—|—a1 14+a, """ 1+4a,

OTKyNa
n ( ilak
g(l—l—ak)<\l—]——n— . {*)

Touno Tak xe, B upeanonoxesun 1-—a, >0, noayunu

1 _ n \\n _
n= n
i | 253
( _l_nzl—ak Kn_'_zl‘l——ak)

B L1 441 n B
~((1+1 ) (1 )) St

[ee]
O1ciona CIeNyeT, 4TO eCfl pall ¥ @, =S CXOINTCA (a BMECTE C HEM
T

oD
[
TOrfa CXOOMTCA W PAN 21 "a —S’ BBEOy TOro, 4uTO, HampuMep,
— ag

1 - < 2@, wauvnas C HeKOTOPOro k), TO BO3pacTaioulas NOC/AEnOBa-
—

TeJIbHOCTbH(l -} a,) orpannuena ceepxy uncniom %, a yGriBatoulas nocieno-
i

n
BATENILHOCTh H(l—ak) orpasnueHa CHu3y unciaoM e~S, Tak u4TO
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GecKOHEYHBIE TNPOU3BENEHNS

(e o o0}
H(l “+a,) n H(l—ak)
i 1
CXONATCA.
HepaBencTBO (¥) MOXHO HLONOAHHTE:

n —n n

(253 n
Zak—l—l Eak

L) <M de <+ )

n k=1

COOTBETCTBYIOLLYIO OUEHKY JErKO NOJNYYWTh MO NOMHON aHANOTHH C TeM,
470 OBJIO CIEe/IaHO Bhille.
B npenene, npu n—s 0o, nonyuum

8

¥
e _ o -
e <JJ04e)<e .

—1

A

-

2. Hmeem
(1_l_ln)nﬂ:(u;_])nﬂz(?i;i:::ii)uuﬂ..+1<22:4-

Moo, Koneuno, Gonee ymnoGubM pasCuenveM -1 wa cymmy 7 cna-

raeMblx (umM pasOuenneM 77 Ha CymMy n-}-1 cnaraemux) noGuthes no-
HUXeHust 3TOH rpanuubl. Hanpumep:

3 3
n41 "+1—(%+%+1+...+1\2+2+‘+---+‘
(” ) TR IR <
3

3
2

< 31273 __33
2 2] T %"

IDTOT cnocod JOKa3aTeNbCTBA OrpaHUYEHHOCTH 3HAMEBUTOH NOCHEN0BATEb-
HOCTH cliefloBaZio Obl NPUMEHSITh B MpPenojfaBaHuu. Bospacranne npyro#t

NIOC/IEN0OBATENLHOCTH, CAywaulel ILAs onpenesneHus e, HENOCPEACTBEHHO
BhITeKaeT u3 (95'):

(1+ 1 _ a2\ (n-|-1)_|_1)”+‘>
nt1 T \n+41 - nt+1
n 1 n
n 41 1y _l_)
>(=) (1) =(+%) -
3. lycrs, kax u B npumepe 1, a, @, ..., Q ...—00CJHENOBa~
TCALHOCTb MONOXHMTENbHAX dncen. TlycTr ans BCex 71, HaynHas ¢ HEKO-
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n
TOPOrO 71,, BHINOMHAETCS YCNOBHE N4, << )G, (0MO, HanpuMep, Bhi-
T
Torna

NONHAETCA ISl BCAKO#H HEBOBPaCTalOLU,eﬁ HOCJ'[ED.OBaTe.leHOCTH).

yMEeT MeCTO CJCAYIUlEe HepaBeHCTBO:
n
Y ag

H(l +a,) ¢

(n=n).

H
> >hnJja -+ a)
i i

NokaszatenbcTBO. B mepeoM npuMepe MHl yXe MNOJMYUHIH, 4TO
n

n
2 a,\

1

froter<lits).

3neck npeobGpa3oBaHue NPABOH YacTH MNPOMNOMKHM ClEenylouny o6pasom:

n . n

“Yag

n wn
v
T % | 1 ‘r}ak '
[ . — l — 3 .
+— 14—,
/ n
Ya,
1
& n+i1 ! 1-—}——a"+l =<1 !
Mo ycnosuio na,, << D)@y, T. e - <—, i
' Y a Ya,
1 1
n+1
X a,
1 <n—{-l n+1 n
n ="y ’ ntr T n N
Ya, Y a, Ya,
1 1 1
n
(n=1, 2, ...) Bo3pacraer,

Takum 00pa3oMm, NOCNELOBATENBHOCTD —
AN

2 a,
1

a BMecTe C Hei’l, KaK H3BECTHO, BO3pacraeT M NOCJIENOBATEIbHOCTH

n

n
1 N\ Yak
1 + 7 ! -

n

Za,
3
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—> 00 3Ta NOCNEeNOBATEJbHOCTD CTPEMUTCH K e, B Cly-

B cnyuae
<
T

A
yae we nn — A< co oBa cTpemutcs K (l—]—%) <e. B o6Goux

cyuasix uMeem

n %als
I a) et .

1

1 3
Jns npumepa BO3pMEM @,==-—-; YyC/iOBHE r1a"+1<}qu @, BHINOHSETCH

(raumBast ¢ n,=1), nosTomMy st OGOr0 HaTYPaNbHOrO 71
n ] H,.
1:[(14— ?):n—]—l <e n H >n(nt1)
1 1
(Ho=145+. 4 ).
YTO CBHAETENbCTBYET O pacxoOuUMOCmu 2apMOHUYecK020 psdq. s

1 1 1
[OC/IEOBATENLHOCTH YHCEN —, —, ..., — ,
D pz pn

L
<2p— TaKXXe BHIONHSETCST HaunHas yxe ¢ n=—l,
k
1

«e., OOpPaTHBIX NPOCTHIM,

yclioBre
n+1

TaK 4TO

TO
41 H Inm+1h
Y
—>h2>n—
21ka> 2 > 2 ’
UTO CBMIETENBCTBYET O pacxodumocmy psoq uuces, 00pamubix npocnsii.
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4. Bospmem®) mis 0<a<1nm x> —1 TOuKH NIOCKOCTH

1
A(l —a, o), 3(7——1, 1—}—x)
u nonctasuM B (B') MX KOUpIHBATH (Bce OHH NIONIOKHUTETBHH):

i v1—a

Lees(3D) (= o

(1-Fx<lioax
PABEHCTBO BO3MOXKHO JIHUIb TPH
1—a

o
1 14+x°

a

1. e. npu x=0.

-

Ecmu o> 1, TO paccMOTPHM TOYKH

1 1

Alw—1, 1), 3(1—7,7—1—x) (l——]—x>0)

n us (5') nonyunm

1] ——

(F=)=let) (GHo)=tte

(1L xy=14oax (x> — %)

1
B cayyae — 1 <x<C — — HepaBeHCTBO oueBunno. PaBencTBO OndTh

BO3MOXHO Jumib npu x =0.
Ecim, HAaKoHell, o OTPHLATENBHO, TO B 3aBUCHMOCTH OT €ro abcomot-
HOH BeNMYMBE Mbl DpuMenuM (5') AnbO K KOOpAMHATAM TOHEK

’ ’ l
A(1lda, —a), B (——?——1, 1+x) (|2 < 1),
b0 K KOOpAMHATAM TO4YEK

A"(1+%,—%), B (—a—1, 14x  (Ja|>D-

HCp. L IL. KopoBkuH, Hepasencrea, M., 1956

8 Maremar. npocBemeHnue, Bbif, 6



226 1. H. WOIHH

B uepBom chyuae
1 \ 1=

— = .
(—tre () (22 = Lo
T—ax> 007 (b > 2> gy
(x =~ 0).

Bo Bropom cayuae
\ ot 1
_.I__ —_— —_—_—
—1 o o -4
(—atx)>|2 1) (1"'”) = —a(lt+x ;
14—

a

1
_1 n
O+x "<1—Z, 040" >L_>14%2 xon

. x
| —
a

BO3BONA 3Iech O0E YaCTH B CTeNeHb @ W MPHBMMAsi BO BHHMAaHWe Ipe-
ILAYLRE pe3yapTaT IS nokasarelss, Oonbwero 1, 00Omy4uM

. v
42> (14+2)7 >14on
TakuM 06pa3oM, NOKa3aHO CENyioulee:

OF+x<tdaxr O0<all, x>—1)
(14x)=14ax (e >1 wm a0, x> —1).

PagenctBa Bo3MOXHB JHUIb 1pu x =— 0.



KPUBBIE NEAHO
H. Il. HamaHcor
(JTesunrpan)

1. B 1890 r. wuranpsncknii matematnk J. [Teano (1858—1932)
NOCTPOR NPUMEP 1OCKOH HenpepuBHON KPHBOK, mpoxomsiued wepes Bce
TOUKM HeKoTOporo Keanpata'). EctecTBeHHO, YTO KpHBas ¢ TAKAMH yIH-
BHTEIbBEIME CBOICTBaMKM mpuBiaekna K cebe BceoOulee BHUMaHve, W BCKOpe
6Ll HaHZeHH W IPYIME NpHMEpH TaKHX KPuBHX. Bce OHM MO MMEHH
apToOpa NEepBOR M3 HUX MOAYYHIH Ha3Banue rpusbix [learo. B gacTroCTH,
cpaBHMTENBHO mpocTylo kpupyio [leavo noctpoun B 1891 r. nemeuknit
yuernii Ji. Tuab6ept (1862—1943)%). Llenbio nacrosulei crathh sIB-
neTes manokenne KoncTpykimn Imanbepta ®).

2. MMockoabKy CyECTBYIOT pasiHyHLIE ONpelesienusl TepMUBa «Ioc-
Kas HenpephiBHAs KPWBAfl», NPUBEIEM TO U3 HUX, KOTOPOE HMMEETCS B BAILY
g 3TOl cTathe *).

Onpenenenne. [1rockoii HenpepblHOil Kpusoil Ba3pIBAETCH MHO-
wectBo M seex touexk (@ (?)), &(f), rne ¢(f) n { (#) — xakve-BuOyib
nBe ((rkcupoBanBHe NS NaHHOH KPHBOH) ¢yHxupn, 3anasHvble W Henpe-
puisipie Ha otpeske [0,1].

Fcnn UCTONKOBATH MNapaMeTp ¢ Kak BpeMsi, TO NPHBEIEHHOE Omnpene-
nenue, rpy6Go roBopsi, OyleT 03Ha4aTh, HYTO IVIOCKAS HENpepHIBHA KPH-
Basi €CTh NyTh IBHXYyUleics MO MAOCKOCTH TOYKH. PagpenctBa

x=p(t), y=0() (0<t<1)

SIBJISIIOTCH  ypaBHEHUSIMH 3TOro IBHXEHHUS.

1} G. Peano, Sur une courbe, qui remplit toute une aire plane, Math. Ao-
nalen 36 (1890), 157—160.

2) D. Hilbert, Ueber die stetige Abbildung einer Linie auf ein Flachenstiick,
Math. Annalen 38 (1891), 459—460.

%) B nawell nutepatype npnvep [Hanbepra Yike wussiarancs: cM. H H. JIy-
sun, Teopus o¢yHKUHE neflcTBUTENLHOTO —NEPEMEHHOTO, Yunearus, 1940;
A. C.TTapxomenko, Yto Takoe nuuust, M., 1954, Onaro ycranoBneHne HEKOTO-
PHX OGCTOSTENHCTE, IPHHATHIX B STHX I0KA3ATENbCTBAX 33 OUEBHHBIC, MOKET 34TPYIl-
MHTb MasOONBITHOTO YHTaTess. S 31eCh BXOWY B HECKONbKO GOapuiue noipoOHOCTH.

%) D1y onpenesenye OpUHaIIeKHT (paHily3ckoMy mareMatuky K. X opunany
{(Marie Ennemond Camille Jo rd an, 1838—1922).Tlo 1losony npyrux onpe aeaeHuli
CM., HANpHMep, JMTepaTypy, YKa3aHHyio B peAbinymell chocke.

8*
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Tawum oOpaszoMm, 3amaua nocTpoeHus kpusoii [leano Gynet pewena,
CC/IM Nbl yKAaWeM Takylo napy wenpepuisubix na [0, 1] dynkuuit ¢ (£) u
¢ (#), A KOTOPOH YHOMSIHYTOE Bhillie MBOXeCTBO M coBnanaet c KBajpa-
ToM QU=Cx=C1, O<y<C1).

3. Ins nocTpoenust Hy!HOH HaM mapwl ¢ynkumit pazpabotaem npen-
BapuTeibHO HEKOTOPhHIH CNOCOO 3ANMCH  YHMCE), NPHHAIIEKALIHX OTPEKY
T=]o, 1].

1
Haunem ¢ TOro, 494710 IpPH NOMOUM TOUYEK

1 3
70 5 5 PasnoxuM T na

YETbhIpe PaBHLIX OTpe3Ka:

1 1 1 1 3 3
Tl(l): I:O’ T:I ’ Tz(l): [T’ ?:I ] Ta(l)= [_2") 'Z] ’ TP): [Zv 1] ?

KOTOpHIC B manibHeiiliieM Oynem HasklBatTh oOmMpe3xaMl nepeozo paHza.
Otu oTtpeskn wuszobpawensl Ha puc. 1. Kawnoit u3 OTPE3KOB MepBUro

rgl) ,—g) 7‘-91) f-(q]l

L ) P
T T

i ‘

Puc. 1.

<
D L
P

panra B CBOI0 OYepenb MH pa3fiOHM HA YETHPE PaBHLIX OTpe3Ka npu
i .

MOMOILY TOYEK e (i=1,2,..., 15) u BRemeM LIS 5THX HOBLIX oTpes-

KOB, KOTOpble GyNeM Ha3HBaTh OMPe3xami 8mopozo panza, 0603Baverne

7O = [i—l——(il’ %] (i=1,2,..., 16).

[lponomxast nomOGHHE DPOLECC HEOrPAHHUEBHO, MBI IS KAXLOrO
natypanbuoro k noctpoum 4% orpesxos E-zo paHza, IS KOTOpHIX Oymem
ynotpebiaste 0603nauenue

i—1 H , 3
T;.k):[ T Zfe] (i=1,92, ..., 4%,

Ilonyuennasi cucteMa OTPe3KkOB W NO3BOASET NATH YNOMSHYTHIl BLIE
cnoco6 sanucu umcen orpeska [0, 1]. Iycrs £, €0, 1, npuuem mMu npen-
NOMOWHMM CHaYaNa, 4TO TOYKA f, He COBNANAeT HU C ONHON H3 BBELEHHBIX
BHILUE TOYEK JesneHusl, T. €. HH I KAKOro B

tﬁellik (i=1,2,...,45—1).

Torma cyulecTByeT TOJbKO ONLWUH OTPE3OK T,.(‘) nepsoro padra,
1
coiepxaumil TOuKy Z,, TONbKO OMHH OTPE3OK T}:) BTOPOrO paura ¢
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9THM We cpofictBom U T. 0. OGo3znayum BOOOILE uepe3 7}:’ YOT (enMH-

cTBenBuifl!) OTpe3ok k-ro panra, xoTophit comepwut Z,. $lcHo, €TtO
Tl.(l”DT,.(f’DTS)D. .

# NOTOMY

4i, —3 < =< 4i, (k=1,2,3,...).

ik+l
Ycnosumes ynoTpeGnsiTh CIACAYIOULYIO 3AMUCh:
to=[i,, i, iy - -]
Honyctum teneps, uto £, €[0, 1] coBnanaer ¢ omuoil M3 BBENEHHHIX
8bIIE TOuYeK neaenus. Torma
m

n
tO:—F M==m<<4"— 1),
ﬂpl’l‘leM m He [OCIUTCd BHa 4 ﬂCHO, qTO HUMeCTCd TONLBKO 110 OD.HOMy
OTPe3Ky Kawaoro u3 pawros 1, 2, ..., n— 1, coaepxauemy #; (mbl

cunTaem 7 > 1; ecnn n=—1, TO paccyxneHHe Juillb ynpouaetcs). Yo
we KacaerTcs pawrog n, n-}1, n-2, ..., TO CPemHm OTPE3KOB Kaw-
J0ro u3 HEX OymeT no iBa, COACPKAWUX f,, a4 HUMEHHO:

. ) "
7™ m T:(:+1’ 74{;4“) n T@+n

am4-1? * "
[Iycts E<n u Tl.(:) eCTb TOT ENUHCTBEHHWH OTpe3ok padra R, Ko-

Topuiit comepwut') £, YcnopuMcs yuotpebnste s £, modyw M3 3a-
v 2
nuceit °):

t,=li,, iyyeou, i_,, m, 4m, 16m, ...],

ty=li, lyeeesiy_,,m+1,4m—+41,16m-}+1,...].
Taxkum ofpaszom, Kawmas u3 Ttouek f, oTpeska |0, 1] monyckaer onny
uNl BE 3aMUCH BHIA
to:[llf bys Lgy o - ']’
rne 1<<i =<4, 4i,—3<<i,,  K<4i,
O6paTtho, ecin 1 <<p<<4® u 4p—3 < g =< 4p, 10
T® = T4
r—'q !
7 NOSTOMY BCsiKas GECKOHEYHAas NOCAENOBATENbHOCTh HATYPAbHLIX HMCeN

liys iy iy ... ], y woTOpolt | <<i << 4, 4i,—3<Ci,,, <<4i,, oupene-
JSeT CHCTEMY BIOWEHHHX IPYr B IPyra OTPE3KOB

TOSTOSTES |,
iy [ i

) Slerko nousts, uro Apu k=—1,2,..., n—2
Ap— 3T iy, << 4ip.

) Mpep: & =, 10, 40, 160, ...] =13, 11, 41, 161, ...L
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#, CTan0 ObiTh, MOXET PacCMaTPHBATLCH KAK 3anuCh HEKOTOPOR TOuKH £,
us [0, 1]

4. Tenepb Mpl NOCTPOHM HEUTO BPOLE TAKOTO ke anmapata Aas 3a-
mic Touek kpanpara Q(O0=<x<<1, 0<<y<<1). Haunem c pasnowe-
\ g @ 0OpH OOMOILK  [PSIMBIX

1
W y==-; Ha ueTwipe

Y

1
=5

paBHLIX KBajapaTta, KoTophc Oy-
IeM Ha3kBaTh KBAaJXpaTaMmu
nepBoro paunra u 00603Ha-
9y 07 yate Yepes QM, QV, QW, QM.
Huxnne nugekcn paccrtasim Tax,
KaK yka3aHo Ha puc. 2.
llponesaB ykasanuoe mo-
q? 0} CTPOEHHE, Pa30KHM KAKIAHHR H3
! 4 kBagpatos QW (i—=1, 2, 3, 4)
Ha 4eThpe paBHLIX KBaTpaTta,
KOTOpHl€ Ha3opeM KBaapara-
MH BTOPOro panra u o0o-
Puc. 2. 3naunm Q¥ (i=1,2, ..., 16).
Puc. 3 ykasmpaer paccranoBky
BIDKHEX MBACKCOB £. OO6patny BHHMaHMe Ha TO, 4To Q) comepwut TOUKY
0(0, 0) u yto moGasi napa kBagpatoB Q® w Ql(fl)_l (i=1, 2, ..., 19
nveet OOULYD CTOPORY.

Byaem nponomkates ykasaHumit
NpoUece PazioKEnHsl NOCTPOCHHBIX
KBAIPaTOB HA YETHIPE PABHHIX KBall- 6 7 0 "
parta Heorpannyenno. B pesynstare
ISl KaXIOro HatypansHoro k Gymer
nonyueno 4% ksampatos panra k, 5 8 g 12
CTOPOHA KAXIIOTO U3 KOTOPHIX paBHa

0 =z

Yy

.le' ITH KBampaThl Mbl Oyxem 060- 4 3 14 13

anauath uepes QP(i—=1, 2, ..., 4%,

03a00THBILCh  [PH  PACCTAHOBKE ! 2 15 6

HHKHAX  HMHIEKCOB [ JHuib  TeM,

4TOOL COOMONATNCh TPH  YCIIOBHS: v Z
1) kawuwli kBanpat QP conep- Puc. 3.

®UT TOouky O (0, 0);

2) Bce uethipe kBampata QP QP ,, QB , Q™ conepwatcs B
QF-Mk>1;i=1,2,...,4% 1Y,

3) moGuie nBa kpampata Q¥ u Qi(':?: (i=1,2,...,4 —1) ¢ co-
CEIHHUMM HMIKHHMH HHAEGKCAMH MMEIOT OOULyl0 CTOPOHY.
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To oBcTosTebCTBO, YTO TCPBHM JIBYM YCJOBHSM MOXHO YyIOBIETBO-
PATb, HE BHI3LIBAET COMHeHus. Menee OYEBHAHO, YTO B KAXIOH uyeTBepke
kagpatop Q¥ Q® . Q® ., Q®, nonyuennoit paznowenuem OIHOrO
¥ TOro e ksampata Q¥ 1, MOXHO TaK PACCTABMTL HIKHHE HHIEKCH,
4TOOK BHIIOAHANOCH W TPETbE yC/ioBHe. IJTOT (AKT Mbi JUKAWEM HHLYK-
TuBHO. Puc. 2 v 3 nokasniBaloT, YTO HyMepalMs KBanpaTOB IEPBbHIX JBYX
PAHIOB, YAOBIETBOPSIOLLAs BCEM TPEM 110-
CTABNEHHHIM  YCJOBHSM, HaM yaanach.
JlonycTtnM, 4TO Ham TAK yAal0Ch Mnepedy- o
MEPOBATH BCE KBanpaTth padros 1, 2, ...
..., B— 1, uyTo oxazanuch coOMOAEHHBIMU

(n-1) (r-1)
7 2

BCE TPH MOCTARJEHHHIX Bhillle YyCJOBHS. (x-1)

TlokaxeM, 4TO W AJS KBanpaToB paHra R !

MOXHO YCTAHOBUTH Tpebyemyio Hyme- 0)
pauuio. a)

Jlns 3Toro Mm npewsme Bcero, pas-
. (k—1) .
Ouban  kpanpat Q! Ha uernipe pas
ubie uyacTd, ofossaumv uepes QM Ty M3 mHux, KoTopam comepwwT
Touky O. Cnenas 370, Mbl Pa3/IHYAM B4 BO3MOKHBIX B3AUMHBWIX Pacrio-
Aowemus kBanapatoB Q¥ m Q¥ -V, ykasasnbx ua puc. 4. B cayuae a)

Mb Tiepenymepyem  kBampate  Q® nns i=1,2,3,4 no oGpasuy,
yKasanHoMy Ha puc. 5,a, a B cnywae 0) —no obpasny puc. 5, 6).

Puc. 4.

) )
A T A I

(r} (%} (r) (x}
f) 2 & 4

a) 4)

Puc. 5.

Slewo, wto B oGoMx cnyuasx niobas napa ksanpatos Q® n Q}’j}‘
(i=1, 2, 3) 6yner o6Gnanate o6uleii CTOpoHOH W uepe3 Q" Gyner

ob03HaueH KBanpart, CTOPOHA KOTOPOrO SBASETCS NOAOBHHOH CTOPOHH
kBanpata QU —1,

JlonycTin ke, uTo Ans wekoToporo m (1 << m << 4% ' — 1) nam yxe
yaanoCb NEPEHYMEpPOBATbH KBAJAPATHI

Qh, @B, ..., Q¥
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TaK, UTO J0Oble JBd M3 HUX C COCELHHMH HHKHUMH MHAEKCAMU HMEIOT
oflLyl0 CTOPOHY, U uepe3 Qﬁ’g okaszaics o003HAYEHHKIM KBALPAT, CTOPOHA
KOTOPOTrO SIBASIETCH YIOJIOBUHOM CTOPOHHW KBajapaTta Q,(:_;;). Torna camo
coboll onpeflenseTcs, KaKas UMEHHO U3 4YeTBepTeil kBaapata Q,(:;:) JOMKHA
n0;1y4uTh 0003HAYEHHE Q(:;),+1—3T0 OyneT 4YeTBepTh, KOTOPas WMEeT
obutyo ctopory € Q®. Octaetcs ykasaTh HyMepaumio AIs OCTaAbHBIX
TPEX UETBEPTEi fo_r_l’). Ecan m—|—-1—_—4k", T. e. ng;l’) €cThb 11 0-
caenunuit w3 kBampatos paswra k— 1, To #Hamo 1o3aboTHTLCH JHLUIb O

[} [24]
Oim-z Gumes

i [ () 1x)
Uamar 04/77{4 Utm-z 4m+d

0 n-1§

m+2

(n (x}
U4m.)1 04”’44

(#-1)
n+2

0)

Puc. 6.

TOM, 4TOOH YNOMSHYTHE YETBEPTH, UMEIOLIMe OBULYI0 CTOPOHY, NOAYYUnM
coceaHue HOMepa, YTO HUKAKUX TpyILHocTell de npemctapsanet. Ecan e
m-1 < 4% 10 nmeno Gymet o6CTONTH CrOWHEe. 37eCh HAM NPULETCH
Pa3/MYUTL JBE BO3MOXHOCTH B3aHMHOrO PaCTIONOWEHHS KBAIAPaTOB Qﬁ? 1
U Q}f_;;): a) oHM cocencTryloT, 6) ouuM He cocenctBylotr. Obe 3TH BO3-
MOYWHOCTH CXEMaTHYECKH YKa3ahw #Ha pHUC. 6, rfie OMHOBPEMEHHO C 3TUM
NoKa3aHa W Ta HyMepanus, KOTOPYI0 CleLyeT TIPHMEHUTb.

Takum oOpazom, Bcerfia MOXKHO OCYL(ECTBHTb HyMepauwio, YIOBIe-
TBOPSIOLLYIO BCEM TPEM TMOCTaBJIEHHBIM TpeBoBaHUsM.

Kak ¥ B cayyae OTpPe3KOB, pacCMOTPEHHBIX B 1. 8, COOTHOLICHHUS
l<p<4k n 4p—3<Cg<C4p MMEIOT CJIGACTBUEM BKJIOYEHHE

(] (=+1)
QP> QF+m.

3ITO HETNOCPEACTBEHHO CleAyeT W3 CROHCTRBA 2) Hawed HyMepauuu.
Ho Ttorma Bcsikas GeckOHeyHast NOC/IEIOBATENLHOCTb HATYPANBHHIX YMCE

iy €y Ly veny
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8 Kotopol 1<<i =<4 n 4i, —3=Ci, , <4, 3apmaer nocneaoBaresb-
HOCTb BJAOXKEHHWX IPYr B JApPYyrd KBAAPATOB

Qz('.l) ) Ql(:) ) Q,(._;") O...

¥ TEeM CaMhM ONPEenensieT eAHHCTBEHHYIO TOUKy (X, V) HCXOAHOrO KBA-
npata Q.
Mbl Oynem nast 3TOH TOUYKM TNPUMEHSTDH 3annch

(xo7 yo): < in i21 igv .. ->)

HCHONDb3Ysl JIOMaBbBle CKOOKH IIR OFfMYWs OT paHee BBENEHHOH 3anucd
[iys iye @5y - - - ] OBO3wauaomeir Touky otpeska [0, i].

Becbma cyuecTBeHHo, 4TO Kawgas Touka (x,, y,) € Q nonyckact
TaKyl0 3aNHCh '), MOCKOJBKY OHA fBISETCA NEepecevyeHueM CTArHBAIOLIGHCS
CHCTeMH BJOWEHHBIX JPYr B JIpyra KBaipaTOB BO3PACTAIOLMX PaHTOB.

5. Tenepb ML MOWEM [OCTPOMTH HHTEpeCyiollHC Hac (ydxuny @ (f)
v D(#). Mmenno, B3fiB nPOU3BOSbHOE t, € [0, 1], 3amuceBaem sTO f, B

¢opme

l‘o:[ll, i,, i, J
K P4CCMATPUBAEM TOUKY

(Xg, Vo) =Kiy, £y £y oo D

PewawwmM A0 HajabHeHIiero sisAseTcd TO OOCTORTENbCTBO, UTO
moura (X,, ¥,) noAHocmsio onpedessiemcs mo4roit t,. Wuwyu crioBany,
ecan Lae TouKa f A0NycKaer He OJIHy, a IBE 3aIHCH BHIA [il, Iy, lyro. -
To 08e HTH 3aUNCH OPHBOAST K OAHOH M To# we Touke (x,, V)

m
B camov nene, npe 3anuCH AOMYCKAi0T TOUKYM BHIA 55, T 1==m<4"

u m e nemtcas Ha 4. Kax M punennm BuHLUE, 3TH 34MUCI TAKOBHIL
i iy o ovs dyy_yy my 4m, 16m, .. ] n | [P S S m-1, 4m4-1,
16m-+1,...]. Tlycro we

Chyy lgrevny by oty 4m, 16m,. .. >=(x, 3,),
Ly lyrew sy yym-1,4m-4-1, 16m--1,...>=(x,, ¥,)-
Torpa npu #1060M HaTypanbHoM r Oy.deT
(XY} € QUED, (X, 3,) € QRN

1) HekoTopbie H3 TOUEK (X, ¥,) JOMYCKAIOT TOALKO OIHY TaKylo 3allHCh, a He-
gKoTopble Hecko.bko. Hanpumep, Touka (7)—, —‘-)-) , OUEBHIIIO, MuKEeT ObITb 3alH-
cand ueTH Pb M crnocobaMu:

1 )
(% 7) =<1, 3,...0=¢28,...5==¢3,9...>=0& 14,..D

/
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Y xsanpatop QU t" u Qi';é—;_)l COCE/IHUE HUWHHE HHIEKCH, ¥ MOTOMY

STH KBALPaThl UMEKT 0OULyI0 cTopoHy. Ho IiuBa CTOPOHW Kawaoro us
mx ectn 2°Y Otciona

1—(n+ry
’xz — X ,< 2 ’
I BBUAY TPOM3BONBAOCTH f OKaldLIBaeTCH )C = x AHaﬂOl‘H‘lHO H _)’ —yl

Crano OwTb, o€ 3auucH TOYKHM f, NPHBENM HAC K ORHOM M TOil ke Touke
(X, Vo). Tlonowus

¢t)=x, G{t)=y,,

MH OfHO3HauHo onpencasem Gynkuud ¢ (f) u D (f), npuuem camo co6oIO
#CHO, 4TO MuOWecTBO M Touek Buma (g (f), u(t)) TOKAECTBEHHO C KBa-
apaton Q). .

6. OcTaetcs yGenuThCs B HENPEPHBHOCTH (YHKIWH @ (f) 1 L(h.

C 510l neaplo pacemorpus  ase Kakme-inGo Ttouku tow 7 w3 [0, 1].
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W [OCKOABbKY 06a uucna i, W j, HaTypanbHbi, #CHO, 4TO i, W j, subo
cosnanatot, anbo CyTh CocelHue HaTypaibbhie uucna. Ho cnpasennusmi
BKAIOYEHUS

(¢ (), SNV EQP, (91, S EQP.

KsanpaTh Q}l’:) " Q}? auBo COBMaNaIoT, NHGO UMEIoT OOLLYK CTOPOHY.

Jlndna ke CTOPOHW KamJoro w3 HUX paBHa 2%, Crano 6bith, u3 Hepa-
pedcTea (%) BHITEKAIOT HEPABEHCTBA

l‘;’l(t')—l_ﬂ(f")l<21_k, Itp(f')—'\?(t")lézl_k-

Tenepn yiMe JCrKO 3aKOHYHTH paccykaenue. B camom nene, BasiB
nponsgosbioe & >0, HaxoiuMm cTosb Oonbuioe &, 4TOOH 0Ka3anoch

21 ke,

lonaras 4~ %*==42, suaum, uto Hepasenctro | —¢"|< ¢ obecnedusaer
HepaBeHCTBa

2t —o | <le 90— ()| <ls,
yeM M JIOKA3aHa HENPEePLIBHOCTL oBeux dyHkuMid ¢ u P

7. B 3akaiouenne Mbl IpelnaraeM uYuUTaTeNl0 HECKOJbKO 3anay, CBs-
3aHHLIX C HU3JIOWEHHBIM MaTepuanoM.

1. Touka (x,, y,) xpupoit x =1 (f), y=1=0(f) nasniBaeTca KpaTHOil,
€ecid cyulecTByeT Goibllle OnHOro 3Hauedus f, ans koroporo @ (f)=x,,
4(1)=y,- Econ Taxmx 3zHauennl { uwmeercs POBHO p, TO TOUKA (X, V,)
HasniBaetcs p-kpataoit. JlokazaTth, uTo nocTpoenHas Buiue kpusas [leano
He UMEeT pP-KPATHHX ToYeK mpu p > 4.

2. Jlokazath, 4TO Ha HOCTPOEHHOH KPHUBOH HMEIOTCH KaK HEKpaTHbe,
TaKk W p-KpaTHbie Toukd npu p—2, 3, 4. B wyacTHOCTH, TOUKA (—1)— , %)
TpexkpaTthas ‘). )

3. Jokasath, 4T0 Ha BCAKOH (a He TOJLKO HA MOCTPOEHHON BhIlLE)
kpupoli [leano o6si3aTesbHO HMMEIOTCH KPATHHIE TOYKH.

4. Tloctpouts npocTpaHcTBennyio kpueyio lleano, T. e. 3a-
nate wa [0, 1] Takue Tpu nenpepwsubie Gynkunn g (f), Y (1), y (£), yT0OH
MHOKECTBO BCeX Touex Buma (w(f), &(f), y(f)) cosnanc ¢ xyGom
KO=x=<1, 0<y=C1, O0=Cz=C1).

) Murepecto, uto caM [unb6ept Ommbouno yrsepwnan (LMT. cod., cTp. 460),
4TO Ha HUCTPOSHHOH WM KPHBOH HMeioTCsl (MOMHMMO HeKpPaTHbIX) Jilllib ABYKpaTHbIe
¥ YeTbIPexKpaTHbIE [OUKH,



CTAPHHHBIE MATEMATHYECKHE SHLHUKJIOMNEMH

Ilepsvie nevammuwie asamesmamuuecrkue SHUUKAONEOUU NOABUAUCH 60
emopoit noaosurne XVII eexa. [No-eudusrtorty, ux mupasxcu 6uall HE8bLCO-
Kuiu: Kpome moz20, 3mii hHUZIE NOCHIOSTHHO HAXOOUAUCHL 68 patome, He
3ANeHCUBASACE HA KHUNCHOLX noakax. Bom noweaty cpasHumeavHo mano
AK3eMNASIPOs MamemamlivecKux snuyuraoneouii. XVII sexa coxparuarocey
00 Hawux Oneit. U6 ux pedrxocmit MONCHO cyoumv xoms 6st nO MOALY,
ymo uzsecmuutit ucmopuk smamesmamuxuy Mopuu, Kanmop, Ha3wsisas mpi
OpesHellux MamemMamuiechiix ca08aps, He daem ux noopo6HO20 oniica-
HUA, MQK KAk HIL OOHY u3 3mux KHlU2z OH caix He sudea. Peuv udem o
caedviowltx mpyoax:

1) Lexicon mathematicum, astronomicum et geometricum, cocmas-
NeHHbtit  MOHaxor-meamunuear Heponuatont Bumaae (I Vitale) u us-
Oanuuiit 68 1668 2. 6 [lapuxnce; 2) Jlexcuron [Aawcoszegpa Morxcona (J. Moxon),

P e e -

LEX CON

MATHEMATICVAM,
Hag FLA¥
Rawum amoiee pd eoippion plsne 3t omy
SFuDgIss Whode et vel s shefle
fpefieniurnm,

COLL 0TI, BT SXRLICATIO

Srsomens Trmsnt pasxg JOtSeronm- (x s soem (s 1y tbiag 5
s vismbs caspmws. Fogus K5 preestngoton Friucipiy Provng
Drooran @y o eXam s o8 QIF Y6 Brotus K SRpigey ,
Datrinsjeatitanin s pHRIFEY . W 2t ¥,

Jihraaisoms . o ghavwse Vorvanss

PR R fepeffigeasegrs .

k2 Ve posr anrdnbed

- RV APRIVIVAM 3 L1 80 TIARF M
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L E 840 Thow YT ey ® 0 TF
iﬁ‘«"“« VI L VISR TR T Y FOMe, 3015 BT 1pUens 106K WANRALL .
s ANNRBG MDPLEG,

LEXWCON  MATHEMATIOM ™ T s sfonder,  —

Sn
s — R ot

DpPOHTHCIIHC ¥ THTYJABLUBIH MHCT Jekcukona Burtaau

usdannnii ¢ 1680 2. 6 Jlondone; 3) Dictionnaire mathematique Miaka
Osanama (J. Uzanam), nanewamannuwiii 8 1691 2. 6 [Tapuce (6 moit axce
200y 8 Aatcmepoaate).

Mot urteem no0 pyrkaru 3di3emnasip nepeoii (npasda, 8 usdauun
1690 2.) u mpemveil u3 3mux KHilz I pPACCUILMBIBACM PACCKAZAMb O HUX
Ha cmpanuyax «Mameatamuueckozo npoceewenusy. Ho & Huyv nyxcno
O0o6asump eute Halb0aee OOCMOAMEAbHYIO MAMEMAMUUECKYIO SHUUK.A0-
neduro XVII sexa. Smo «levenasan nHayvkay (Mathesis Biceps) uewckozo
enucrwona Kapamyensn, usdaunas 6 Kamnaumuu (Mmaaus) e 0svx 6oae-
wux moatax in folio scezo Osymsa 200amu noszce kHuzit Bumane. He
sdasasice 6 noOOpPOGHOCMU, Omyemuny, 4umo wHuza Bumaae npedcmasasiem,
gelicmsuumeAbHO, AEKCUKOH, 20€ 6 aAPABUMHOM NOPAOKE pACILONONHCEHDL

OKOHYAHHE HA CTP. 266




BbIYHCIIUTEJILHBIA JIABOPATOPHbBI TPAKTUKYM
[0 KYPCY BBLICHIER MATEMATHKU BO BTY3AX

JI. 3. Pymiuuckuii

(Mockga)

B uHXeHEPHYIO TNpaKkTHKy BCE Conblie ¥ rayGwe BXOANT BHUUCTH-
TenbHafl TEXHWKa, M WHXKEHepY BCE yale NPUXOAUTCH M0/b30BATHCSK
METOJAMM BhiYMCAHTENbHOH TexHUKW. CTyneHTH MialluHX KypcoB BTY-
30B, M3YUAIOIMe Cefiuac MaTEeMaTHKy, 4epe3 3—O NeT npULyT HHKeHe-
pPaMy Ha NPCU3BOACTBO; €CAM OHW K STOMY BpeMeHH He SyayT BlaneTthb
XOT O OCHOBAMH BHIYHCIHTENBHOM MATEMATUKH, TO OKAXKYTCH HErNon-
pouennbiMu padoraukamy. HyXHO noaroToBuTh CTYAEHTOB K 3TOH CTO-
poic WX Oynyuiell IesiTeNbHOCTH; 9TOr0 MOKHO HOCTHYb, BO-NEPBHIX,
NepeCcTPOUB [IPENOaBaHue Kypcd MATeMaTHMKM BO BTY3dX, a BO-BTOpPHIX,
BKJIIMHE B yyeOHne niaHbl BCEX TEXHMYECKHMX creumanbHoctedt npo-
XOMIEHHE JIHKna NabopaTOpHbIX BHIYMCIAUTENBHHX paboT ¢ WCNoib3oBa-
HHeM XOT# Obl npocTeHilell BHYNCIUTENbHON TeXHHKH.

Yxe B 1960/61 yueGuom romy BO MHOrHX BTY3aX BBENEH BHIYHCIH-
Tespublfl  nadopaTopHbli  MPAKTHKYM; A €r0 TNPOBENEHUS CO3IAI0TCH
MaTeMaTHYECKNE JabopaTOpUH, KOTOPHIE JONKHLI OhiTh O0ECTieyeHbl BCEM
HeoOXoAUMBIM OBOpPYyIOBAHHEM, HAYUHas C [POCTEHIINX BbHIYHCINTEAbHBIX
CPelACTB M KOHYasl 3NEKTPUYECKUMH KAABMIIHBIMK CYETHHIMH MallHHaMu
¥ MAJTHMM SIEKTPOHHLIMM MATEMATHUYECKHMU MarimHamu ).

B MockoeckoM 3HepreTHueckom uHcTHTyTe (MIUM) yiwe ¢ 1950 r.
npu kadenape BoCUIeH MaTeMaTHKH paboTaeT MaTemaTHuyeckas nabopaTto-
pusl, M BCE CTYIEHTH Ha MEPRLIX KypCax BHIOAHAIT oT S no 8 naGo-
patopubix patot. Oumpasice #Ha onwt MOIHW, # ocrasoBaioch 3iech Ha
HEKOTOPHIX BONPOCAX [MPErofaBaHusl BHYHCIUTEABHOH MaTeMaTHEH W
NPOBEJIEHUS] BHIYHCIUTENHHOrO NPAKTHKYMA.

Y Cm. «Matevatuueckoe npocseliledued, Bl §, ¢rp. 219—221.
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1. YHCJEHHBIE METOJIbI B OCHOBHOM KYPCE
BbICILHEN MATEMATHKH

B GosbluMHCTBE BTY30B HET CHENMANBLHOLO Kypca BHYHCIUTEALHON
MaTEeMaTHKHW, W BBeJiEHHE TaKOro Kypca BpsiA JM nenecootpasno. Heob-
XOAMMbIE CBEJIEHHUS O YHMCJAEHHBIX METOAaX MOKHO (¥ HywHO!) COoOOLIHTDb
CTYJAEHTAM B OCHOBHOM KypC€ MaTeMaTHKH. YuuThBas Gonbluyld Hanps-
WEHHOCTb 9TOTO KYPCd, Mbi BHIHYWIEHH OTPAHKYUTBLCH NHIUb HeBONbIUIMM
KOJMYECTBOM METONOB, TECHO CBA3aHHbX ¢ Kypcom. Ho kawnmiéi mana-
raeMbii METOA Halo «JIOBOAWUTH IO uYuCaa», obpanias ocoboc BHHMAHUE
Ha TNPAKTHYECKYHD CTOpPOHY pefla, TONYEPKHBAs TAKHE BOIPOCH, Kak
OLIEHKY TNOrpelisocTH MeToNd, BO3MOXHOCTDL [MPUMEHEHHR Pa3JUuYHBLIX pac-
YETHBIX CXEM W BHLYHCIUTESbHbLIX CPEACTB W T. II. I/I:marathle METOAbl
JOMKHL ORITb JNOCTATOYHO NPOCTH, YTOOB CTYNEHTH MOIAH WX JErKo
OCBOHTB; B TO e BpEM§l OHM JIOMKHB OHTh M HOCTATOUHO 9hdeKTHRHL ).

IlpuBeny Heckonbko NPUMEpPOB.

1. Jloka3nipas Teopemy «HernpepbisHas ¢Gyukuug f(x), uMeroulan
3§ayennsl pa3HbiX 3HAKOB Ha KOHUAX OTPe3Ka, [oMKHa OOPaTUTbLCA
B Hynb TAE-TO BHYTPH OTPE3Kd», MeNecoodbpa3Ho TyT WE yKa3aTbh Me-
Toa npo6 («BuikM») peliexuss ypasuenuss f(x)=—0 (ero mowso WAdO-
CTPHPOBATD, HANPUMEP, BLIYHCJIEHHEM KOpHAl ypapdedusi x° — x — 1 =0,
siexauero Meway x==1u x==2, ¢ Toudoctbio no 0,01). asee, upu
H3NOWEHUN METOHOB XOPA W KacaTeNbHbIX 101€3H0 CPAaBHUTbH 3TH Me-
TONH N0 HX 3(QEKTUBHOCTH Kak ¢ MeTonoM npob, Tak M #Apyr ¢ #py-
rom. Ilpy 3ToM rmone3Ho yKa3aTh Pa3THUYHBIE OUEHKH MNOTPELIHOCTEdH
METOIOB, PA3BSICHUTL BOMPOCH GHICTPOTHl CXOAUMOCTH, OCTAHOBUTHLCS HA
BHIYMCJAHTENbHBX OCODEHHOCTAX KawJIOTO METOAd, OTMETUTb YHOOCTRO
NpUOAMIKEHUs] K KOPHIO € JIByX cTOpoH. CTONT paCCKA3aTh TaKkKe O MOJLU-
¢urauusix merona Heiotosa W MeTona Cekyu(Mx W UOSICHHTb KPHTEPHH
BLIOOpPa METOMA NpH pelICHHH KOHKPETHOrO ypasHenus ).

2. B wHTerpanbHoM HCYMCHEHHH PA3JHYHBIE CIyYad UHTErPHPYEMOCTH
B 3JEMEHTAPHbIX Q)YHK[H‘MX U HEKOTOpHLIC HCKYyCCTBEHHBLIE TIPHEMBl HHTE-
TPUpPOBaHHSL IO CHMX TMOP 3aHuMaloT ©Oosee 3HAYNTEeNbHOE MECTO, YeM
NPUONMKEHHBIE METONL BLIUUCJIGHUS WHTErPasa, XOTs 1OCHeIHHe Topasio
BaxHee A Oyayulero mekenepa®). ITO COOTHOLUEHME CenyeT u3Me-
HHTb B 10Nb3Y NPUOMMKEHHALIX M OCOOEHHO YKCAGHHBHIX MeToHoB. [lpu
9TOM HEJb3§l OrPAHKYUBATL H3NOMKEHHE TONBKO BHBOAOM (OpMyJs (npsiMO-

Iy Ilpn 3TOM Hamo PasbACHUTHL CTYAEHTaM. YTO MOHHMAETCH MOI s dexrTns-
HOCTBIO MeToja.

%) Bpems Na u3nOXeNnHE STUX BOMPUCOB MONKHO BBLIKDOHTb, CTKA3aBIUIHCH OT
4ero-1M6o Metiee CYLLECTBEHHOTO, HANpUMED, OT M3JHIIHE LeTalbHOLO HCCIEI0Ba-
HHUfl JIOKAJIbHOTO TIOBEXEHHUs YHKLMHA.

?) He rosopst y%e 0 TOM, UTO €CHM HIIKEUEDY MOHAZOOHTCSl HaXoMieliHe
nepsooGpasnodl Qyuxumy B Golee WK MeHee CJOWHBLIX ClyyasX, OH BCelja
NpeanoyTeT NUJb30BaThisl CMPABOYHHKOM.
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yronbhukop, Tpaneuwii n ChMncona) — Hago0 M3narath W COOTBETCTBYIO-

e METOAH pacueTa, HMIOCTPUPYs HX YHCJOBBIMH TNPUMEPAMH,

cpapiuBasi ux 3(QEKTHBHOCTb, YKa3wBas Ppas/M4pbe OUEHKW COOTBET-

CTBYIOIWMX TmorpelnocTeil. Bawdo, nanpumep, nNOAYEPKHYTDh, 4TO XOTH

veton CuMIicoHa He ClioxHee MeTofd Tpanelui, oH JaeT 3HAYUTENbHO

607€e BEICOKYI TOUHOCTB. YUHTHBAS Ba}HOCTH (OPMYIibi Cumricona npu

yucneHHOM uHTerpHposanuM  IudQepeHiHasbHEIX  yPABHEHHA METOTOM
X2

Munta, pe CneayeT OrpanHYMBaTLCH GOPMON Sy dx = %(yo—i—élyl —+.h
Xo

a crelyeT NpUBECTH Takwke M mpyryio ¢opmy:

X2
Jras=n(mtgav) =ty

Hano narp ykasatne o BhiOope wara /2, o snope CcXemb pacuera njsl
3ana4 ONpEeNeNEeHHOr0 ¥ HEOMmpe/eneHHOro MHTErpHpoBatus.

3. B pasnene «Iuddepennuaibpnie yparnesns 1-ro mopska» Takwe
CIMILKOM MHOFO BpEMEeHH YAENsiOT THNaM ypasHEHHH, pellldeMbiX B KBanl-
patypax, ¥ HE YKa3HBalOT S(QEKTUBHHX UKCIEHHHX METOMOB. OgniuBo
OrpaHNYNBAIOTC  M3JOWEHNeM JMIlb  #Haubonee MPOCTOro  UMCACHHOIO
MeToma — metona Oinepa. Cnenyer cefiuac e nocsie 3TOro MeTona
(T. e. Ha oiHOHK W3 MepBHX JEKUKH 10 AuddepeHunanbHbIM ypaBHeHusnM)
naTh KakoH-1uGo noctatouso 3¢(EeKTHBHLIH METON YHC/IEHHOrO HHTErpH-
POBAHHR, TOSCHUB MPOCTHIM [IPUMEPOM HETOCTATOYHYIO S(EKTHBHOCTD
metona Oinepa. Kak nokazmsaer onmt M3M, stum 3anadam nywqwe
pcero otseuaetr wmerton Muina'); od moctarouso sgipexTiBeR, ABJAAACH
ONHMM M3 IyYIIMX METOJOB, N0 KpaiiHeHd Mepe, npu pyuHoM cuere; C Apy-
rofi CTOPOHH, OH O4YEHb NPOCT M N JNEKIHOHHOrO HM3/I0XEHHH, []e €ro
nerko yesizath ¢ Qopmy:io Cumicona, u nns 5a60paTopHbiX PacueToOB.

4. B paspene «Panp» M3yuyeHHid NPU3HAKOB CXOIMMOCTH YyHEJSIOT
ropazno OGOnblIe BHEMAIMS, HYeM NPHIOWEHUI0 PSAOE K NPHOIIMKEHHBIM
BLIYMCIGHHSIM, BOMPOCAM ONEHKH OCTaTKa, ObCTpoTH cxonumoctH. Cne-
AYeT NEePeKiouNTh BHUMAHKHE MMEHHO Ha ST BOTIPOCH M, MOXET GHTD,
Jae NaTh METONM yJyullleHus CXOMMMOCTH. Bo BCSiKOM criyuae Heod-
XOINMO NOBHTHCA TOro, 4Tobn CTYAEHT MOr € TOMOILbIO PAIOB BhiUMC-
AATH MHTErpan ¢ 3aJaHHod TOYHOCTBIO.

2, MPOFPAMMA BBIUHCJHUTEJDBHOI'O MPAKTHKYMA

STa mporpaMma JIOMKHA COMEPXATb N0 KpahHeH Mepe creaywoume
4 wm 5 ochoBHmx JnaGopaTophbix pabotr: 1) cocmasaenue mabaunbi
dynrcyuii no 3adanHoil opmye (c 3Q0QHHOL MOYHOCMBIO) C NPUMEHERIETS

) CM. KHNTY, YKa3aHHYI0 B CHOCKE Ha CTp. 242.
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npOCMeliuX BbIMICAUMENLHBLYX CPeOCM8, 2) HUCACHHOe pelueHie ypas-
HeHusL ¢ oOHUM HWeu3gecmHuiM, 3) npubausicennoe BuuucaeHue ornpe-
OCeHHbLX UKMezpasos, 4) wiicAeHHOE UHMezpuposanue O06bKHOBEHHbX
oughghepeHyiaabhblx  ypasHentii 1-zo nopsidka, w (B0 BTy3ax ¢ 00b-
€MOM Kypca maTeMaTHku ve meHee 360 uacoB) 5) pewenue cucmemv su-
Heiinblx ypagHenuil. Csepx 3TOro o6s3aTeNbHOrO MHHHMYyMA, B nporpammy
MOKHO BKJIOYMTL W JOMOJHHTESbHLIC paBoThl B 34BHCHMOCTH OT Cle-
LMANbHOCTH (HAGPHMED, IapMOHHYECKHH aBANM3 € [IOMOILbIO IHAGJIOHOR
Wiy upnGOpoB, 00PaboTKA SKCMEPHMEHTANbHHIX NAHHLX, yrnoTpebicHue
HOMOIPaMM PA3JMYHLIX THIOB M T. 1.).

B nporpamuy npaktukyma nonkHb, ecTeCTBEHHO, BOHTA W npasuia
BorucAenull ¢ npubauscennbimy yucaaant. Onpako BpSa A 1e7ec006-
Pa3HO TOCBSAILLATL STHM [IPABMIAM CTIEUMAbHbE naBOPATOPHHIE 3AHSITHS.
OcHosrble cBENCHUS O NPUGAHKEHHHIX BHUKHCICHHAX MOKHO COOBLHTD
M Hd NpAKTHYECKHX 3aHATHAX MO KypCy MaTeMaTHKH, a 3aKpensienue
COOTBETCTBYIOLLMX HABHIKOB  JIOCTHCAETCH  TONBKO  HENpPEpLIBHLIM
BHUMAHHEM K 9TUM BOIPOCAM [PH  BHIIOJHEHHH BCeX 7nabopaTOPHBIX
padort ).

O6u1ast nporpaMMa  BRHYHC/INTENBHOTO TIPAKTHKYMA (6€3 CrietHanbHmnx
pabot) shirngaur 8 M3U npumepso Tak (B croBkax ykaszano wuyucno
JNBYX4acOBbIX JiabopaTopHbiX 3anaTHH):

1) npaBuia UPHOAMKEHHBIX BHIMHCIEHHEH (na opHOM mnpaxkTRyeckom
3aHATHH);

2) cocraBnesve Tabruuel QysKUMI ¢ 3a7aHHOM  TOYHOCTBIO ¢ TIO-
MOLIBIO CUETHOM NnHeHKH, apudMOMETPa M MATEMATHHECKUX Tabnnn (2—3);

3) peluende ypapHeHu#i CloCOBaMM XOPA M KaCaTeNbHhX (2);

4) pellenue cucTemhl JHHEHHRIX ypaBHERHH MeTOAOM laycca (1);

3) npud/MKEeHHOe BHLIYHC/IEHHE ONpeiesieHHbX HWHTErPanoB 1o $op-
mvyne Cumncona (1);

6) npHMeHeHHe INAHMMETpA K BHIYUCIEHHIO HHTErpanon (1);

7) uncnendoe upHTCrpHpoBanne nuGQepesIHanbHOro ypasuennss 1-ro
nopsiika mMetonoM Munna (3);

8) Buiuncienne 3nadeHuit GYHKURE M UHTErPanoB ¢ HOMOLLBIO Cre-
NIeHHbIX PHAOB (Ha JBYX NPaKTHYECKHX 3aHATHHX);

9) UPHOIMIKEHHHIH [aPMOBKHYECKHE AHANM3 C [IOMOLLBIO WAGNOHOB (1).

Ha xadenpax maTeMmarskd 4acTO BO3HMKAET BOMPOC O TOM, KOrna
Ay4lle MpoBOAHTL T€ WM wibie jaadopaTophbie pators. C TOYKM 3pe-
HUSl CBHI3H TEOPUH C MPAKTHKOH Obiio 6bl XOPOLLO, ecnu Obl BHIMOJIHEHHE
KaXJlol paboThi COBNANAN0 NO BPeMEeHH C M3yYEHHEM COOTBETCTRYIOLLEro
paziesa kypca. Ho torma paborbi OyayT pacimiieHbl no BCEM CemecTt-
PaM; 3TO MEWIAET 3AKPEI/IEHMIO HABHIKOB CTYIEHTOB K PACYETHOH pa-

') DT0# WKC LenM MOKET CHYWMIb ¥ COeunanbllas MaMsTka MO 1pPHEIHIKEHHDIM
BLINUCIEHNAM,  KOTOpPasi  BBUIAETCA  KaXAOMY  CTYAEHTY [NPKH  [POXOKACHHH
NPAKTHKY Ma.
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Gote. Onuit M3OU nokaswiBaeT, 4YTO TOJE3HO TPYNNHPOBATH paboTH N0
POLCTBEHHHLM MeTOMdAM. HanpuMep, MOXHO BbUleNUTh B OTIENb-
Ml KOMOZIEKC paboTH 10 HATEPNONSIUHY M COCTABICHHIO Tabnvy QyHK-
auil, 1O NPHOMDKEHHOMY BHIYHC/ICHHIO HMHTErpanos METOLOM Cunricona o
110 YHMCTEHHOMY HMHTErpHpOBanuI0 JAuddepeHuuanbibix ypaBHIHHH METOJOM
Muna. STO MO3BONAET 3aKPEMUTh y CTYIEHTOB HABHIKH 1O MPUMEHERUIO
taGamy ¥ TaGAMuHBX PAa3HOCTEH, M0 YUCHEHHOMY HHTErpUpOBARMIO. [lpak-
TMYecKH MOXHO CcHenaTh TaK: CHauana JaTh PaboTy Ha COCTaBACHHE
Tabnuue QyHKIME f(X) ¢ HEeKOTOPHIM 1UAroM; 3ateM IPEANOWUTH COCTa-
X

BMTH TabiMlly 3Hauenui unrerpana ot 3ToM we (PyHKIHI Sf(x) dx ¢

a
nomouiblo dopMyas Cimncona (npuueM BOUpOC O wiare HMHTETPHPOBANMS
pellaeTcst yme B 33BHCHMOCTH OT  BEIHUHHbLL pasnocteit 4-ro nopsiaka
rabmuusl f(x)); Hdanee mpesIONUTbh BHYUCIHTH KakoU-Hudynb orpene-
nennni vaTerpan or f(x) C TNOMOILBIO HHTEPNONAUNH cocTaBienHoit Tad-
e HEOTIpeJENIeHHOr0 UHTEerpana; nakosey, AaTh paboTy HA YHCIEHHOE
pnTerpupoBanue audepeniHalbHoro ypaBHeHis METOLOM Munna (¢ uc-
nonpaorannem Gopmyas  Cumncona B KauecTse (opMyNBl  yTOYHEHUS
1 C npuMeHendeM QOpMyNsl UHTEPNOJALMN HA CEpelnny UpH yMeHbIIEHHH
miara pacueta).

3. IPOBEAEHHE JABOPATOPHBIX 3AHATHN

Jlns TOro yTOOH MPHBHTH CTYJIEHTaM HaBbIKk B Opranusauit npo-
Be/leHII BHUNCAUTENbHOK PabOTHl, Pa3BUTh Yy BHX CKYNBTYpy CHeTa» H
o6yuntb HX paboTe Ha CUETHHIX MAIHAAX U npubopax, HywHa 4eT-
kasi opranusanus JnaboparopHnX zanaTtni. Crynenty
JaeTCs OfpejAEneHHue 3anaHie M YyKashBaeTCs METOX pacuera ). On
JOMKEn CyMeTh COCTABMTb CXeMy pacyeTa, yCTaHOBHTH TOPRILOK BHIUHC-
sepali 1 TIOPSIAOK 3alCH MX PE3YNbTATOB, OLICTPO, SKOHOMHO M [pd-
BUJIBHO NPOBECTH BHLIUHC/ERHS,, OUEHUTH HX TOYHOCTD.

CTynenTH HOMKHB BHIIOJAHUTD BHIYUCAUTCAbHYIO 4aCTh paGoTH B NO-
MeLeHHd 1a0opaTOPHH MOL PYKOBOACTBOM OfIHITHONO mpendaasaTens. Ho
1a6ODATOPHOTO 3AHATHS CTYJAEHTEL JIGJINKHLL 1POJenaTh CaMOCTORTEALHO
BCIO MOACOTOBHTENbHYIO pabOTy: O3HAKOMHTHCS C BHIMHCAUTENBHLIMH OCO-
GenHoCTsiMM METOAa pacdeTa ¢ ¢ BO3MOXHBIMH CXeMaMmMu pacuera, ysac-
HUTH NOCTABJEHHYIO 3a4a4y H TIOACOTOBUTH ee K pacueTy 1o BLIOpaHHOH
(M 3amanvoit) CxeMe, NOArOTOBHTH pacyeTHHiH 6navk anst paboTwl, a
ec/lM HYXHO, TO H rpaduuecKyio 4acTb paboThl (nanpumep, OTIENHTb

") Mpl moka ne CTaBMM Sajauy Hayuuth CTYJ€HTa CAMOCTOATEIbHO
BHIOUPATh METOA pacdeTa — 3ITO YHKe [0 cneyuavho20 NPAKMUKyMa 1a CTap-
KX Kypcax, ecliH Takoeo¥ OyAeT co3jan.
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UCKOMHI  KOPeHb  ypaBrennss  f(x)==0 rpaduyecknm metojom) Y.
Crenenb  MOArOTOBNEHHOCTH CTYINEHTOB K 3aHSITHIO HYHO 00H32TeNblio
NPOBEPSTh, HANPUMEDP, MyTeM KOJNNOKBHYyMa.

HTOOm BLIMOMHUTL YKA3aHHYIO TMOATOTOBUTENbHYIO paboTy, cTyJenT
JOMKEH O3HAKOMUTBCA € OfMCAHMAMH METOJI0B pAacyeTa W UHCTPYKIHSMH
N0 BHITIONHEHHIO Na0opaTopHLX paboT. Beskas nabopatophas pabora
10MK#a GHTh 00ecreyea nevaTHEMH HACTPYKIMAMHE M TI(ATENbHO BhIBE-
PEHHBIMI  3aJanusMu *).

Ha camom 1naGopaToOpHOM 3ausiTHH OCHOBHOE BHHMAHHE HOMKHO GHITH
00palieno Ha TeXHHKY pacueTa, MpaBHIbHOCTh 3arucH IPOMEIIRY TOUHBIX
pe3y1bTatoB W obecredenve  tpebGyemolt  ToumoctH. OCTaHOBAKCD
noJApoSHee Ha HEKOTOPHX MPAKTHYECKUX BOTIPOCAX.

I. Ha nepBuiXx naGopaTOpHbiX 3aHATUAX CTYIEATH, €CTeCTREHHO,
OysyT TONB30BATHCS TOTOBHMI pPACHETHHIMH GnankaMu W 3amoNEsSTh HX
B COOTBETCTBHM ¢ wacTpyKkuneil. Kak mnokaswBaer onuT, 6onbiie Bcero
HESICHOCTEH BO3HUKAeT 37ech B BONPOCAX TOUHOCTH MPOH3BOAUMBIX Bhi-
uncnenunit.  Hamo maywums cmyoenmos c80600H0 opuenmuposamscs
8 npasuaax npubAUINCEHHbX BLIMUCAEHLI, YTOOH COXPAHSTH B KAWIOM
pesynpTaTe JAOCTaTOUHOE HHUCIO 3HAKOB s ofecriedends TpeGyeMon
TOYHOCTH, HO HE COXPAaHSTb JHIUIHUX 3HAKOB, TONBKO YCJIOWHSIOHUX Bh-
YHCIHTENbHYI0 padoTy. 3TOT BOOPOC TpebyeT NPHUCTANbHOIO BHUMAnUS
npenojgaBaTtens.

2. Ha neppmx we naGopaToOpHBX 3ansTUSX NPOBOLNTCS obyuenue
mexHuKe UCNO/AbIOBAHUS NPOCMELWUYX BbYUCAUMEAHLX CPedCmE (Tal-
JHLEl, JIHHEHKA, CYETHme MaliieH). 3TOH TeXHHKOi CTYyJeHTHl OBnaje-
BAlOT, KaK NPABUNO, OOBOJALHO OLICTPO B CaMOM 1fpoilecce BHIIONHEHMS
paboT. JlocTaTouno saTh NMulb CaMbie HEOOXOIMMBIE yKa3auus (M K To-
My W€ BeChbMa KpaTkHe, 4TOOH Jyulle 3alOMHHAMNCh) H N0 Mepe Ha-
NOGHOCTH  KOHCYNbTHPOBATh CTYJAEHTa 10  OT/NENbHHIM  TEXHHYeCKHM
BONPOCAM (Y4TO MOWEr C YCrexoM J1elath M 1a00paHT),— H uepes He-
CKOJIBKO 44COB CTYZneHT Oynet yBepewno pa0oTaTh Ha apudmoMeTpe Hu
9JEeKTPUUECKO#l cyeTHo#t mawmue. J[lpyroe meno — susicHerue csssu
MeH0y BbiOOPOIM MeX LAU UHBX 6bULUCAUMEALHBLX CPEOCHS U mpebye-
MOL MOYHOCMBIO paciema, Q@ mMaKsce u NPUMEHSEMbIM Memodor 6o~
nucsenuil. Ha 9To nyXno cremwansno o6pamiaTh BHUMAHHME, YKA3biBas,
HaMpUMEP, B KaKuX ciyuasx CuUeTHYIO IHHEeHRKY CleiyeT Tfpennoyecth
apuMOMETPY WM HA KAKHX MAUIMHAX MOXHO TPUMEHSTh KOMHAKTHHE
CXeMbl PEIUEHHS] CHCTEM JIHHEHHHX YypaBHEeHUR.

") Omutt M2 noxaskiBaet, 4to Ha Kaxawifl wac pacueTnoil pabotst B Ja6o-
PaTOPHM CTYAGHT 3aTPAauMBaET NMPUMEPHO Yac HA TIOAFOTOBKY K Hejl.

%) Ilo OCHOBHBIM NSTH Na60OPaTOPHEIM PaGOTaM OMMCAHMA METOA0B M HHCTPYK-
uun uMeiotes B8 knure: JI. 3. PymMmuckuil, Bouncaurensnbii naGopatoprbri
npal(lguclym TO OCHOBHOMY KypCY BHICHIEH MaTeMaTHKM A/1f BTY30B, PM3MaTrua,
M., 1961.
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3. Mlpn O3RAKOMIEHMH C PACUETHHIMH CXeMaMd H NOPSIKOM BhIlO.-
HeHHst BOIUMCJAEHHI 1O CEpHAM OJHOTHNHEIX Omepalmit cnemyert obpallaTh
BHUMAHHE CTYJIEHTOB Ha BO3MOXHOCTDb QBMOMAMUSQUUU  BbIUCALMENb=
Hozo npouecca. XOTs B NPAKTHKYME [0 OCHOBHOMY KypCy MaTeMaTHKH
eille HE CTABHTCS 3a/aya O3HAKOMJIEHus C OHCTPOASHCTBYIOLWMI Mallk-
HAMH C DPOCPAMMHEM YTPABJEHHEM, HO MNPaKTHKYM HAL0 paccMaTpHsath
¥ KAK HeoO6XOOUMbIfl 3JeMeHT TrOArOTOBKH K TaKOMy O3HaKOMICHHIO
OCHOBHHIE [PHHLMIEL TPOCPAMMHPOBAHKS {IPH PYYHOM K fipH MAlIMHHAOM
cyeTe OJIMHAKOBHI.

4. Hanzo ©ayuutb CTYIEHTA KOHMPOAUPOBQNL rKaxcowilt aman pac-
sema. Cxema KOATpONs HOMKHA OHITH BKIKOUEHA B CXEMY pacHera. Enge
Baknee yGeauTh CTyneHTa B HEOGXOAMMOCTH CHCTEMATHYECKOTO
KOnTpons Bhuncaenuit. Hanuuue 9QQPEKTHBHOrO KOHTPONS Nno3BosseT
YCKOPUTh BCE BHIYHC/IEHHS, d JIMLIHSH paGoTa, 3aTpayuBaeMas Ha Camblil
KOHTPO/b, BrONHE OKYllaeTCs rapaHTHe# BepHOCTH pe3ynbTard. Hano
1OGHTHCS TOro, 4TOGH, MPOBOAS pacueT, CTyaenT Obl1 yBEpeH B npa-
BIILHOCTH (0y4aeNOro pe3ynbTaTa. Belb He CEKpeT, HTO CTYAeHT
4acToO cBepsieT pemenne sajgaud ¢ oTtseTom. Ho B 3anmauax, KoTophie
OyieT periaTb HHXEHep, [OTOBHIX OTBETOB HET, a HHC/CHHLIE pe3yib-
TATH HE BCErZa MOXHO npoBepaTh nenocpencTsento. (QueHb BaxHo,
yTOOGH ¥ NpenojaBaTeNb HE CBEPs/ PE3yAbTaT C OTBETOM, 4 npuobpen
JOCTATOUHH OMBT AAf OHCTpOro oGHapyWeHus ominb6OK B pacueTe
(mns ®TOro HeoGXOmuMO, YTOOH TIPEnofaBaTeNd  Cami NPOCUYUTHIBAMH
BapHanThl PaGoOT, TNpednaraeMblx CTyHeHTaM). O0xonst CTYJEHTOB Ha
naGOpaTOPHBIX 3aHATHSX W HAOMOLas 33 KOHTPONbHLIMH JAHHBMU, OMLIT-
Huill TIpenofaBaTenb Cpasy KE YKaweT CTYJIeHTY Ha MECTO om0k H
pa ee npuumny. Eciam e npopepsemas 4acTh pacueTa BepHa, TO me-
naTenpro caenaTh 06 STOM COOTBETCTBYIOLLYI0 NOMETKY Ha pacieTHOM
Gnanke, uTOOLl CTyNEHT yBepeHHee ¥ CMeNee LPOBOINI JanbHerini
pacuert.

5. Heckonbko cnoB 06 ogopanenun aabopamopruix pabom. Bymy-
il MEKeHep JIOMXEH yMeThb OQOPMHTH pPacyeTHyi0 WM pacHueTHo-rpa-
¢mueckylo paboTy. W, KOHEUHO, aKKyPaTHOCTh B pacuernoii pabote
Hyxna Gonee, ueM B JOGOR npyroi paboTe: pacueTHuit Onask NOMKeH
OHTh BEHIUEpUCH NO ONpelesennoil Cxeme, Kawuiaoe HUCIO NOMKHO 6HTb
BIICAHO B COOTBETCTBYIOULYID KNeTKy otoro OGnanka. Ho nu B KoeMm
ciiyvyae we Hago TpeGoaTh OT CTYIEHTOB, yTOOL OHU MNEPENUCHBaNM
pacueT «HAa0eno» pajM «KPACHBOCTH» OQOPMICHHS. Bonbile TOro, HauLO
sanpemump mMaKoe Nepenuchigarie, TMOLYEPKHYB, UTO BCSKOE [EPENHCH:-
BanHe pacyeTa HE TONBKO OTHHMAET IMUIHEe BpeMsi, HO M SBIAETCH
HMCTOUHMKOM JIONONHUTEbHEIX OUIHOOK,

6. W, naxowell, o nposepxe Aaabopamopkbix pabom. XoTd 3T0 H
TPYAHO OPranHU3oBaTh, HO HALO CTapaTbhCA BBECTH 3aUHTY na6opa-
TOpHBIX PaboT, XoTss Ol HanGonee TPYAHWX M HAUOONEE BAKHHX 1M
nanuaol cneyualbHOCTH.
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4. HEKOTOPBIE OPTAHH3ALHOHHBIE BOIIPOCHI

Ilns ycnewHoro BeeneHus BLIYHCIHTENBHOTO NabopaToOPHOro NPAKTH-
KyMa Kadejlphl MATEMAaTHKH BTY30B JIOMKHH MPOBECTH He TONbKO METO-
LUYECKYI0, HO M OPraHu3alMOHHYI0 TOArOTOBKY.

[pewne Bcero, maTemaTHueckas NnaBopaTopusi NOMKHA OHITh BHECEHZ
B INTaTHHE CMHCOK naGopaTopuil Ha paBHLIX MpaBax c Apyrumu nabo-
patopusind. Eiff A0mKHL 6bITh BHIENCHE noMelennst, wTat JabopanToB u
HEOOXONMMBIE ACCHIHOBAHMS Ha npuoGpeTenve cHauana IPOCTEHLIETO
0060py/IoBARHS (CYETHEIX NHHEEK, apudMOMETPOB U MaTeMaTUYecKuX Tal-
JH), 2 B JanbHefilleM W SAEKTPHUECKHX KIABHINHLIX CHETHHIX MALIH
W SNIEKTPOHHEIX UH(PPOBEIX M aHANOrOBHX MAMMH (CHAGWEHHE KOTOPHIMH
Oyner nPOBONUTBC B ieHTpanu3opannov nopsiaxe). [lo Mepe nocTyn-
JIeHnsl DJICKTPHUECKHUX MallMH HAaf0 UeNMKOM T[IepeBONUTh Ha HHUX 1a6o-
paTopHeie paGoTH, CHUMas € paboT apudMOMeTPH «DenuKe», OTHUMAIO-
He y CTYLEHTOB CIMIIKOM MHOCO BpeMeHH.

JlaGopaToprbie 3aHATHS AOMKHB ObiTh BBENEHW Kak B yuebhmiit
nnaw 1o MateMatTHKe, TaK ¥ B pacrnucaHue yYueOHbiX 3aHATUR Ha BCex
daxynprerax. Beinonwenne naGopatopumx paGoT BXOAMT B 3ader o
MAaTEMATHKE, KOTOPHH 00si3aTenbHO HOMWeH OHTb BBEAEH HA COOTRET-
CTBYIOHIMX CEeMecTpax.

Hakoden, npu BHYTPHBTY30BCKOM pacrpesieneHny MmTaToOR Kaenpe
MATEMATHKK HeOOXOLUMO BHIIENHTH HEOOXOJMMBIE LUTATH JUIS (POBEEHHS
5aBopaTOPHLIX 3aHaTHiL ).

Jlnst ycnewmoro BBesewus BHYMCIHTENBHOTO /1aBOPATOPHOLO npax-
THKYMa OONbIIOE 3HaueHue NOMKEH MMETh OOMEH OMBITOM KaK Henocpei-
CTBEHHO MEXIY MaTeMaTHYeCKUMH naGopaTOPHAMH W Kagelpamu mateMa-
TUKH BTY30B, TaK H 4epes neyaTh, HalpuMmep uepes «MaTemaTuuyeckoe
TIPOCBEILEHNE »

Y B MHCTPYKTHBHOM TtMCbMe MHHHCTEpPCTBA BHICHIETO U CpPenHero cneiualib-
noro obpazosanus CCCP («M-38») npenycmotpeno npoeeaenne 1abopaToOPHbLX
padoT N0 NONYTrpyHNaM, yTOOH NPENOAABATEb HMEN BO3IMOKHOCTD YAEAUTh
JOCTATOMHO BHHMMANNS KaKAOMY CTYHEHTY.




K BOIIPOCY OB OMNPEJIEJEHUU
TPUrOHOMETPUYECKUX ®YHKIIVIA
C NOMOILBIO ®YHKIIMOHAJIbHBIX YPABHEHMIA

M. SA. Hoiprun

(Apmasup)

TTp#  ana’nuTHYECKOM ONPENENEHUH - TPHIOHOMETpHYecKuX  (yHKuuii
C MOMOLIBIO (PYHKUHMOHANBLHLX YPaBMEHHit NPHHATO BBOAMTH KOCHHYC H
CHHYC COBMECTHO, PACCMAaTpHBasi MX KAK DELIEHus cucTembl (yHKiHo-
HANbHHIX YPABHERHH C JBYMSi HEHU3BECTHHIMH (PYWKIMSMH '), WIM 0QROrO
dynkumonansioro ypasuennsi ®). H0. M. Taiinyx®) noxasan, K4k MOWHO
OnpeseNiTh KOCHHYC, MONb3Ysich OLHHM (YHKIMOHAMBHHM ypaBHEHHEM
C OIAOil Heu3BecTHOH (QyHKunei.

B nactosiieli cTaThe pPacCMATPHBAOTCS JBa  (DYHKUHOHAIABHBIX
yPABHEHHUS:

gix+ytegx—nN=2gx)gW) (ly
L= W=Fflx4+nNflx—y). (1)

lepsoe. n3recTHOE B NUTepatype Kak ypasuenue [lanamGepa — ITyaccoua,
b0 wcnonssopano KO, M. Taiinykom ans onpepesienust Kocunyca; BTO-
poe Mpl HCTONb3YyeM JAs Onpenenends cunyca. Mpi paccMoTpum cradana
pemienus STHX YpaBHEHHH B HEenpepuBHHX QyHKUUAX JeficTBATeNbHOM
nepeMeHHOH, @ 3aTEM MOKaMXeM, KAK Ha OCHOBE 3THX YPaBHEHHH MOWHO
onpefeNutTh TPHUrOHOMETPHUECKHe QyHKIWH.

1. Bynem uckath Qyskunn g(x), onpenenennsie npu BCeX AeHCTRH-
TelbHHX 3HAYEHHSX 4PryMeHTa W YIOBNETBOPSIOUIME NPH MOOHX JedcT-
parenbubix x Uy ypaswennwo (I). Hckmouas tpusBmanbhoe pemenue

) @, dpankaun, Maremathueckuii adanms, 4. 1, 1950; 1. M. Koteuan-
HukoB, O QYHKUAOHANLHBIX YPaBHEHHAX, ONPEACAIOUIME TPUrOHOMETpHUECKHE
GyHkuMH, <MateMaTHKa B WIKOJAE» (1951), Ne 2.

2) Waughan, American Mathematical Monthly, 62, Ne 10(1955); ctp. 707.
C. U. HoRocenoB, CneunaZbrHil Kypc TPUronomeTpuH, 1957.

% KO. M. Ta#inyk, K Boipocy 06 aHalinTHYECKOM M [GOMETPHYECKOM
onpejeieHuH TPHIOHOMETPHYECKHR (YHKuMiL, «<MaremMatvka B mkone» (1953), Ne4.
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g(x)= 0, BHBOAMM ¥3 3TOTO YyPABHEHUsi, NOMOKHB 1IOCIELOBATENBHO
y=—0, x=0, y=—=x u y=—2x:

a) g(0)=1, 6) g(—y) =g,
B) £(2x) +1=2g"(x), 1) gBx)+gx)=28(2x)g(x)- (1)

Jokaxewm, uTo pemesns ypasueuus (I) cyTsr 6o (pyHkiuu nenpepup-
Hple pH AI060M 3HAYEHUH apryMeHta, NM60 Teprnsue B KaXAoH TOuke
PaspeiB, U HPUTOM TaKOH, 4TO (QYHKUHS HE MMEET uH MPaBOCTOPOHHErO,
HH JIEBOCTOPOHHETO KOUEYHOro mpejesnia.

JleficTBHTENBbHO, NYCTh CYilleCTBYET KOHEUHBIi NPaBOCTOPOHHUE mpe-
aen gyekunu g (x) B Touke x —a. Torma wu3 (1,B) cneayer cyuiect-
BOBGHHE TPABOCTOPOHHEro mnpejena ¢ynkuud g(x) npu x —2a¢. Ha
g(2a+x)+g(x)=2g(a-}+-x)g(a) ycrasaBmuBaem  CylIECTBOBaHME
lim g(x). O6osnauuM ero wuepes a. M3z (1,8, r) cheayer, uTo

x>0+
o+ 1=22* u 20=—20% oTkyna o =—1. B cuny uyeTHoctn g(x) umeen
lim g(x)==1 u, cnenoratenpuo, pynkims g (x) Henpepuisua npu x =0,

X >0

Hokawenm, uto g(x) HenpepwBHa 1pu Jobom x. Kwmewt wmecto
paBeHCTRa: )
lim [¢(x-y) -+ g(x —y)]=2g (),
y—>o
lim [2¢ (x+y) g (x — )] = lim [g(2x) -+ g (2)] =
y—>o y >0

—g(2x) 1 =2¢"(x),
-OTKYla

lim[g(x4y)—g(x—»=0, lim[g(x-+y)—gx—y)]=0
y—=>0 y—>o
u
lim g(x -} )= lim g (x —y) = g (x).
y—>o y—>0
CywecTsoBane paspuiBHRX pemendii ypasenus () nokasemBaercs Ha
ocnoBanun Oasuca Xawmeisi BceX AeHCTBUTENbHHX WYHCEN C HCMIOJb30Ba-
1I'HEM aKCHOMBI MPOU3BOALHOrO BHIOOpa. Ha 3ToM BONpoce Mbl 3aepKUBATbCS
ve Oynem'), OrpaHuuMBIINCH  PACCMOTPEHHEM  JHILh  HErlpepLBHLIX
pelleHuH.
W3 (1,B) cnenyet, uto g(x)>==—1. Bo3moxHn 1Ba cayuas:
Cnyuait 1. B kakoi-to touke x, g(x,)=—-—1. Toruma, B cuny

(1, B), g(’;—“)::o, T. €. cywecTByetr nynp Qyskun g(x). Tak kax

g(0)=1, 10 x,550, a yuuTHBas YeTHUCTL GyHKIUH £(X) MOXHO
UPHBATHL, uTO x, >0. Paccmorpum wmHOWecTBO BCeX Hyhelh QyHKimu
£(x), pacrionowennux va ocu OX cnpaBa ¢T Toukn x=0. Ono orpa-

") O6 stom cM.: FO. M. T aiiny K, Tpunuun noaHoH MaTeMaTHUECKOR HHAYK-
1MH, €0 IKBUBAIEHTEI M 0600wenus, «Marematuka B mkosne» (1950), Ne 2.
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HHU4YyeHo CHU3y H, cleoBaTEeNbHO, HMeeT HHKHIOW Trpadb, KOTOPYH Mhbt

0003HaUUM 4Yepe3 5 -
)

g(_2—>=0 u B cuny (1,a) h=~0. 3710 38ayuT, 4TO CYUIECTBYET HaH-

MenblIMii  TONOWHTENbHEH  Hyndb  Qynkump  g(x). B unteprase

QOueBnpHo, 4TO B CHIY HeMNpepulBHOCTH g (x),

AY
(0, —3—) ynkims g(x) coxpawseT cBoii 3HaK, a Tak Kak g(0)=1,

5

2

TO B HHTEpBanNe (0, A) g(x) >0.

M3 (1, B) HaxoamM

e(5)==1V/52, ®

npuyem nas O <£) < —2— nepesi KOPHEM HAJLIeKHT CTAaBHTh 3HAK «TUTIIOCY.
13 (1) naxoianm
glin+ D x]+glin—1)x]=2g (nx) g{x). (3)

Jokawens, 4TO
X
g(x)=cos~ .

(4)

X
B camom nene, QywKuUMs COS -~ YAOBNETBOPSIET ypPaBHEBUIO (D, u pa-

)y

BEHCTBO (4) MMEET MECTO NpH X =5 . B cuny (2) pasencteo (4)

h A )
MMEET MECTO MpH X=-4, g 5..., T. €& PR X = 5 {m — moboe na-
Typanbroe umcno). B cuny (3) pasencteo (4) MmMeeT  MECTO [pu
n
2m
Hoe nonowuTenbHoe umcno. Ilepeftns B paBencTBe (4) K Tnpeneny upu
. X
gm—> X W YuHTHBas HEMpepHBHOCTh g (x) M COS—-, YCTanaBIuBaew
paBeHCTBO NPH  Mpou3BoibHoM x = 0. Ins x< 0 owo caepyer u3
HeTHOCTH (PYHKIMH.

(n, m— mobbie wHaTypalbibe qHCHa). [lycTh X — NPOH3BONL-

™™
Mrtak, B paccmaTpuBaemMoM cnyuae g(x):cosT.

Cnyuait 2. g(x)>-—1 npu mobom x. Toraa, kak crenyer u3 (2,
g(x)=£0, u B cuny (1,a) n wenpepuBHOCTH g(X) umeeM gi{x)>0.
[punensis nocnegosatensio (I, B), #Haxoaum

g0>2172, g >3V 21 V2,
g(x)>%l/2+1/2+1/’2‘.
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H, ClegoBaTenbHo,

g(x) = lim Vo Vor 4va_
2

1 -
PacemoTpuv dyskuuio ch ax=—~(e‘”‘—}—e “)'),  kKotopas yLLOBne»

tBOPseT (I). 3anas B Touke x, =40 3uauenue dynkum g (x,) =1, waii-
JemM  TaKoe 3HadeHUe napaMeTpa @, 0pH  KoTopoM ch ax,=g(x,).

nax, fnx

B cuny (2) u (3) mveem ch=.° o _0\2,,‘ ) NpU  MOOBIX  HATYPaNbHEX

nx,
gﬁ‘——)x H
YHUHMTHIBAT HETPEPHIBHOCTH OOEHX (yHKUMA, HAXOIMM, 4TO g(x)=—chax
npt x=0 U B Cculy yeTHocTH (pyvKuMit  Takike npu x< 0. Hrak,
B DACCMaTPHBAGMOM cllyyae g(x)== chax.

Taxum oOpasom, ypasuenue (1) umeer HenpepniBHLIe peleHus JUillb BULa;

g(x)=0, gx)=1, gx)=cosax, g(x)=—chax (a=~=0).

m w n. Ilepexons K mnpeneny B nocneadeM paBeHcTBe npu

10. M. Taiinyk wcrionp3osan ypaprenue (I) mns anmanutHueckoro onpeje-
18NN aHATUTHYECKOro Kocudyca. Ham kaweTcs 1enecoofpasnbiM AaTh
CJenylolllee Orpesiesnenye.

Dynryuto g(x), onpedesennyto wa gceit OeficmeumensHoil ocu, Ha30-
bes amQALmUyeCKL M KOCUHYCOMm, ecau 1) oHa ydosaemso-
psaem ypasneuulo (1) npu mobeix x u y, 2) 6 Hexomopon unmepeane

A
0<x< o glx)>0, 3) g ( ):0.
B aTom onpenenennn ycioBie wenpepnBHOCTH g (x), umeionieecs
y 0. M. Taitnyka, 3aMeneno ycnoBHeM ee TOJOKHTENbHOCTH B HATEp-

Bane (0, 7) , HO, KaK Nerko no0xasaTb, OHU 3KBUBANEHTHH. B camom
nene, BolllI€ MLl BHAEMH, YTO U3 HEMPEPHIBHOCTH ysKuMH g (X) caenyerT,
A

4TO OMAd TONOWHTENbHA B HUHTEpBAse (0, % ) . C npyro#t croponnl, us
yCNOBUH, Oupeneasommx  QyHKUHIO tt;r(x), HAXOMHM  [10C/IE10BATE/NLHO
el e (= )=n e(ctd)=—slr—3);
orciona g (x40 =—g(x). Ilanee,
g —gW=gW+gy+N=2¢g (ﬂJr%) g(’c—jf—f) =
___Qg(__x-f-y)b ___x——_\') )

Torpma 0 <<

A
Myctp 0<< y<{x=< 5 -

') Hpn a =0 umeeM npegenvubii cayuai chax=1.
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u B cuny yecnoeuit (1,2 u 3) g(x)— g () <0, 1. e. g(x)— dynkund,

yGHBalOIas HA CETMEHTE [0, 5 |- OTciopa cnenyet cyuiectTBOBanue

OAHOCTOPOHHEro Tpejena B Touke x =0 ¥, Kak BHlE¢ IOKa3aHo, Hefpe-
PHBHOCTh (DYHKIMH g (x) npn mobom x V).

2. Jlerxo BHaeTb, YTO SinXx SBAseTC pellenHeM (DyHKIHMOHATBHOTO
ypasuenus (II). Hania nenb — waiiTd Bce nenpepwiBupie  QyHkupu f(x)
neficTBUTENBHOrO repemennoro, yposnetsopsioime (II) npu nmobwix nci-
CTBUTENLHBIX X U y

Vpapuenne (II) umeer TtpuBuanbnoe pemenne f(x)=0. Mn B naib-
neiltmem upumem, 410 f(x) 3£ O.

Monowwe B (II) x—=y—0, naxomum [f(0)=0. [lonowus x=—0,
naxonum — f2(y) =F(¥)-f(—y) um, 3amensis y wa —y, — f2(—y)=
= f(—y)-f(y), orkyna cnenyer, uto f(y) u f(—y) obGpamaiorcs
B HYylb JHIb OJLHOBPEMEHHO H uTO f(— y)=—— f(¥).

Hokaxem Tenepb, 4TO peliends ypaBnenns (II) nu6o nenpepwiBHm Ha
BCEM MHOXECTBE NEHCTBUTENbHBIX 4Yucesa, Jub0 B KaXJIO# TOYKe Tepnst
paspulB M (PHTOM Takoi, 4YTO (QYHKIHS HE HMEET OAHOCTOPOHHUX
TpenesoB.

[TycTh cymiecTByeT KOHEYHEIH omnoctoponnuii npenen Qpyukuuu f(x)
B TOUKe X==a, HanpuMep mnpasocTopoHuuit. M3 f*(a-x)— fF(x)—

==f(a -} 2x)- f(a) 3akn104aeM 0 CyllecTBOBaNNI NPaBOCTOPOHHETO Npelena
F2(x) B Touke x==0. Ho ua (II) cnenyer f*(2x)— f* (x)—f(Sx)f(x)
Boapenss ofe uacTH B KBaJpaT M TNeEpexols K npeneny npu x —0F

paxomuM, 4to lim f(x)=—=0. B cuny deuernoctd ¢ynkuvn f(x) n
x—>ot+

lim f(x)=0; cnepoBatenbyo, f(x) nenpepuiBua B Touke x—0.
X—>0"

HoxaxeMm Ttenepb, 410 f(Xx) HernpepuiBHA Tipy awboM x. B camom
pene, u3 (II) naxomum

lim[f(x4-y)-flx—y)]=F"(x) » }Iim[fz(x-l—y)—fz(x—y)]:
yo -0

OTKyna

lim [ (x ) 4 f* (x — y)]* =4/* (),
y—=>0
limo[f2 (x+) FFx— )] =2 (x)

liinof’ (x +p)=/r*(x).

1) MOWHO WATH M IPYTUM TyTeM: YCTaHOBHTb HeNpepHBHOCThL g(x) npu x =10
U OTpaHM4EHHOCTh g£(X), a 3aTeM MHCMOJb3OBaTh BHIUIENPHBENEHHOE BHIPAKEHHE
i g(x) — g
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Ecm f(x)=0 npu «kakom-muGo x, T0 limf*(x-4-y)=0 =

Y0
limf(x+3y)=0=/F(x). [lpy Tex me 3HaUenusix x, NpH KOTOPHIX
V>0

:f(x)yéo, u3 f*? (x —}—:‘)2—) —f? (%):f(x—}—y)-f(x), Nepexois K mnpe-

Aeay npu y— 0, naxomum
lim f(x -f-y) =7f(x)-
y—0

[pennowenue nokasawo. B naneueiiniem OyjmeMm paccMaTpuBaTh JiMib
nenpepuiBipie peulenus ypapaenus (II).
[Mycth o — Takoe uwcno, uto f(a)=0. BeegeM ¢y

gy =Lt =g )

Jlokaxewm, uTO
f(.x +¥)—Flx—y)=2f(y)-g (x). (6)
B camom nene, wu3 (I) momywaem: f(y)[f(x+4a)—f(x—a)]=
() () () ()
=f@)[f(x+y)—Ff(x—y)]. U3 (6) cneayer

Fx4+nN+flx—y=2f(x)g). (7
Cxnanpmast (6) u (7), naxomum
Fxt=rx)gy)+gxrf (8)

H, B uyacTHocTH, f(2x)=2f(x)g(x). Tlpumensis (6) u (5), naxoamm

2f@) [g(x+- N+ glx—»]=
=f(x+yto)—flx+y—a)+flx—yta)—flx—y—a)=
=2f(y+a)g(x)—2f(y —a) g(x)=4f(2) g(y) g (%),

oTKyna cnenyeT, 4To g(x) ynosnetBopsier (I).
Pynxunsg g (x) sBuny (5) nenpepmaa, u g(0)==1. [Nostomy, Kax
Mbl ycTanoBuaw B n. I, g(x) moxeT OuiTh TOAbkO (PyHKuueil Buna

glx)=1, gx)=cosax, g(x)==chax (@=£0).

Monowws B (8) g(x)==1, waxommm, uT0 f(x) yHOBNeTBOpseT ypasne-
naio f(x +yy=7(x) 4 f(v), HenpepuBHLie pelenHs KOTOPOrO, Kak
H3BECTHO, HMMCIOT BHIL f(x) == Ax (A — npon3BONbLHAS NOCTOSNHHAS: B Jlan-
nom cnydae A==0). Pynkuus f(x) = AX, Kak Jerko UPOBEPUTH, YIo-
BretsopsieT (lII).
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Yt1o6u naiitu octanvube pewenus (1), sametum, uto
F@) g+ %)—glo—x] =2 [f(@2a+ %) —2/(x) — (22 —x)] =
=f(x) g(20) — f(x),
gla+x)—gla—2x

oTkyna f(x) _—_f(;) 207 1 . TloacraBmas g (x)=rcosax,
Haxomum f(x) :_—Tr(:g—z sinax=—Asinax, a noacrariass g (x)—chax,
f(2)

shax=—=Ashax (A—npon3po.ibHasg NOCTCHAHAIST,

HaxomuMm f(x) = <haa

OTANYHAS OT HY.f).

[Tpoeepkoit yGewnaemes, 4to Qynkivu Asinax u Ashax ynosnet-
gopsior (I). Mrak, ypapuenne (II) mveer HEnpephiBHLIC PEUICHHA TOABKO
BU1a

flx)=Ax, flx)=Asinax, f[(x)=—Ashax,

rre A W o — NPOU3RBOMbHBIE TOCTOSIHHLIE ').

DPegynbTathl MOKA3HBAIOT, YTO YPaBHEHUE (II) moxeTr OHITH MCMOAb-
30BAHO JUISI AHANHTHIECKOrO OfpefeieHds TPUTOHOMETPUUIECKOrO CURYCa,
pazymeercs, NPH HEKOTOPHIX JONOJHHTENBHBIX yCJIOBHSIX. DT 1ONONRK-
TeNbHLIE yCOBHS MOTYT OLITH COPMYHPOBaHLL NO-pasHoMy. Ham kawercs
nenecooGpastbiM 1aTh CNEAYIOWEE OnpeneneHue.

AHaiumuieckus Cunycos Hasosem dynrxyuio f(x), onpeoeLeHHY 0
npu 6cex CellcmBUMebHbLX 3HAHEHUAX apzyMeHma U 1) yoosuermsopsio-
Wy npu 6cex CelicmBUMesbHLLX X U Y YPABHEHLIO (1), 2) nososcu-

IS - X
mensHyio 8 HeKomopos: unmepsaie O < x <+ ud) f{1)=0, f(g) —=1.
. TX

Pynkuust f(x) cosnanaer ¢ sin—~—.
. TX
Q6o0crOBaNHe ONpeneseHus W YTBEPWACHHS, €TO J(x)=sin——,

MOXET JNerko ObITh NOAYYEHO.
3. Paccvotpum Tenepp npyrue (yHKUHOHANbHLIE YPABHCHUI, JOCTaB-

JAfeMble TeopeMaMd  CJIOXEHHH TpHI‘OHOMETpI/I‘{ECKI/IX U FHHEDéOHH‘lECKHX
CHHyCa H KOCHUHYyCa:

flx 43— flx—y)=2f(y) g(x), (1)
fx4) -+ fle—py)=2f(x)g(y) (IV)
gixty)—glx—y=—2f(x)f(y) V)
glx+y)—gx—3)=2/(x)S(y)- (V)

1) 3ech MBI BKIOYaeM Tawme f(x) =0, ur0o CoOTBETCTBYCT A=0um a=0.
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a) Ypaenenne (IIl) umeer ouerunnbie pemenns: 1) f(x)=0, g({x)—
npoussonbHasg Gynknua; 2) g(x) =0, f(x)— NpousBoabHasi TOCTOSHHAS.

[lonowam  f(x) 0, g(x)#£0. Mz (Il) nerko BmpommMm f(— y)==
OTKyna cnenyer, uro f{x) u g(x) ynoenetBopsiioT ypasuenuio (IV).

IMepemuowue (1II) u (IV), npuxoaum «k ypasuenmo (II), B xoTopom
BMECTO X M Y [I0ACTABACHO COOTBETCTBEHHO (X —}—y) u (x—y). Ilpen-
noaaras, 4to f(x) umeer B Kakoii-1MGO TOUKe OXHOCTOPOHHME mnpesen
wim uyto lim f(x) =0, naxonum peumenus (II):

x>0

fixy=Ax, f[f(x)=Asinax, [f(x)=—=Ashax,

rne A U @ — NPOU3BOJNBHLIE NOCTOSHHLIE, OTJAu4Hbie OT Hyns. CooTeer-
cTByOLMEe 3Hauenud g (x) uaxoaum usz (Ii):

gx)=1, g(x)=cosuax, g(x)=—=chax.

ITUM HCUEPNBIBAIOTCA BCE HENpepnBHple pellenust ypasuenus (1)),
OTNHYHBIE OT TPUBHANbHbBIX.

6) Ypasuenve (IV) umeer ouepnaHoe peumenne [f(x)=0, g(x)—
fIPOU3BOMbHAA (PYHKIHSA.

Mpennonaras f(x)7 0 [u B cuny storo n g(x)# 0], Haxonum
u3 (IV) g(—y)=g(y).

Ilycte o — rakoe 3nauenve x, uto f(a)==0. [lonoxkuer B (IV) x =ua,

naxomm g (y) =20 +y)z}taf) &=y

gx+y)t+gx—y =
=gt Vet +re—r—y+rotr—y+
+fe—x+4y)]=
=-2~f]T,, [2f (& +x) g ()} 2f (¢ — x) £ (3)] =28 (%) g (¥)

INonyuerHoe cooTHOLIENHE NO3BOJAET PEUINTH YpasHeuue (IV), nonctasus
B HEI'0 BMECTO £ (x) peuenns ¢pyHKnMoHaabnoro ypaeuenus (I1). Ho B 31om
Clyyae HaM OPHILIOCH OB pemath TPU YPABHEHHS (€CMH  OrpaHuduTbhCs
HETIPEPLIBHLIMA  QyHKUMAMEU). UTOOH COKPATHTh BHIKJAAAKH, MORAEM JPYrum
nyTeMm. 3amMeTiM, 4T0 ecin Gpyukuuu f(x), £{X) yNOBIETEOPSET ypaBHERHIO
(IV), To emy ynosnerBopsitor u ¢yrknuu f, (x) ==f(x) — f(0) g (x), g (x),
B ueM yOexaeMcsi HenocpencTBeHHoM moncTaHoBkod. Ho nas dynkunm
J, (%) wveen f, (%) + £, (— x) = £ (%) +f (—x) — 27 (0) g () =0, 1. .
Ji{—x)=—/F, (x). [lostomy napa dyuxumii f, (x), g(x) ynoBrersopser
Taie ypasdenuio (IlI), peutensomy BhmIE.

[lpennosaras nanente, yto f(x) v g(x) |cnemoBatenvHo, n f, (x)}
HMEIOT B K4KOH-1MO0 TOYKE nparROCTOPOHHUE (WM JIEBOCTOPOHHUE) ripe-

. B cuny storo
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neasl Ul we uro lim f(x) =f(0) u llmg(x) £1{(0), Haxonum peuienus

X—=>0
ypasrenuit (IV), uckmouas TpnBHaanue
gx)=1, fx)=Ax+-1(0),

g(x)=cosax, f(x)==Asinax-}+ f(0)cos ax,
g{x)=chax, F(x)=Ashax -} f(0)chax,

rae A, a, f(0) — npousBonbhLle HOCTOSIHHBLIE,
OueBnnno, 4TO ypaBHEHHS

fxtnt+fix—y=2f(x), [flxdy)4fixy)=2f(x)cosay,
Fx )+ flx—y)=2f(x)chay,

UMEIOT COOTBETCTBECHHO HETPHBHAJIBLHBIE HEHPEPHIBHLIE pPELICHUs:

f(x)=Ax+f(0), f(x)=Asinax-}f(0)cos ax,
f(x)=Ashax -} f(0)chax).

B) PaccMOTprM Tenepb OAHOBPEMEHHO (QYHKIHMOHAAbHEE ypaBuenus (V)
a (VI)?). O6a ypaBneHusi uMEIOT TPHBHANbHbie pelenus: f(x)=0

£ (x)=—rconst.
IMpeanonoxum f{x) %= 0. M3 (V) u (V]) wnaxonum f(0)=0,

g(—y)=g) u f{—y)=—/y), a Taxe
g (2x) = g(0) = 21* (x). (9)
HMcnonp3yda 3Ty COOTHOLUEHHS, MPUBOAMM YPABHEHUS (V) u (VI) k Buny:

(52— (572) =07 0) w .
Hpennondrdﬂ uto Qynkuus f(x) UMeeT KOHEUHBIH OJHOCTOPOHHIH

npenen B Kakoi-mubo Touke umM uto lim f(x) =0, naxomaum peuenus:
X—=>0

fx)y=Ax, f(x)=—=Asinax, f(x)=Ashax.

ToacTapnaa HaiineHHwe 3unadenus QyHkuA f(x) B (Y), Haxoaum coOT-
BETCTBYIOUME 3HAYCRHA (yHKUHHU:

2,2
g0 =g F 2, g(x)=g(0) F A* LA’ cos ax,
g(x)=g(0) - A*+ A* chax,

npuueM BEpXHHE 3HAaKW Ang ypapHenus (V), a nwxnue nns (V).

Iy ipyro#i nyth pewenus ypastenus f(x -+ y) -+ f(x — y)=2f(x) cos ay npu-
BelleH B cTatbe: 9. A neab, HeKO'lOpble obuime Meronbl B TeOPUH (PYHKLHOHAAb-
HBIX ypaBHEHMil onHoll mepeMeHHol, Ycnexu MateM. Hayk (1956), 1. XI, Bhin. 3.

) BrpoueM, Kaijgoe H3 HUX MOMXET OblTb ITPUBENCHO K APYroMy nom:rauoaxoit

LgX)=—g ¥}
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r) Oueruano, uto ypaesenus (1), (IV) u (V) [a Taixe (VI)] moryr
CAYy®UThH 1S aHANNTHUECKOrO OlIpe1e/IeHUsl TPUrOHOME TPHUECKUX Y HKIMi.

Tlpueenem cnenymwoiee onpenencnve.

AHQAUMUYECKUM CUHYCOM U QHAAUMUYECKUM KOCUHYCOM Mbl HQ30-
sem ¢hynrnuu f(x) u g(x), onpedesennsie npu 8cex OeficmeumesbHblX
sHavenusx apzymenma u 1) yoossemsopsiowue ypasreruro (111) wau (IV)
usu (V) npu scex Oeiicmsumesvrbix 3nanenusx x u y; 2) f(x)[g(x)]

)\ N
nosoJCumesrHa 8 Hexomopom unmepsase; 3) f 5 =1; 4) f(})=0

g(i =0/{; 5) f(0)=0 [npu npumenenuu (IV)], g(0)=1 |npu
\2
apusenenuy (V)].

Pyuxima f(x) cornmanaer ¢ sinﬂTx, a g(x)—ccosnTx. Jokaza-

TENLCTBO HETPYIAHO MPOBECTH.




KPATKWE COOBULIEHUSA

1. B. A. Edpemosun (Mocksa). Haraapupii BboiBOL (OpMyJbE
JloGaueBckoro aJs yraa mapaJuiejbHocTH. [lpusonumoe 31€Ch BblYUCHE-
HUE onupaeTcsi Ha TO CBOHCTBO npocTpanctBa Jlo6GaueBCkoro, Mo KOTO-
poMy Manhbie Gurypol B HEM TIOMYMHAIOTCH COOTHOLIEHWSIM FEOMeTpuu
Epkanga B npu TOM TeMm TOUHEe, HeM MEHblle MX JHMHEHHHe pa3mepsi
{t. e. una cpoiictBO OBITH

¥
PUMAHOBLIM  MHOrOOOPA3ueM).
Kposme 3toro, 6yayT npusne- Forb
Yyenol JHOIb CaMble TIPOCTLIE ¥
cBoOiicTBa mapasinenei (TpaH- a &
BUTHBHOCTh N1apajnenusma, Mo-
HOTOHHOCTH MCKOMO# QyHKIMH &
T ’
@ (X}, paBeHCTRO a(O):E) . L4
¥
PaccMoTpuM B TUIOCKOCTH
Jlo6auenckoro  uKCHpOBaH- __r -

HYID) OCb (T. €. Hanpa.s/eH-

HYI0 TpsiMyl0) @ B TOUKY X, CKOMB3SLLYW Hu  (PUKCHPOBAHHOMY miep-
newnukysipy K @ (cMm. pucynok). OGo3Haunmm uepes x paccTofiHue
ot X o a ¥ uepe3 o =2 (X) — yroa napanjaejibHOCTH, COOTBETCTRY IO
touke X ==X (x). Tlposenem Harparnernne mnpsmuie Xy u X'y’ napan-
nenvHo @ [3nech o6osnaueno X' =X (x-}-Ax)], onycrtum nepnexnuky-
nsp X'Q na Xy. Ilo tpansutunoctn napannemusma u3 X'y’ |l a, Xy | a
cnenyer X'y" || Xy; sunauut, /QX'y" —a (QX') = a (Ax-sina) [nocnennee
paBeHcTBO OyneT Tem TouHee, uem menbie Ax ')]. Kpome Toro, /QX'y =~

=~ (o +Aa) + (% — a) = % -+ Aax  (onste no Erkmuny!). Tlostomy

. ™ o
@ (Ax sin )= 4-Ada: Ho 5 =2(0), crenosarensho,

Ag
T Axsina

a (A xsina) — a(O)_\_
Axsina -~

, UTO LOCHEe nepexona K rnpeneny ?) aact

v da 1
@’ (0) = dx sina

') Dnsi Manoro TpeyroibHHUKa XX'Q neiicTByer €BKJAMIOBA2 TPUrOHOMETPUS.
%) U3 npeabinymen GopMyanl clenyet, 4T0 €K a(X) uMeeT KOHEe4nyio npo-
M3BOAHYI0 a’(X) B KaKOW-HMOYIb TOYKE, TO 3TO HMeeT MecTo U B JN000H ipy-
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1
O603nauns oTpunatenbhylo Kouctauty o’ (0) uepes — W unterpp-

pPys nocnenHee PABEHCTRO, MOMYYUM

da 1
S sin a :——7x+c'

T. e. In tg%:—% [C:O B CuUNy paBeHCTBa a(O):%J. Hrak,
t a (x) . —':—
g— =€ *.

2. B. H. Jlesun (Mockga). O uncae e. Ilns nokaszatenncraa cylue-
l R
CTBOBaHHSA Npeje/a NOCNENOBATENbHOCTH U, == 1+T) HEOOX0 MO

ycrawoBute nsa Qaxta: 1) u, <u, ., 2) u, < A. 9710 06nuno Aenaercsa
pasnoxerem u, no ¢opmyne Guroma HeioTona ¢ nocnenysouwmn ouen-
Kamy. HO 3TOT BHBOML NOBOMBHO FPOMO3NOK; KpoME TOrO, ¢dopmyaa GuHoMa
Heiotona B wactosiiee Bpemsi we cTons xopowo mapecTHa BLITY CKHU-
Kam cpennedt wkonb. Mewny Tem, yTBepwaesus 1) u 2) ne TpebyIOT
JUIE CBOCTO JIOKA33aTENBCTBA TAKOrO FPOMO3JKOrO anmapata. 37ech MOKHO
OGO#THCHh ropa3no Gosnee TNPOCTHIMH cpencTBamu. Bronse nocTatouna
Jemma. Jlna n=2, 3, ... na>—1, a==0

(14" >14na
IlokasartenpcTrO. (1 +a)* =120 +-a®>>14 22, Tak uwto

YTBEPWIEHVE BEPHO IS /1==2; HO eC/M [PEANOIOWHTH, YTO AN HEKO-
Toporo =2 (1-4-a)">1-+na, 710, yMHONaE sTO HEPABCHCTRO
#a 1-}+a>0, mnadinem, uto wu (T4a)"' > (1 b na) (1 o) =
:1—|—(n—}—1)a—{—n12>1—{—(n—}—1)a.

Teneps moxasarenscTRO yTREpMIEHNS 1), 1. e. HepaBencTBa

Uy, >Uu, umw (1 +n—_,l_l_)n+l>(1 —’,—%)"
WJIH (”+2)"+'>(n+l)"’

n-4-1 n
a3aTe/bCTBY TOro, 4TO "2 n+l> ! ; HO
CBOAUTCH K JIOKa: y o, w1y TR
0o nemme

(w) " =i [ =] "> e (1 0 ) =

t [, 1y
n"+’( _n—{—l)_n"(n-l—l)'

rofi. Ho no u3sectHoii Teopeme Jlebera Mouoromnas dyukuus auddepenunpyema
TIOYTH BCIONY; 3HAUMT, a’ (x) KOHeYHa B C10 X y.
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IlokasaTenbCTRO yTBEPWAEHUsT 2), KAK W3BECTHO, BHITEKAET W3 TOro,

1 n+1
YTO TIOC/AEN0BATENbHOCTh 4uces o, —=( 1 — OblBaiowlasl, OTKyAa
n n ]

crenyer, uTto
v, <v,<<v,—(141)°=4
L] A Ay =4
[mm, npn n>=35, u,,<f0,,<'05:(1 —}—%) ::—ggg—g <3] .

Ho HeparencTBO

V> Uy
() (1)

(4> ()

I

WU

PABHOCW/IBHO C/EenyIOILeMY:

n41 \nte |

a no JjacMMme
nd41 \r+z 1 1 niz
(n(n-l—‘z)) —(rz—l—-l)"*'z(l_'—n(n +2)) >

1 1 1 1 1
1)z [1 42 -|—2)J=(n+ n"+2(1 +7): TS | EE

3. I'. Mapxaces (Kis3vnma). BeluucieHwe noutu TPEYrONbHBIX
onpenenuteneil. lloumu mpeyzoipHbim Oynem Ha3uBaTh ONPELENNTEDb
7-ro NopsinKa Ia,-jl, B KOTOPOM @;;==0, ecnmu i>j--1. ¥ nero (8 otm-
M€ OT TPEYro/bHOro ONpejenures) MNOMHMO HE PABHWX HY/O 3/eMeH-
TOB, Hal F/IABHOM NMAroHanbl0 M Ha Hell HMEIOTCS HE paBHble HyMO 3Je-
MEHThl B IEpBO#l JMAroHaNH, NPWIErallUell CHU3Y K rAaBHOH; HazoeeM
3Ty JMaroHalb n000UAZOHANBIO.

Jnsi BeldMCnEHUs TAKOFO OMNPENENUTENst MOXHO NaTh NPABWIO, Wrpalo-
hiee B HEKOTOPOM cMbicie posb npasuna Cappioca s onpepenuteneit
3-ro nopsiaka.

1. B «mepByio rpynny caaraembix» BXONMT eIMHCTBEHHBIA ujien
n-—1
@, I @isri- Hwke npuponntes onpemeantens, B KOTOPOM  Bbimesne s

i—=1

9 Marevar. npoceemenye, Bbm. 6
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COCTABIAIOLIME 3TO NPOU3BCACHUE 3JIEMEHTHI:

[l" alz st al n—1 aln
azl a,, cs 2y ny azn
0 aaz ce as n-1 asn

0 0 R a,,

2. «Btopyio rpymiy cnaraeMpix» OGpasyloT NPOH3BENCHHA BCEX Suie-
MEHTOB MOANHArOHa/v, KPpoMe k-ro 3jeMeHTa Gy (R=1,2,...,0—1),
KOTOpEIi  3aMEHACTCH K-M  371€MEHTOM nepBoil CTPOKH @, U (k= 1)-m
SJIEMEHTOM rnocnenHero cronbua a,,,,. Huxe Buimenens snementsl, npo-
U3BEJIeHHEe KOTOPHhIX NaeT k-e claraeMoe BTOPOH rpynmut

.
0 0o ... vy~ Cyrn-y |[Cpyan

0 0 - 0'-' . ann—l (l""
|

3. Kawnoe cnaraemoe «Tperbeil rpynfbl CAaraeMeX» eCTb NPOM3BE-
JIEHHC BCEX SNEMEHTOB HOANMATOHAMH, KpoMe K-ro a,,, , (k=1,2, ...
ceey —2) u L0 Qy, U=EkE3-1, ..., n—1). Ouu zamensiorcs
k-M 3/eMeHTOM TiepBoi CTPOKHA (@), SMEMEHTOM, CTOSUM HA Nepeceye-
HuM (k- 1)-# crpoxn u /-ro crondua (ap,y. ;) v ({4 1)-m snementom
nocaennero cronbua (a,,, .). Himxe shinenens snementh, npousnenesue
KOTOpPhLIX JIaeT C/laraeMoe «TPeThell TPymubi»:
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a,, a, e Qg | e @y ol g, ... g,
a,, Ay s Qopp - - - a4y e G, LR a0
0 a,, e Q| oo ay B
a
0 0 R ak+lk e kil .. ak+l n-1 i Qpsan
! —s
0 0 ... 0 R Qroyt o Qyypy oo Qsrn
0 0 B (e 0 ... Iann_l cee A

AHanoruuHo nonyvaioT CACLYIiMe rpynnL caaraemsix. Ilocnennss rpynna
CONEPWHUT ENHHCTBEHHOE C/1araeMoe — [POU3BEJIEHHE 3JIEMEHTOB TIJIABHOIN
IWArOHaJH.

4. MipaBuno 3naxos. Craraembie s-ii rpynom GepyTCs CO 3HAKOM
[JIIOC, €CJIM YUCJIO /2 — § YETHO W €O 3HAKOM MUHYC — B MPOTHBHOM Clyuae.

CnpaBenmBoCcTh yKa3aHHOTO NPABMNA REIYHCJIEHHS MOYTH TPEYroib-
HOro onpeiesieHusl HeroCPencTBEHHO chenyeT w3 OOULero npaBuia BHUMC-
Nenvd onpenenvteneil 7-ro nopauaka.

Camp BhIuUCAEHUST MHOFAA ynoOHee NPOM3BOLWTHL B OOPATHOM NOPSIKE.
lNpenoctarnsgem untatenio y6enuThCs B 3TOM Ha mpHMepe BLIUKC/CHHS On-
peneavrens

00 ... X a
0 00 ... —a x

K BLIYMC/ICHHIO MOYTH TPEYrOJBHLIX ONPEne uTeNell CROAMTCH pelue-
HHE CHCTEMBl NuHelHbIX yparHeHuil Buma

buxx +blzxz+ e +b1kxk+ i +b1nxn: Cv
b:zzx2+ c e +bzkxk+ s +bznxn:cz’

hkkxk + e + blmxn =,

bﬂﬂ'v" - cn'
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Snece bprsr o- by
bpisiar -+ Opasn Coy,
Xp={— ”h_k_lAL:—‘ 0 .- - bk+zn Cpan|®
rae b.b,...b,;
By | O byl |
00 ... 5,

11
K noutu Tpeyronbsnm onpenemutensm oThocstcs KOHTUHyaHTH '),
‘lepez nmoutH Tpeyroabhbe ONPENEHTENH  BLIPAKAIOTCH  KO3(H-
IHMEHTBl ¢, 4ACTHOTO Y ¢;(z—2z,)' oT nenewns psna Ya(z—z,) na
pan Zb,-(z—zo)’ (pasymeetcs, upennonaraeTcss CXOAHMOCTB JIBYX 110-
CICNHUX PANOB W OTCYTCTBHE Hysedt y BTOporo u3 mux). B 4aCcTHOC 1M,
COOTBETCTBYIOULHE BHIPAXEHHSI MOWHO HABTH W Anf uucen Bepnynmu ?).

4. E. Onoghpaws (E. Onolras, Sccw, Pyauwnus). OnpHo o6GoGuenne
TeopeMbl 06 yriax paBHOGenpeHHOro TpeyroJpHuka. 1. Xopomwo us-
BECTHO, 4TO ecm B N\ ABC / A= / B, T0 W NPOTHBONEXALIHE STUM

yriam  CTOpPOHBl  PaBHb: @ =—2.
A 3nece M gOKkamem, 4TO ecau

yean [\ ABC cssizams omuowenie s

c
% A=nB, :0e n— yesoe uucro, mo
CMOPOHbL  MPEYZOAbHUKA CBSI3AHM
3aBUCUMOCHbIO
4 a M 1A
Sala, b, c)=0, (1)
Puc. 1.

20e [, — HeKOmMopuit  MHOZOUAeH

(nopsinka ue Buie yem 27), Komo-

pell moxcem Obimpy onpedesen 04 KaANCC02O n. flpy n=1 (1. e.
Korfa A=—£f) cootHomenne (1) nmeer Bup a— b—0.

flycte n=2, 1. e. A=2B (pnc. 1). BosbMem Ha cTopone BC

Takyio Touky M, uto L CAM=— / MBA (1. e. AM— 6uccextprca

c a
yrna A). /\ ABCw [\ MAC; cnenosatenso, AM = MC—F » OTKy1a

2
AM:% H MC:%. A T1ax xax /\ AMB paenoGenpennuii, To
2 _ g2
BM—AM=0, r. e. “-P_ 1 4,

fala, b, cy=bc —a*++ p*—0.

' G. Kowalewski, Einfiihrung in die Determinaten theorie, Lpz., 1909,
crp. 102,

Cm. AL U. Mapkymesuuy, Teopust ananurayeckux Qyuxuuil, M. JI,
Foctexuzaat, 1950, ctp. 257.
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370 — UCKOMOE COOTHOLICHHE Ansl 71—2.
IMpennonoxum Tenepb, 4TO cooTHouenwe f, , (a, b, ¢)=0, cBi3u-
Barowee cropount /\ ABC npnu A—(n-—1) B, nay H#3BeCTHO, ® MNYyCTb

B wu3obpaxeHHoM Ha puc. 1 Tpeyrodabnuke A-=—nB u nNo-pcKHeny
L CAM=— / MBA. B taxkom cayuae

S MAB= / A— /CAM=— / A— / B=(n—1) /B.

[Mo npennonowenuio, B TpeyronbHuke AAD wMeeT MeCTO H3BECTHOE
Ham cooTHouenue £, (BM, AM, C)=0. A rak kax /\ ABCu> A\ MAC,
2

b
ro chora AM =28 mc—="w BM— p
Q Q AN
a2 . bZ
—a—MC= 3 halie COOTHO-

HICHHAE MEePCXOAUT B

a* — b be
f"_l '—a—, —E’C — 0.

Benenctaue TOro, yto MHOrouneH
fn_, (a, b, ¢) onHoponHmii'), MOKHO
HAMUCATH

fola, b, ¢)=1f,_, (a*—b* b, ac). (2) Puc. 2.
Popmyna (2) no3posnseT PCKYPPEHTHO BHIYHCIHUTb MHOFOWIEHH f

n | fla b, c)
1 a—b
2 bc — (a* — b
3 be® — (a* — b*) (a — b)
4 a’bc— (@ — b* — bey* (@ — b -} bo)
5 a’be* — [(a+ by (a — b)*| [ta — b) (a -+ b)* -+ be®]

2. YMeCcTHO TaKwe TMOCTABHTb BOMPOC O HAXOXNEHHH OTHOLIEHHS,
CYLIECTBYIOLLErO Mey CTOPOHAMH TPEYrONbHUKA, YI/kl KOTOPOro Cesl-
3aHbl COOTHOM Huem Buna A=—nB-+mC, roe m w n— veanle uucia.
Paccvotpum 3zech ansg upumepa ciaydaéh n—2, m = 1.

Mycte B A\ ABC uveem A=—285--C (puc. 2). Tax kak, kpoMe Toro,
A4-BAC=180°, 10 A=90°4 5> 90°.

[Mycts N— npoexunss B Ha npsimyio AC. Bo3bMeM HA TNPOLO/DKEHHH
orpeska CA Touky P tak, yto NP=NA. Torna / APB— / PAB=—

Yy Cu., sanpuvep, JI. M. [Tepeneakun, Kypc snemenrapuoii reoMerpus,
g, 1, M.—JL, 1948, § 47.
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—180°— / A, n snaunr, LA—LAPB=2(90°—}-£) — 180°— B,

2
T. e. BA ects Ouccektpuca yraa PBC. Otciona mnmeem f—g:g—g,
PA AB 2AN c
AC—BC® § —g Wm 2a AN=bc. Ho Tak kak, kpome TOrO
a®=0b* -} c*+}2b AN, 10, B CHJly TOCNIEIHETO PABEHCTBA,
a(b®+c*—a*)-}-b’c=0. 3)

3T0 ¥ eCTh HCKOMOE COOTHOLIEHHE.

3. Hakoneu, orMetnM omHy mOGONLITHYIO TeOPeMy, TECHO CBSI3aHHYIO
€ BHIIEYKA3AHHLIME PE3YNbTATAMM: ecAd yzasl  mpeyzoasHuxa ABC

4 b 2n 1 1
paBHMK A=—7—, B__—7—, C——T, TO }7—}—?:7‘ JlokaszatenscTBO €€

MBI MPEJOCTABHM 4YKTATENI0.

5. K eonpocy o pewenuu ypasuenuii memodom umerayuii.

a) JI. M. Poi6axoe (Sipociasap). MeTON MOCAEN0BATEILHOIO Bbi-
9BCJICHHS] BeceX NEHCTBUTEJbLHBIX KOpHeli ypaBHeHusl. B stoM meTone
3anantoe ypaeHenue f(x)==0 3amiceBaeTcs B ¢hopme xX=0(x), rme

OOhYHO B KauecTBe & (x) GepyT x-—!—%f), BuiGupass M Takud o6pasom,

4TOOH 06ecneynTh CXOOUMOCTH HTEPALHOHHOrO NpoLecca K OTAeseHHOMY
npenBapuTenbHo Koprio. Huke nokasmBaeTcsi, 4To ecam B mpunenenwom
WTepaUnonHoi (opmysie 3amMenuThb f(x) na | f(x) |, To MoxHO oBecneynts
BoiGop M Takum o6GpasoM, YTOOGH mMonyuYeHHas UTEepalunoHHas dopMyna
NO3BO/SINA BLIMHC/IUTL ABTOMATHYECKH [OC/E/I0BATENbHO BCE KOPHH f(x),
HAXOZsILMECs B 3a1aHHOM WHTepBane [a, b] B nopsinke WX Bo3pacTawus,
WCXONSl M3 HAYaNbHOrO 3nauvenns x,—0.

[tycts pmano ypaenenwe f(x)—0, rae J (x) — ¢ynkums  nedicren-
TEJNbHOIO  apryMenTa X, CYUIECTBEHHO OT HEr0 3aBucsuasl B o0aanaio-
masi HenpepriBHOR npoussonsof. [1ycTs, nanee, [a, b] — moto# 0Tpe3ok,
cozepxauuiit no KpaiiHe# Mepe ONMH KOpeHb f(x), W M— nelcTBUTEND-
HOE 4uC/10, BHOpanHOE TaKUM O6GPa3OM, YTOOH Ansf

as<x<<b 6uno M>|f (x)]

PaccmotpuM  nTepanmornyio  opmyay x=1y(x), nonaras @ (x)=
=x—-}—1/‘|”;—” [lpu Takom puiGope M w® onpenenenun ©(x) s Bcex
a=-x<Cb, xpome Kopuen f(x),

exX)>x (@ u o (x)>0 (6).

Mycts Tenmeps f(X)=0, a<x=<<b u a<<x, <X, mnpuuem f(x)5~0,
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ecmn x, < x < x. Torna, npunumas x, 3a npubanienHoe 3HAYCHHE X,
BHIUHCABM 1O (opmyne x =—u (x) 3Hauenne x,—o (x,). Cornacwo (a),
Xy > x,- C nppyroit cTopoun, mo (6), x,=u(x,) < ¢(X)=%, T. e.
x, < x,<x. bopmyna x=—=u (x), Takum 0OGpa3oM, MO3BOSET CTPOHTH
MyTeM MOCNENOBATENbHHX WTEPaLuii, WCXOns w3 M06OH TOYKH X, OT-
pe3Ka, MocAesoBaTeNbHOCThL, CXOASLLYIOCS K OnHiKaHIeMy Chnpapa KOPHIO
JS{x) atoro orpesxa,

Ecan X — x;, <&, rie & — TpeSyemasi TOHHOCTb, TO YHCIO X, -}-& > %
6yneT CAY}HTb HAaYaNbHHIM 3HAYEHWeM [l BEIYKCJEHWS  CAeIyIOLEro
3a X (B mopsiike BO3PACTAHHMsS) KOPHSI.

6) B. JI. 3azycxkun (Slpocaasav). BwluwcauTtenapHas cxema g
YCKOpPEHHOro BBHIYHCJIEHHUS] BCEX KOpPHeill ypaBHeHusl. B cBsi3m C pazeu-
THEM BLIYHCAWTENLHOH TEXHHKH BO3HHMKJIA MOTPEOGHOCTL B METORE BHIUKC-
JNeHusl KopHeH, oGnanawoueM o0mHOO0pPa3HON BRYHCAUTENBLHOH CXeMoi.
3nech u3jaraeTcst Takoro popa «Meton k-ro mopsakas. Ilpu £—1 on
COBMandeT € METONOM, MpeanoxeHHnM JI. M. PribakoBobi.

1. Ilyctb 3anano ypaenenne f(x)==0, KOPHU KOTOPOTrO «,, Tpy e vny %y
(npennonaraem, YTO WX KOHEYHOE 4HCIO0) TpebyeTcs BuuncauTn. CHauana
CnelyeT ONpeRenHTb [HAmpUMep, C MOMOUIbID MeToda MakaopeHa, ecu
ypaBHenne anredpawueckoe')] rpanuun  kopHell e <Co, <o, <...
...=<<a,=<b. Ecan 3TO 3aTPpyAHWUTENbHO, TO MOWHO MPUMEHHTDb A-METON
IBaXibl — A5l OThiCKaHust Ha otpeske [— 1, -} 1] Bcex kopHeit ¢yHk-

unu fi{x) u f( ), YyTO OmnpenefnT, OYEBHAHO, BCE KOPHH JAHHOrO

ydeHEHHﬂ. Kpome toro, caenyer, BmGpas k&, nonoGpath uncno C,
YAOBAECTBOPSIIOILlEE YCIOBKIO

C,= klmax[f‘k’ )], asx <.
CnenyeT OTMETHTbL, YTO HETOUHOCTb STONW OLEHKH, TAK We KK W He-
TOYHOCTb B ONpPEJENEHUH TPaHull @ H b, BAusieT HA OGbEM TIOCJEnyio-
UIUX BHIYUCTEHWH B k-MeTole npu R==2 He OYeHb CHILHO.

2. Buuncienuss B k-MeToée COCTOAT B MOCTPOEHHW HEKOTOPOH MOHO-
TOHHOH MOCNENOBATENbHOCTH uucen x, < X, < ... < X,; MOCTPOeHHEe
HAYHHAETCS € X, ==G W 3AKAHUHBAETCA NpPK MONyueHud x,, = b.

Tlycrs x; yxe Buuucsewo. JIns HaxowneHus X;,, COCTABHM BCIIOMO-
" raTenbHoOe ypaBHeHne

PO =F )+ e fsign £l Y 0. (1)

i+1

Dhiunc/iuB  HauMeHbLIRH TNONOWWTENbHLIT KOPEHb A; ITOrO YypPaBHEHus,

) Cm. B. JI. 3aryckus, CnpaBouHHK MO YHWCJICGHHLIM METOlaM peluedus
anrefpaMyeCcKHX H TPAHCIECHIACGHTHBIX ypaBuenuit, M., 1960, c1p. 37.
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vaiinem x;, ., no ¢opmyne x;, —x;-}\-}¢ rae s—sanannas tou-
HOCTh, C KOTOPOil ClenyeT HalTH KOPHR ypasHenms f(x)=—0").

Jlast mpakTuuecKoro mpuMereHusi GONbule BCEr0 MONXOAWT, MO-BH/IH-
MoMy, cnyusalh k=2. Torma ypaBuenne (1) uMeeT TONABLKO OLMH HOO-
WHTebHbIE KOPeHb (Tak Kak 3HAK xoaPduumeHTa npu A* npoTHBONONO-
WeH 3HAKY CBOOOLHOTO unena), u Mbl MOJAYHAEM CAEAYIOUWLYO BhIUMHC/N-
TEAbHYIO Qopmyny:

signa) b+ V 5 {14 C,

xiTl = X; Cz +E, (2)

rae
a;= f(x;), b;= Ti‘fl (%)

3. M3 MOHOTOHHOCTH (M HEOTPAHWYEHHOCTH) MOC/IENOBATENBHBOCTH $x:}
cllelycrt, 9TO aad Mo0oro KopHa o, HalLyTCA Takume JBA NOCHENOBA-
TebHbLIX 3HadeHust X; W X;, , 4T0 X; <o << x,;,.,. [lpemnnonoxum mnis
OmpenencHHOCTH, 4T0  f(x;)>0. PaccMoTpum  Torma  yskumMio
9(x¥)=f(¥)—F(x—x;). B cuny onpenenenns F()\) ¢ynxuus ©(x)
06nanaeT Tem CBOHCTBOM, 4TO HA oTpe3ke [x;, b] ee k-1 mpowsponas
¢ (x) ncotpunatensna. Cnenosatensuo, @*~V(x) ecTb MOHOTOHHO BO3-
pacTaiomas Qywskums Ha 9T0oM otpesie. Ho yunthisas, uto ¢~ " (x;) =0,
NPUXOAWM K BHIBOLY, 4YTO H cp‘k“’ (x) neoTpuuaTenbHa Ha OTpeake
[x;, b]. lNpumenss 3aTeM METOL HHAYKUWH, MB MOAYYHM, YTO M Cama
$yHKIEs @ (X) neoTpunATenbHA HA paccuaTpuBaeMoM oTpeske 2). OTciona,
OYEeBHIHO, chenyer, ut0 X;—k;<<o,, 4TO BMeCTe C HepaBeHCTBOM
Xy < 0 << X;,, TIPUBOAMT HAC K BHBONY, 4TO X, ;60 coBnamaeT ¢ %y
auf0 OT/NMYAETCS OT Hero He GoJbllle yem BHa E.

Takum 0Gpaszom, B nocnenoBaTenbHOCTH {x;} conepwartcs (¢ Touio-
CTBIO JI0 €) BCE MCKOMWE KOPHH NAHHOrO ypapHenus. Onpenenense toro,
KaKHe M3 YHCEN Xx; SIB/SIIOTCS KOPHSIMH, 3 KAKHE HET, HECNOXHO, TAK KAK
LSl KAXKIOro x; BuuHCAgeTcs f(x)).

4. Mpumep. Boumcants ¢ Tounoctbio € =0,0001 kophu ypasuennn

f(x)=sinx —0,5x2 — 0,1 =0. 3)

ﬂpocroe HCLJCA0BAaHHE 3TOrO ypasticunsi NOKasblBACT, 4YTO KOpHH €ro saemxar

Ha otpeske [0; 1,35], a MakcumMyM BTopoif npousBROAHON He npesblliaeT 2, Tak 4To
MOKN0 B3nth C,— 1.

Bane x,=0, uafinem no dopmyre (2) g,—=—1; b,=0,5 omsyw@
dy=(—1-054+1V 02501 =0,0916; x,=x,+*-e=0,0917. anpueinme

') FeomeTpHyeckH 3TO CBOIMTCA K [OCTPOEHMIO napaGoabl k-ro mopsuka,
nMerollelh ¢ rpadukom Qynkunn f(x) xacauune (& — l)-ro nopagka, B kavecrtse
X4, Gepercst T04Ka, pacloNOKEenHas BIpaBo Ha PacCTOSIHMM € OT NEepBOH (CuMTas
BIPaBO OT X;) TOUKH hepeceyeiust napabuibl ¢ ocbio Ox.

%) MeoMeTpuueckn 310 03naYaeT, 4To rpaduk anpoKCHMHpyIomelt napaboini
F(x —x;) noBclony B npenesax oTpeska [x; 5] NIpoXOIMT He BHINE rpa-

duka f(x).
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BBIMHCJICHHS NAIOT: X, = 0,1056, x,=0,1059, x, = 0,9945, x5 == 11,2755, x; —1,3126,
X, = 1,3172, 23 =1,3177, x,=1,5407 > b, u Buluncrcuus 3akauuupalorcs. [pu atom
£ (%) =0,0001, f(x5) ==—0,0001, urto CBHIETCALCTBYET O TOM, YTO X, H Xy SIB-
DIOTCH  KOPHSMM  ypasueins  (3).  HMutepecno = samerwts, u4TO  pasuoct
X, — % =0,8886 u  x,—x,=—02230 3HauuTENBLHO IPEBOCXORAT  Pa3liocTH
Xy — %, =0,0003 u x4 — x,=0,0005, uto BOOGWE XapakTepHo s tipoliecca
KTOPOTO MOPAAKA, OGJIAAAMOMET0 CHOCOGHOCTHIO GHICTPO IpOXOaHTh cBOCOAHBIE OT
KOpHEe#l uHTepBajibl. YObiBanue pasnocTeir:

Xy — %,=0,1059, xy, —x, =0,0142, x, — x, = 0,0003

Xy — %, = 0,3282. x; — x;=0,0422, x, — x,==0,0051, x5 — X%, —0,0005
CBHIETENLCTBYET O ORICTPOH CXOMIMOCTH MeToxa.
5. B nopsinke sKCnepuMesTa MPOBONMAHChL BHUMUCIEHMS Ha wMaukbe

«¥Ypan», pabotaoueii co ckopoctbio 100 onepaumit B Ccexynny. DBwuto
34JL4HO ypaBHEHUe

x*—0,234375 x*—0,01953125 x -1 0,005859375 =0

u snadenvs a—-—0,75, b—1, C=8, =272, B Teyeune 2% MH-

HYyT MAIIHHA MPOLLIA 33aJattibii HHTEpBAJ W Bhioana Cleayruue 3Ha-
YEeHHH:

X, =—0,374999998, x,=— — 0,249999994,
x,=0,125000002, x, = 0,500000002

(rounne 3unausenms: —0,375; — 0,25, 0,125, 0,5). porpamma nonvun-
JIaCb JOCTATOYHO MPOCTO.

Brionne BoamoxHO cosnawme cranpapTHOR NOANPOrPAMME JIJISl BHIYKC-
JIeHUS] BCEX BELLECTBCHHWX KOPHEH MHOrOUYNIEHOB METONOM BTOPOrO Mo-
psuLKa.

Ot penaxuunu. B 4 punycke «MareMaruyeckoro npocpewenusy 6niia
OuyOaHKOBaHA B pasfieie KPATKHX HAYUHO-METOAMYCCKHX COOGLICHWH 3ameTxa
A. B. Kywens «Mccenenosanue kopueli kyGuueckoro YpaBHenusi 6e3 HMCnonb3oBa-
st popMyn Kapnasoy. B. A. Jlapsouos o0paTul BHHM2HHE PERaKUMH HA TO, uTO
dHANOI HYKKIP pe3ynbLTaT couepwutcst B ero ctatbe (B. A. Jla puonos, leomc-
TPHYCCKHH  CMBICH [IMCKPHMMHAHTA  anTe6pauuecKoro ypasuenuss n-i creneHu
C peanbiublMu wo3hduunentamu, Tpyam HHuctutyTa Marematuku u MEXaHHKH,
AH Y3CCP 18 (1956), ctp. 115—124).
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OKOHYAHUE TEKCTA CTP. 236
Gonee uAll sMeHee 00CmosmenvHvle mO.1KOBAHUSL AAMUHCKIX MEPMIHOE,
OMHOCSULUXCSL K MPAOULILOHHOMY K8AOPILEILYLy: apugatemuke, 2eormempull,
acmporosun 1 avswke. Ha @gponmucnuce mak u yKasao- «Hayunutii
keadpusuyar u.in Mamemamuieckuic AeKCUKOHY. Dopatam ee — MANbIL,
in 1°, 6 Heir 1070 cmparuy, mexcma € 8eCbMaA HeMHOUMIL LepmeHCaull.

Kuueu Kapamyeass u O3anaya nocmpoerst meadmuteckit — no om-
denax. Hauboaee 60zamo codepaicanues couttnerue Kapaisyens: 6 Hex

10 0moen08, HALUHAS € apu@emuKil it KOH1as «RAQHEMAapPHOIl 2unO0me30iy
(komopast oxeamviéaem mpl omdena). Bmopoii morm Ue. KoM nOCesiuler
KHOBOIL HAYKe», KYy0a 6x00stm 1020 pUEMUKQ, MPUOHOMempPusL 1 MHOzlLe

dpveue. Ynoasinear cpedu Hix omoen «Kybeja de ludis» (m. e. 06 uepax).

t | OANNIS CARAMVELIS
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(PpPONTHCINC W THUTYJbHbIH JUCT «Jlsyraasoii Haykuy Kapamyens

«Jleyeaasast HAVYKQA» coOepxHCum 137 atamerramuieckux 1 UHoLX mabauu
(cpedu Hux .102apugstiieckue) i AMHOHCCCNEO UK YCHO HA2PABUPOBAHHLX
Ha MeOlt uepmesceit, COCMasAsLIOUIX amaac Ha 32 aucmax. Xoms. 8 3moil
KHLZe AMHO20 Kypbe3n020 U HAIEHOZO, ROOYCPKUBAIOULLZO OlLL.1eMAHMCKUL
06K asmopa, 6ce e 3MO HAcmosiuLast JHUNUKAONEOUST MOUHVLX HAYK 1
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X BANCHEUIX NPIAONHCCHUIL, cOO0epacatiast 02pOMHULIL  paKmuieckui u
CnpasouHuliL Atamepian.

Kuuza O3anasta Hanoyunaem Hax kHuzy Hapaayeas (Xomsi vl U
He Mozcer ymeeprcdamb 30eCb, UL OsaHay ee UCROAL30BAN); OHA
AeHbuie 110 066ey 1L 8 Heil Hem maxux Kypbe3os. J1060netmHo  Omie-
mump, umo ecan Kapastyeav noduepiusaem pasoe.lenlic HAYKL HA Cmna-
pyto u Hosywo, mo 0sauna ncxodum 113 noopa3oeneHlist Ha ducmylo u
npuxaaonyro. Touwwee zogopst, OH pasiiiaem nPOCMYIo  MQAMeAMAInuKy
(apuprtemura, anzedpa, 2eoMemplist), 20e peub udem O Koautecmsax,
abcmpazupoO6aHHuLX Om 4VeCin3eHHblx 006eKmMoB, I CMEULAHHYIO MAIMeMl-
muky (Kocamozpapus, AMexanuka, onmura, MY3bIEQ), U3YLAIOULYI0 KOAl-

yecmsa G €853 C ltyBCmGQHHbLJle obzexmaitil. A Maptcyuleeu't




IV. HAYYHAS U NEJAIOrMYECKASI XPOHUKA

KPYXOK MO MATEMATUYECKOMY AHAJM3Y
B F'POJHEHCKOM HNEJJATOTHWYECKOM WHCTUTYTE

. H. Puskuno

(I'ponruo)

Kpyxox no matematuueckomy ananusy B I'ponHenckom nemmncTuTyTe
CyulecTByeT yxe Gonbule necsTH JeT: OH Gul ocsoBan B 1949 r. B nactos-
uleit 3awetke OynAeT TOBOPHTLCA TONMBKO O TEMATHKE 3TOrO KPYXKa,
TAK KdK HMMEHHO OHa onpenesuia paGoTy Kpywka B nenoM. B TemaTuke
OTPA3WIACH BKYCbl ¥ MHTEPECH 4YIEHOB KPYIKA — CTYIEHTOB MHCTHTYTA,
Hanbosnee ONAPEHHbLIX K HHTEPeCYIOLUXCS HAYYHOH paGoToil.

C Temamu npoucxomua cBoeoOpasumii «ecTeCTBEHHE 0T60p». Hexo-
TOPLIE TeML OKA3AJNKCh WUIHECHOCOOHHIMH W  YCHELIHO BHLIIEPKHBAH
UCMHLTAHWE BpPeMEHH (XOTs wWHOrIA W He OGpul0 OCOGLIX YCMEXOB B HX
paspaboTke), npyrre we ObLICTPO OTMHPANK. ITA YyYacTb B MEPBYIO Oye-
pelb MNOCTHI/IA TEMhi, MAJIO CBA3dHHKWE C OOWXOIAHBLIM MATEMATHYECKHM Ma-
TEPHAIOM MEAVHCTHTYTA K TpeOylollde 3HAKOMCTBA ¢ OGLIMPHLIM HOBHIM
mvatepuanom. (Tawue Temw He GynyT npuBesess B 9TOH  Hawel
CTATHE.)

Bonpwyo ponb B padoTe KpywKa corpana Bwuienmas B 1949 r.
monorpagust M. I1. Harancona no xoHcTpykTuBHOM Teopun QyHkumi ).
MiHTepecHO W INOCTYNMHO HANUCAHHAS, OHA BMECTE C TAKHMH KJ4aCCHue-
CKHMH TPOW3BENEHHSIMH, KaK «3alaud K Teopemwl W3 aHanusa» [longa u
Cere, «HepapenctBa» Xapau, Jlutabsyna u [Monua, «Pacxonsiwpecs psabi»
Xapnu, crana HACTONbLHOU KHHroH p#nsi uneHoB Kpywka. M3 nexoTopnix
Pa3nesioB 3THX KHUr 00pPAa3oBajci ONpelesfieHHbil MHHUMYM CBEIEHH#,
KOTOPBLIM HOJuKeH ObUl OBNaneTh Kawiabl wied KPyXKa, HE3aBHCHEMO OT
MPOBOAMMON HM CaMOCTOSITENBbHOH pPaGoTH.

Ileproe spems B paGoTe KPYXKa LOMHHHPOBANA TeMATHKA NO meopuu
npubauncenusn BYHKRUL; 3aTeM, BOMHE eCTECTBEHHO, TMOSIBRIOCHL CTpe-
MJIeHHE K PaCUIMPeHMi0 TEMATHKH. 3TO PACUIHPEHHE TEMATHKHE HMEJO
CBOEOCPA3HYI0  OKPACKY — MPOSIBIWICA  OTXOL OT  CHELHAJIA3IHPOBAHHLIX

) M. Il Haraucon, Koucrpyktusuas Teopusi dyuximii, M.— JI., 1949,
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MAaTeMaTHYECKHX IUCUMMIKH, TNPeobnanaioliuMil  CTaIW  TeMn MO 06-
LleMy AHAW3Y, HPUMEPHO TaKuWe Tembl, xkotopsle B PecepaTuBHoM wyp-
nane «Martematuka» Qurypupylor B paspene «Ananus (apyrae BO-
NpoChl)».

Kawauift unen kpywka padoTan no WHAWBHIYANIbHOMY Mdny, Npruem
eMy MpenocTaBnsnach nosnas ceodona mefcTeuil. Ha 3acemanmsx kpyxka
34CAYUIMBANUCH COOGUIEHHWS] O MOJYYEHHbX Pe3ynbTaTax uin obCywna-
JIUCb HOBHIC TeMul. MHOrna 4ieHn KPyXKa WIK ero PYKOBOAWTE/]b HHTANM
JNEKIWKH MO pa3HuiM Bompocam, B Gosibllell WIH Menblled mepe CBI3aHHLIM
¢ TemaTHkOll padoT KPywKa.

Huxe npuBoauTCs psil 3anay, Haja KOTOPHIMH PpaboTann yuacTHHKH
kpyxka 3a 1949-—1957 rr. HekoTopsie n3 HUX OblIM yCrENIHO pellieHbt
¥ OnyONHKOBAHE B «Y4YEHHX 3aMHCKaX» HMHCTHTYTa '), neyaTanuch CTe-
gnorpaduueckd WK OCTaBaiuch B pykomucH. HexoTopoe 3anauu ne nox-
JAMUCh OO CHX MOP PELUIEHWIO, OHH OKA3aJMWCh HEMOCHAbHLIME IS CTYMEH-
TOB, KOTOpHE HX BHOpasu.

Temn patoT BHLABKHraskCh PYKOBOJHTE/IEM KPYHKA; BECbMd BO3MOXHO,
YTO CpeIW MPHUBEACHHLIX HWKE 34134 WMEI0TCSl W Takue, KOTOPHE yXKe
Onlnl pacCMOTPEHH PaHblle.

3anaun MpuUBOAATCA MO TCMaM. 3TO KHHOMAA HapyllaeT XPOHOJOruue-
CKHil nopsinoK, HO Gonee yiao6Guo Ansi 0603peHus. 3daMETHM 31eCh TOJAbKO,
uyto 3amaun pasnena Il — nepsule, KOTOPbE PACCMATPUBANUCD B KPYKKE.

1. TEOPHSI HTEPALLHIA

C TemaTHkOH 110 TEOPWH WTEPALMH Mbl CTOJKHYJIUCh COBEPIIEHHO
eCTECTBEHHO TpH PACCMOTPEHHH HEKOTOpHIX  3JIEMEHTAPHLIX  BOMPOCOB
aHanu3a.

Ve B CaMhIX HAayanax aHasnW3a HEeKOTOpHE KAACCH (YHKUuHd onpe-
IeNI0TCA NPH MOMOIUH MNPOCTHIX (YHKIHOHAIbBHHX ypaBHEeHH#; TaK, Ha-
npuMep, KAACC MepuoAHYECKWX (YyHKUHH € nepuogoM a onpejpensercs
dyHKIROHANbHWM ypaBHenwem f(x - a)—f(x), a ypaBnenue f(— x)=
— f(x) onpenenser kKnacc udeTuolx ¢yHkuuH. O6a ypaBrenus sIBIIIOTCS
BECbMa YACTHLIMKA CAy4asMH ypPaBHEHUs

flo(x)=r(x), (1

B KOTOPOM @ (X)— 3anmaHHasi MOHOTOHHas (YHKIWS BeuleCTBEHHOrO rnepe-
menHoro x. Takum oOpa3oM BO3HUK/IA CACLYIOULasl 3anada.

3anaua 1. BbiscHums, kakuM YCa08usm O00ANCHE YO08.AeMEo-
pame Pynrnus ©(x) 0as mozo, umobs ypagrenite (1) useno Hempu-
guasbkbie (T. €. OTAWYHbLIE OT TOCTOSIHHOH) peuierus, U u3yuumv me
waacctl  yHrnui, Komopsie mozym Obime pelleHUSI MU 3MOZO Ypas-

) «Yueune 3anuckH [ POAHENCKOTO M€1arorHyecKoro WHCTHTYTay (B RanbHE-
meM uutupytorcst: ¥. 3.), soin 1 — 1955 r., Buin. 2 — 1957 r., sbim. 3 — 1958 r.
¢ T
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Henust. Dty 3apavy pemmna E. H0. 3axapuyk'). Ona rnokasana, 4To
OCHOBHOE 3HAYeHHWe B TEOPWM ypapHeHusi (1) wmveeT mnoBeleHMe GeCKo-
HeyHOi B 0Oe CTOPOHB MOCNENOBATENBHOCTH WTEpaLHil (PyHKLHM @ (x)

O 9y (%), v, (x), @(x), gp(x), epp(x), ..., (2)

rae ¢_, (¥) — Qynxuns, obpatHas K GyHKuuH @ (x).

Paccmmpen—me NOCACLOBATENBHOCTH (2) NO3BOJMIO, HANpHMEp, BhISIC-
HUWTb, MTO B Clyuae Bospactaiomeil QyHkumn @ (x), mis KoTOpoil ypas-
HeHWe @ (X)=—=Xx wuMeeT NeHCTBHTENbHLIE KOPHH, ypasdenue (1) wumeer
TONBKO TPUBKAJbHLIE PELICHUS; CMPABEIVINBO TAaKWe W OOPATHOE YTBEPK-
JIeHne.

Nayuenne nocnenopatensnoctu (2) wuteparnmii, €CTEecTBEHHO, HATaln-
KUBAO HA MuicAb ONOCUIMTE WTEPAUMOHHHIA MPOIECC M PACCMOTPETH
UTEPAUNH, NOCTPOEHHLIE HA OCHOBE MOCJENOBATENLHOrO MNPUMEHEHHS 71
ynxumii.

Banaua 2. Ilycms 0GHO N HenpepbIBHBLX [ MOHOMOHHbLX dynrcyuit

G (), @, (0 -1, @, (%), (3)

onpedesennblx Ha sceil Oelicmeumensroii ocu. Jlas Kaxwcdoii mournu X,
Oelicmeumenbroil ocu 06pa3yen caedylOuYIo NoCACO080MeABHOCLS mover:

xlzq)l (xo)’ .)Cz:L")z (xl)’ ct xn::?n (xn—l)’ xn+1:q)l (xn)’ l (4)
Xpys =9 ('xn+1)’ o xsn+k:q’k('xsn+k—1) (kgn)' J

Tpebyemcs: usayuums nociedosameibHocme umepoli
Xgy Xyo Xy ey Xpy Xpry = oo (5)

Stoit 3anaue nocesuena padora H. C. Illenposoi «Iocnenosa-
TEAbHOCTH WuTepaunii u3 7 QyHxumi» *). TlocaenoBaTeNsHOCTE  TOYEK

{x,} (=0, 1, ..., n—1) ecTecTBesHo naspaTh yux.toM I-20 nopsdwxa
cucTembl QyHkumit (3), ecam x,=x,. AHanoru4Ho 3TOMy moOCAenOBa-
TENbHOCTL TOYCK X, X,, ..., X, -.., X,, | MOXHO Ha3BATb BUKAOM

2-20 nopsdxa cuctemn (3), ecnn X, ~x,, no X, =—x,. Kasanoco 6m,
MOHO 3HAJOTMYHO ONPEAENUTh LMKAN 3-ro B BHCUWHX nopsinkos. Opnako
Ha camoM nene cucmema GyHwnuit (3) He aodicem nmemy CyUjecmBeH-
HBbLX LlKA08 nopsaoka ebiuie vem 2 ).

H. C. IllenpoBa yctaHoBMAa Psiil TCOPEM, W3 KOTOPHIX BHSICHSIETCS,
NPH KAKHX YCJIOBUSX MOCAENOBATENLHOCTL (D) WMeeT mpenelbHWEe TOYKH;
0Ka3a/10Ch, YTO €C/IK 3TA MOCAEACBATENLHOCTL HMEET NPEnesbHbE TOUKH,

) E. I0. 3axapuyk, O pewennsx (PyHKUHOHANLHOIO ypaBHenus f (¢ (x)) =
—f(x), Y. 3., Bhin. 1.

) Y. 3, Bbin, 2.

3 Mo cymecmy 3TO yTBEpXUCHHe OTHOCHTCSl K CBOMCTBaM ORHOM MOHOTOfI-

HOH PYHKUHE ¢ (%) =@, ($p_y (- - - ¢y (X). - )
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TO UMA SBASIOTCS MEMEHTH HEKOTOPLIX UKKAOR 1-r0 wim 2-ro mopsinka
cucTembl QyHkugBi (3).

B 3amavax 1 u 2 paccMatpuBanuch HTepauun QyHKIMHA omHOB nepe-
MEHHOH. 3acnyuuBaeT BHHMAHWA W3y4YEHHE RTEPALHOHHOrO MPOLECCA s
¢yskuue nByx win Gosbliero uucaa mepeMenubix. Jlas cayuas QyHKIHH
JBYX MepeMeHHbIX 3a1a4a CBOAWTCA K PACCMOTPEHRIO ABYMEpHOB mnoche-
NOBATEUILHOCTH HTepauwit (x,, y,), rae

x"+l=(ug(xn’ yn)) yn+1:"!>(xn’ yn)?

npuyem QyHkumn ©(x, y) & O (X, y) yROBNETBOPSIIOT HEKOTOPHIM ycio-
BUSIM.

Ounnako B Tako# oOuieli MOCTAaHOBKe 3anaua, MO-BHAMMOMY, JOBOJIBbHO
TpynuHa. B nnaHe u3yuyenus NByMepHbIX WTepamuii paccmartpuBancs  Cie-
Lylolmi yacTHull cayyaid.

3anaua 3. Hzywums Osymepnuiil umepayuonnbii npogecc, 300aH-
HbLlL ycao8usMIL

X1 = G Xy, _l_alzyn _l" Qs

Y :azlxn—l_'azzyn—l—azz'

npuiest
a4y — 1 G4 — 513
Qg Aoy — 1 Qog

3sech Mb MMeeM Jeslo € uTepalueil nepcneK THBHO-aUHHMX mpe-
06pa30BaHuA.

ITOT vacTeRil ClAyyaH [ByMepHOH MNOCAENOBATENBLHOCTH HKTEpatuu
TaKwe OnJl MojBeprHyT nospoGHomy mayuenmio H. C. Lllenpoeroii.

II. TEOPHS PSILOB H NOCJHENLOBATEJILHOCTEM

TemaTika Teopun psifOB K MOCHAENOBATEABLHOCTEH Bcerja Onuia HPH-
BieKaTe/lpHA NI CTYAEHTOB. Hike ykazanw HeKOTOPLE nOpuMLIKAOUIHE
Cloga 3a1ayu, PACCMOTPEHHLIE B KPYWKKe.

1. Panbl. 3anava 4. Obosnauun uepes Pl{c,}| — npusnax cxo-
oumocmu Kymmepa'). [Tpusnawx smom 3asucum om Cuemmozo MHO-
Hecmea nOpamempos €., C,, ..., €, ... IpeGyemcs npu nomowu
HaOaexcauezo 6ol60pa NApaMempos NOCHpPpOUMs HQ OCHO8e IDUIHAKA
Kymnmepa «yenoury» npusnaxos cxodumocmu, m. e. nocaedosamesis-
HOCmb nNpU3HAKO08, 8 KOMOpoll kaxcOnil caedviouul npusHax Ccxodu-

JMocm cuabHee npedbidyuezo.

) Cum. I, M. ®urtenroabn, Kype auddepeHUHaNbHOrO W HHTErpasb-
uoro ucyucaenus, 7. I, M.—JI., 1948, ctp. 327.
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Ata sanava Ouina pewena . B. Crpeneukum'). IMonownm

n n
1 1 1
Q1) — (2) 2‘ (3) s '
s - ’ s — ’ S — I - ';
n ——k:l cp n —k:l Cks(;z) n —k:ﬁ‘l Cks(;)

TOrJa nocnenoBaTeNbHOCTH NPH3HAKOB CXOAMMOCTH
Plical, PUc,s, Plic,sDs, ..., Pl{e,s¥ ... s... (6)

ABJSIETCH  «IIEMOYKOH» KPUTEPHEB CXOAMMOCTH, ynosneTpopsiouiel  no-
CTapleHHbIM  ycCaoBusIM. B vacthocTu, ecnM  nomownts ¢, —1, 70
MBI IIOTYYHMM «UeNOYKY», B KOTOPOH Ha NEpBOM MecTe CTOMT MpU3HAK
Hanambepa, Ha BTOPOM mNpH3HAK PaaGe, a nanbuie CNENYIOT MPU3HAKH
CXOLMMOCTH, SKBHBAJICHTHHIE JIOrapH(MHUUECKUM [PU3HAKAM CXOIIMOCTH
pPsIOB.

3anava 5. B Teopun psiioB € MONONKHTENHHLIMU yjeHaMn 60Jb-
WYy PONb WIPAET MIBECTHAS TEOPEMA O PSNAX C ACHMIITOTHYECKA OLu-
HAaKOBhIMU unenamn ). OnHako, Kak Jerko yOenurbess Ha MPOCTHX MNpH-
Mepax, sTa TeopeMa riepectaer OuLIThb BepHOH [PH OTKaze OT TpeboBa-
HUSL TIOJIOXUTENBHOCTH  4ieHoB psina. Tpedyercs tak CY3UThb [IOHfITHE
PHLOB € ACHMOTOTHYECKH OIMHAKOBHIMH WIEHAMH, yTOGW AHANOCHYHAS
TeOpeMa ocTapajach B CHI€ W I8 DPAJOB € MPOU3BOJNBHLIMH 3HAKAMH
1JICHOB.

Jrot Boupec Ol NOLBEPrHYT usyuento K. K. Uckpoi#i, korto-
pHlii OKa3an caenyomyi Teopemy ).

ow

@
Ecru Ons pados 2 u, u 2 V,, BbLNOAHIIOMCST YCA08US

n—i n—i
o 2]
~N 1 22 N |V v
2 e A P D N S < o0, (7)
n—1 Uy Upn+s n——1 i, Uy

mo o06a pada uin oOHOBpeMeHHO CX0OuMCT UL 00HOBpeMEHHO pac-
X0051Mc.
Yenosust (7) swasiores Ge3ycnosHo 6osee CHAbHLIMH, YeM ycaosue

lim o=k  (R£0, k£ oo), (8)

n—->owl,
TaK KaKk M3 HUX HE TONbKO CjAeayeT CYLLeCTBOBAaHHE OTJHYUOFO OTr 0 H

.
0T oo npenena lim -”—k, Ho HAKNANMBAIOTCS HEKOTOPHIE OrpaHHYeHUs Ha
n—->w"n

73
CKOPOCTb CXOAHMOCTH NOCJEA0BATENbHOCTH {v—"} K npepeny k.
n

) 9. B. Ctpeneuxuf, lenb npuanakos cxomumoctu IS PAOB C HOJO-
WUTENbHBIMY uneHamd, Y. 3., o 1.

. M. PUXTEHIrOAbI, LUNT. Kiura, crp. 313, teopema 2.

) K. K. Mckpa, Hekoropule teopembl o psanax, ¥. 3, Buul, 1.
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B stoit we paGore unrTerpanbHbiii NPH3HAK CXOAMMOCTH PSAOB Gbin
NepeHeceH U HAa pPsigbi C HCMOHOTOHHO CTPEMSIIMMHCS K HYJ/O YJIEHAMH.

[0.2]
3anpavwa 6. Jaw pun ¢ HOROKATENbHHIMH WJIEHAMA 2 a,. Toao-
k—a
WHM
) o0
() §) §—1
'v(k:ak, P = D oFY, s—1, 2,...
k:n+l
Tpebyercs:

a) uzyuume Kaacc psaoos, OAsl KOMoOpLLX

o8] on
N S, S
DR <o mpn s<l n Do®—o upn s>1,
k=—1 k=1
n
1 O) sbLACHUMB, 048 KAKUX psiO08 E 'v(f,)< o0 npu BCAKOM S. IT0

=1

HCCRIOBAHHE OCTANOCh HE3dBEPIICHHBIM.
YkaweM enje Ha OTHOCSILYIOCS K TeOpuM psinoB pabory 3. B. Crpe-
neukoro '), B KOTOPOH Obil MOCTPOEH IPUMEP OAHOFO MHTEPECHOFO psiia.

2. PaBHOMepHO pacnpefenesHbie nociaenosareabHocTu. K 1eopun
PABHOMEPHO PACIPENENEHHbIX TOCIEeI0BATENbHOCTEH *) OTHOCHTCH clenyo-
Hipe NBe 3aJdyd.

3anaua 7. Beckoueunas Tpeyronbhas matpuna (M), n-9 Crpouxa
KOTOPO# yIOBJIeTBOPSieT YCJIOBHIO

0=V <xP<...<x™ ,<xP<1,

HA3LIBAETCS pABHOMEpPHO pacnpedesennoll wa otpeake [0, 1], ecan ans
Beakoll pynkwm f(x), wenpepwiskofi Ha orpeske [0, 1],

n—> oo
k=—1

lim - Y fe) = X F(x) dx.

Tpebyercst HaliTH nOCTAaTOUHBIE YCJIOBMS S TOro, 4TOOH MAaTPHUA OBLIA
PABHOMEPHO pacHpeneneHHoi.

2. B. Crpeaeuxufi, [lpumep pana cymmupyemoro (A) u HecyMMupye-
moro (C, p), p>0, ¥. 3., suin. 1.

%) HocnenosatensHocth §x;} HA3bIBAETCA pPABHOMEPHO PACHPEOEALHHON HA
ompesxe |, b], ecin ana mo0Oro otpeska MNMHbLL I, Jewaluero BHYTpH [a, b),
UMeeT MECTO COOTHOLIEeHue

! lim k——const
{ A'-)(t:Tv— ’

rie B — yucjo 4I€HOB NOCAELOBATENbHOCTH C HOMEpaMH, He [PCBOCKOAAUMU N,
JeWaluuX BHYTPH OTPE3Ka anuibl L

o
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tH. Fl. BuHorpanosuiM JiOKa3aHa CAEAyIOIasl Teopema: ectu

n
. ~ o 1Y 1
011: ‘_‘ (Axk ll) =0 (—17)’

k=1

mo mamputa (M) pasHomepro pacnpede/iena.

Amnnapat pasHOMEPHO PACHPENENEHHBIX MATPHL MOWET OHTh yCIEwHO
ICNONBb30BAH IJf  W3yuEHHsl PAaBHOMEPHO PaCNpeNeIeHHbIX 10C/HCA0B8a-
tenbHocTeir Ha otpeske [0, 1]. [le#cTBHTENbHO, € KaXIOH PABHOMEPHO
pacupeneaennofi nocnenosarenbhocTeio {x;} na orpeske [0, 1] ceazana
HCKOTOPAsl PaBHOMEPHO pacripeeneHHass Marpuua, 7-si CTPOYKa KOTOPO#
HoayYaeTCs, €C/ 3EMeHTH NOCNeA0BATENbHOCTH X, X,, ..., X, YUOPS-
NOYHTh MO HX BEJIUYHHE.

H. I1. BuuorpajoB u3yyYas HEKOTOPhE CBOICTBA PaBHOMEPHO pac-
UpedeNieHRbX  NOCJEIOBATENBHOCTEH HA OCHOBE M3YuEHHS  CBA3AHHLIX
¢ HUMH MaTpHL; STO MCCJENOBaHHe, ONHAKO, OCTaNOCh HE3ABCPLICHHLIAL.

3anaua 8 Paccmorpum cnenyiouiee 00006ileHHe IIOHSTHS fode-
JOBATENbHOCTH, PaBHOMEPHO pacrpeneieHHOd Ha OTPE3Ke [0, 1]. Tocne-
7I0BATENLHOCTb {X,} HA30BEM pABHOMEPHO pacnpedefeHHOL 8 CpecHex
omuocumeasio Kkaacca hywxyuit K, ecau  Ins  BCSIKOH (hyHKLHH
J(x)€K, npuuem KCL,,

lim {SH :; f(xk+f)—§f(f)dt]2dt} "

n—->u

Ecom K=L*"), T0 Mb rOBOp¥M TMPOCTO © paBHOMEpHO# pacnpeeneH-
HOCTH B CPEIHEM.

CripaluuBaeTCsi, KQKUM YCAO8USIL COAMHCEH YO081emBopAmy Kiacc K,
4mobsl U3 pasHOMEPHON pacnpeleeHHOCmY 6 cpednem nocredosamens-
Hocmu  {x,} ommocumesvno raacca K c1e008a40 €€ pPaABHOMEPHASL
pacnpedeAeRHOCMb HQ OMpe3sKe [0, 1].

Ha ator sonpoc otser nan H. W. Bpuw. Buisichunocs, uTo nas
SrOro HOCTATOMHO, uTOOH Knace K Own mnotes B L,%).

[ToHsiTHE PAaBHOMEPHOrO pACNPENEICHHA B CPElHeM sBAfeTCH CO1ep-
JKATENbHBIM H 3aCJAYKHBAET M3YyueHust.

1y Muowectso ¢yHkuuil x (f), onpeneneHHbix i HIMEpUMbLX na otpeske [0, 1],
LIS KOTOPbIX
1

flxopa <o,
0
(iterpan moHuMaeTcs B cumbicae JleGera), HasbIBACTCA APOCHIPAHCMGOL Tunb-
oepma L,.
2y H. W. B puu, INocaenosatenbHOCTH, PaBROMEPHO pacnpeneeHHLc B Cpes-
nem na orpeske [0, 1}, ¥. 3., Bun. L
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III. TEOPHSI NPHUBJHXEHHA »YHKLIHNA

1. Nonunomem C. H. Bepuwreitna. [To Teopus 5THX HONHHOMOB
H3YUaluch CAELYIOIIKME NBa BOOPOCA.

3anaua 9. Paccmatpupaercs knacc Qyukuuii f(x), uMeloumx Ha
orpeske [0, 1] nepeywo npoussonnylo, YIOBAETBOPSIOULYIO  YCIOBHIO
Jlunumua ). Tlponssoauyio f'(x) MOXHO ¢ M0GOH CTENeHbId FOUYHOCTH
annpokcumpposaTth nonpnomamu C. H. Bepuuireiina

B,y =3 7 () Chx*(1 — 0,
k—o

a TaKie, KaK BTO CJEAYyeT H3 H3BECTHHX Teopem®), NPOH3BOLHLIMH
B, (f, x) noausomos

n
) k % -
B,(f, x)= 3. f(;)C,,xk(l — )k,
k—o
Tlonowum
() — SU ’ e () — u ’ ’
An ossxixlB"(f’ x) f(x)l ¥ Ay ossxpsnlB"(f’ x)—f (x)l
EcrecTsenHo BO3HHKAaeT BOMPOC: CYWIECTBYIOT M Takue by KM

f(x), uenpepuigunie Ha orpeske [0, 1] u oBaananoumpe npousoanoil
S’ {x) rakoi, uto f’(x) €Lip, M, a1 KOTOPHX MMEET MecTo HEPAaBEHCTRO

Wnaue rosopsi, cymecmsylom au maxue hyniyuu 8 xiaacce Lip, M,
KOmopble npu OQHHOM N mMOHee QNNPOKCUMUPYIOMCS NPOU3BOOHbIMIL
noaunoxos C. H. Bepruimeiina ux npumumusdvle, 4esm noiuzHoMaMi
C. H. Beprwmeitna camux amux hynwuuii.

Ins semmuuno MY uveer mecto HeyJlyulllagmas B cMbiCIe [HOpsiIKe
ouenka *)
M1
2 <2 : (10)

. »
2 n%e

MO3TOMY IJIst pelleHHsl NOCTAaBAeHHOH 3apauu ycumiag (o188 1Y HanpapJjeHn

Ha NOJyYeHNe BO3MOXHO Gonee TOYHOH OueHKH Beddumy LG, Taxkyio
ouenky nonyuun I'. B. XXunkos?), nokasas, uro

0 < (%)“’2114—1. (11)

e

) Cm. yxasaHnywo Ha ctp. 267 kuury M. ITL Hartancowna, crp. 22.

%) CM. 1aM e, CcTp. 250, 251.

%) CM. Tam e, CTp. 246.

9T B. KuakoB, 3ameuanne o nosuuoMax akam. C. H. DBepuwurefina,
V. 3., Boin. L.
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Tak kaxk ouenka (10) He Mower ObiThb ynyuHIeHa U

3

(—4—)0[/2 <% mpu 0 <a <1,

TO BEPOSITHO, YTo OTBET HA WOCTABJEHHLIH BBILIE BOMPOC SIBASIETCS MO-
JOXKUTEJIbHDIM.

3aremM Hameuanoch u3yueHWe Knacca Tex QYHKuuil, AN KOTOPHLIX
Bhironusietcst vepagencTso (9). Dta 3amaya oxasanach, OLHAKO, IPeBOC-
Xozsied! BO3MOXHOCTH CTyneHTOB. TpylHLIM OKa3danoch Takxe o6obwe-
Hue Hepaenctsa (11) mas senuuus

W= sup_ |BR(, 1) — W,
0T X1
rne dyskuus f(x) umeer s-i0 npoussonHyo f(x), npuHaznexamyo
knaccy Lip, M.

B stoM HanpasaeHmH Obulnl  CrledaHsl HEKOTOPHE 3aCiaykHBalouiye
BHIMAHHA [OMLITKH, HO BCB e 0603pUMbIE pPe3yabTaThl 10 CHX f0p HE
Oy YeHH.

3anaua 10. PaccmatpmBaotTcsi CyMMaTOPHBIE NOJHHOMI

Balf, x)= D FED) Cixk (1 — x)"~%, (12)
kR—o
Hpuuyem
0=04n <80 <. .. B TV <E =1, (13)

Ity nonuHoMn siBisitoTest oboGuiernem noaunomos C. H. Bepuurteiina.
EcrecTeenno u3yuurb, IpPH Kakpx pacnpeneienusix ysqaos (13) noau-
Hombi (12) oOmapnaioT HEKCTOPHIMH OCHOBHLIMM CBOHCTBAMM, NPHCYUIMMH
nonunomam C. H. DBepnwreitna. B wacTthocTH, HMenoCch B BHLY OTBE-
THTb HA CJENYIOIHE BONPOCH:
a) Ilpu kaxux pacnpedeienusx y3z08 (13) umeem secmo pagen-
cmso
lim B, (f, x)=F(x) (14)
n —» e
pasiosmepro Ha ompesxe [0, 1] Osn ecsroii Pywwxyuu [(x), Henpe-
PbiBHOI HA 3MoMm ompe3rce.
B) ITpu xarxux pacnpederenusx ysaos (13)

o
lim B, (f, x)=Ff" (x) (15)
n—= oo

pasromepro na ompeske [0, 1] Oas scaroii dhynruny f(x), uneouei

na ompeaxe [0, 1] Henpepbigrylo nepgyio npoussoonyio.

3acay}uBaeT pacCMOTPEHMsI TAKKE BONPOC O TOM, CYLLECTBYIOT JiH
takue pacnpenenenust y3nos (13), IS KOTOPHIX BLIIOJHAETCH  yCNO-
sue (14) u He pHimonHsiercst ycnaosue (19).
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llpn paccmorpenys BONpocos o) u P) Obina BBENEHA KAK Mepa OTKNO-
HeHnsl pacripenenenusi ysnos (13) oT pasHoMepHO pacrpeneneHsbx Gepu-

. k
WTENHOBCKUX Yy3JI0B {7} BE€JHYKHA

n
CYILAYS
6= (& —7)"

k—o

[Tpn atoM ynanoch nokasarh (NPasla € HEKOTOPLIMH npoGenami, Koto-
Phi€, OIHAKO, JIErKO MOryT OHTb BOCIOJHEHH), 4TO ecau §,==o (n), T0
ycaosue (14) suinonusiercs.

Boripoc f) He Obla paccMOTPeH; OCTANOCh TAKWE HESCHLIM, HACKOJBKO
olleHKa €, == 0 (7) CyLIeCTBEHHa H HE MOXeT OpTbh ocaabrena.

2. HexkoTopele BHIBI CHHryJsIpHBIX UHTerpajoB. Kak o6oGuienuc
Teopuit 0coOhix uHTerpanos $eitepa u Jhkekcona') Ouina copmynnpo-
BaHa CJeLyloulas 3anava.

Sanaua 11. Hzywums unwmezpaav suda

Faty=2, § re-020a, (16)

20e

T

_[{em, 1"
1"'” 2 (7) dt]

-

u bynrqus @ (t)y yoosaemsopsiem cLeOVIOWUIM YCAOBUSI:
1) ¢(©)=0, 9(0)=0, o(H=<<1 s t€]—m, 7|;
2) ¢ (— =g (1)
3) o(t-}-2m)y=0g (N
4) @ynrcuus ¢ (¢) sospacmaem na ompesre [0, ;

T

dt

0

1) Murerpanom Peilepa nasbiBaeTcs HHTErpan

]
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UccnenoBanmio unrterpana (16) Obiin nocssiiledsl  paGoThl  CTYLEHTOB
H. 9. Wanpunoit u X. C. Wycrepa'). H A lanpuna noxasana,
uro Oan ecaxol ghynrnun f(x)€C, ?)

lim f, (x)=/{x)

n —» a0
pasHosmepHo Ha ompesxe [—m, w|. Cyulecrsentyo poab B JOKa3areb-

CTBE 3TOH TeopeMbl MIPAET JieMMa, COrJIacHo KOTOpOH

™

. ¢ (nf) o
"gmw[g L dt]_—oo. (17)

X. C. UlycTep yTOuHHA BTy JeMMy H OJHOBPEMEHHO mnonyuni Gonee 00-
ulylo ee (OPMyJMPOBKY. B dactHOCTH, HakJaibiBasi Ha QyHKUHIO w ()
HEKOTOpbi€ AONOJHATENbHbIE YCJOBHUS, YAANOCh NOKa3arb, YTO

™ ™

. © (nt) dt
f— — 1 =0. 18
,,limm U ) a S ?\t)] (18)

[ win

Tonyuennas taxuM oGpasoM ouenka (18) nossosger HIY4HTb CKOPOCTD
cxonuMocTH wuuterpana (16) kK ¢Qynkumm f{x) B TOYKAX, B KOTOPBIX
dynkuus f(x) HMEET HE paBHhiE MeXuy CoOCO# TNpaByio M JIEBYIO MPO-
H3BOIHLIE. 3areM Yyraercsl JOKa3aTh U1 HHTErpasos {16) nexorophnie
TeopeMnl THa TeopeM BoponoBckoii *).

Ecnn teopuss unterpanos deilepa H JKEKCOHA INPHBEIa K PaccMoT-
penmo 3anayd 11, To Teopust uurerpanop Bamne-llyccena wu Jlanpay

™ 1
(2m!! .1;1 5 F(t) cos?” ( i'z;x) dt n l(z—”ﬂj FOI — (x — 71" dt.
pu—" 0

@rn— 0 2 2 (@2a

MNoACKasana caeayrouylo nocraHosKy BOINpoOcCa.

B H. 4. Wanpuua, O6 omioM Buge OCOOBIX nuterpaios, Y. 3. Bwm. I
k19

n
X. C. Wycrep, O6 oco6oM unrterpane suma f,(x)==» x4 2 g,
p p n n o ()
—=
TaM XKe.
?) C,, O3Ha4YaeT KAacc BCeX HEIPephBHBIX 2n-NepHONUYeCcKHX dyukinii nefi-
cTBHTeabNoil ocu.
%) Teopema BopoHoBcko# yTBepmiaer, 41O

" 1
Bn(x):f(x)+)-(—?il@x(l —x)-}—o(_n-)_
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Sanava 12. Haywums unmezpasw suda

Fa) =2 fix-te" ity ar,

20e
w=[{¢wval”

u diynxnus ©(f) yoosasemsopsem CALOVIOUUNM Y CAOBUSIM:
1) ¢ () Henpepusne 1 Heompunamevhas Ha ompesxe [—1, t];

2) max ygx)=eO)=1 o<1t npu x€[—1, 0) u

3) cymecmsyem maroe noisoxcumessroe wucao m, wmo

lim ~— 2% 5>
X—=>0
H. C. Wenpos nonyunn caenywomyio TeopeMy: ecau f(x) npu-
HapIexutT K Knaccy Lip, M, To

Ifn(x)_f(x)l<M'6(n)1
rae

llm ny/z ma(n):%a_ 1/2 me— Clz2m

n—>ao
(C— noctosnuas Jinepa).
Kpome Toro, B 3roii we paGore Onuio JOKa3aHo, YTO AAS BCAKOH
Gynkuay f(x), HenpepuiBHO# Ha oTpeske [—1, 1],

1iﬂ;°fn (x)=r(x)

paBHOMEpHO Ha oTpeske [— 1, 1].

K pa6oram 1o teopus npubnuxens GyHKunit cnenyer takke otTHeCTH
pabory . M. Toino’), 8B koropoii H3y4aicsd NBYKPATHBIH dHANOF HH-
terpana Banne-llyccena, a rtare HesaBepIUeHHOE MCCTELOBAHME O npu-
G/unKeHUH HenpephiBHLX (YHKUMEE Ha OTpe3ke |—m, | BLIPAXEHUIMH
BAna

T, ,x)= Z {P,,.. 1 (x) cos kx4~ Q,,. , (x) sin kx},
k=1

rae P, . (x) u Q,,, » (¥) — anrebpanyeckue NOMMHOME CTENCHH, HE RLIC-
weii yem m (crynent Mareesckuii).

) Il M. T'oéino, O6 onHoM ABYKpaTHOM udterpane, Y. 3., Bbll L.
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IV. HEKOTOPBIE APYTHE BONPOCHl AHAJIH3A

Sanmaua 13. O6Gosnaunm uepes £ knacc Bcex (pyHkuuit, onpene-
NEHHEIX HA BeuleCTseHHOH ocu, a uepes A m B— nsa noaknacca B Q.
Apugdmernueckolf cyMMOA IBYX KAaccoB (yHKUMH A«-}» B nHasosem
knace C Bcepo3MOWHBIX cymMm BHaa @ (x)-}d(x), roe ¢(x)€A wu
d (x) € B. 3uakom -}-Gyney, kak 06HuHO, 0603HA4ATh TEOPE THKO-MHOXKECT-
BEHHOE CJIOXeHHE KJ1acCCoB.

OnpeseniM NOHSTHE AOLUONHUTENbHbIX KnaccoB. JlBa knacca A u B
Ha30BeM OONOAHUMEAbHbLMLL, €CIH:

1) A«t+»A=A un B«-+|»B=B5,

2) A«+»B=Q,

3) A} B=£Q.

IlpyMepaMn NONONHUTEINbLHEX KJAaCCOB MOFYT CJAYXHUTh KJAaCChl YETHHIX
H HeyeTHbIX (YHKIW, HENONOWKMUTENbHLIX H HEOTPHIATENbHbLIX (hyHKIHi
H T. I

Bo3HuKaeT BOIPOC: KAKUM YCAOBUAM OOAICER YOOBACMBOPSIMND KAACC
yuryuii A, umolol 045 Hezo cyuecmseosan 00N0 HumesbHbil KAacc B?

HecmoTpsl Ha HEKOTOpbLIE ycuausi, 9Ta 3a4a4a OCTanach HEPEIUEeHHOMH.

3amaua 4. Ecau @(x)—sunyxias 6Hu3 @Gynxuus’) o

mo 045 BCAKO020 X, a<<x==0b, umeem mecmo Caeoyiolujee HePAGEHCMBO:
3(a. x)+oix, b) =<¢c(a, b).

ATo HepaBeHCTBO NOKasan crypeur Paniok.

B3anpaua 15. Ilycre pan tpeyronbuuk ABC. Ha cropone BC Bul-
6epeM TOuky A,, Ha cropone AC—TOouKy B, u una cropoue AB
rouxy C,.

3ateM mnepemsuraeM TouKy A, B rnonoxenue A, %) rtak, 4TOOH
o6uno A,B,—=A,C,, Touky B,—8 mnonoxenue B, TaK, 4TOOB OnKi0
B,A,=B,C,, ¥ touky C,-— 8 unonoxenne C, T1ak, 4robui C,B,—=C,A,,
H STOT IPOUECC NPOAOIIKAEM HEOTPAHHYEHHO.

Tlonyuaem nocnenoBaTeNbHOCTh TPEYrOJbHUKOB

An Agi ce ey An’ )

Ap=AB,Cy

rae

) dyHKuua Ha3biBaeTCA 6bLNYKAOLL 6HI3, eCau f ( nd

le—y)sf(x)jf(y)

BCEX X, V, NpHHamnemalux oénactu OnpexeneHus QyHKuuu.
%) Touka A, JeWUT Ha npamon BC.
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Wayunte: a) umeem au nociredosamesvnocms /\p npeven, 1 rKakoi
6ydem npedesbhbiis mpeyzoipHik {4TO NOHMMATBL MO HperenoV nocseno-
BaTeNbHOCTH /\, Ouesunno); G) 8 Karoil sepe npedes sasucum om ucxod-
Ho20 mpeyzoavruxos ABC w A,B,C,.

llpu paccmoTpeni 3Toro Bompoca cpasy e NOSBASETCS HeoGXOLU-
MOCTb PACCMOTPETb COBOKYNHOCTH IIPABUIBHLIX TPEYFONbHHKOB, KOTOPHIE
MOryT OBITH BUHCAHW B OCHOBHOH Tpeyronbuuk ABC. STor BOIPOC H
cam 110 cee NpencTasisieT onpeneneHHbii HHTepec.

Mowuo Brucnisath Tpeyrosbnuku A,B,C, W He B TPCyronbHuK, a
B apyrne QuUrypu. HanpuMep B OKDYWHOCTb WM, B oGuiem cayuae,
B BBHIYKAYIO 34MKHYTYI0 KPHUBYIO.




NPENOJABAHUE 3JEMEHTAPHOU MATEMATHUKH B CHIA')

E. II. Posenbaym

(Cia)

Eciu y Bac 8 ceMbe eCTh WIKOJbHHK, KOTOPOMY BpeMsl OT BPEMCHH
TIPUXOAMTCSl TOMOTATh N0 MaTeMaTHKE, TO CaMu 3afavyd MNOKAXYTCH BdM
YIAMBUTEJBHO 3HAKOMbIMH, XOTfl, OBITh MOXET, Bbl H He BCOOMHHTE HX
pewenuil. la, 370— Ta e caMas CTapas MaTeMaTHKa, KOTOPOH yuuiaoch
NpoIwioe NOKOJIieHHe, KOTOPOH Yy4WIMCh eule ABeCcTH JjeT Halaja. Bcé
OCTaJIOCh TIPEWHUM — U  MEeTOAbl, U cofepwande. ONHAKO PeBOMIOLHS
HagpesaeT. Heckonbko srusTensnnx rpynn rpenoziasateneii, riy6oko
He YNIOBJICTBOPEHHLIX COBpEeMEHHbIM YPOBHEM TIIperiofiaBaHusi MaTeMAaTHKH,
NPOBOMST ISKCHEPHUMEHTBI M0 KOPEHHOMY U3MEHEHHIO METOAOB H3JOWKEHHUs
mMaTepuasa.

Ye ceilyac ecThb WWKOML, rie CTapLICKIACCHUKAM ripe11araloT 3aiaqs
Bpoac cienyioueit. [lokawute, yto [A, B|/] B Tom u Toabko B TOM
ciyuae, korpa A¢l, Bél n ABNI—@. ([lepeBon 3Toii 3armcu: «Jlo-
KaxudTe, 4TO TOukn A u B jexaT no oany cTopony rpsimoit I B Tom
U TOJBKO B TOM cay4vae, Koria A He npunamiexut /, B ne nprnanie-
#uT [ 1 oTpe3ok AB He mepecekaetcs ¢ I».)

Muoro crnopaT O TOM, HACKOJBKO TOJIe3HH TOAOOHHIE B H KAaK
JlaNeKO HYWHO WATH B STOM HANPaB/eHWH, HO B OJHOM COIJIACHH (OUTH
BCe: CyweCTBYWOUH Kypc MaTeMaTHUKU He TOAUTCA. B HeM He packpwl-
B4eTCHl CaMO CO/EPKAHHE IpeaMeTa, OH HE JaeT YyalluMcs TOHUMaHUs
OCHOBHBIX MNPHHUMNOB MaTemaTuku. Kypc Hactosbko OTCTan OT KHU3HH,
4TO B HEM OTCYTCTBYIT IIPAKTHYECKH BCE€ HOBble HIed H OTKpPLITHSA
rocsieAinux cta sget. W, camoe riyaBHoe, CyulecTByIOIIHe LIKOJAbHLE TPO-
rpaMMbl TPUBEJIM K TOMY, YTO MaTeMaTHKa CTaJla OfIHOH W3 CaMkiX HemNormy-
JSIPHBIX OTpaciiefl 3HAaHUsA, O MOJMHOM HeBeweCTBE B KOTOpo#l nawe o6pa-
30BAHHbBIC JIIOAKM 3afIBIAIOT C BHI30BOM, a HHOrna M He 6e3 ropaocTH.

Hano 4to-to cnenath, 4TOGH Kypc MaTeMaTuKu cTan o©ojee cojiep-
WaTeNbHbIM U OOflee MpUBJIEKATENbHHM. B HacTOsillee BpeMs NPEATIPHHSThI

") E. P. Rosenbaum, The Teaching of Elementary Mathematics, Scientific
American, mali 1958, ctp. 64—73. AsTop — 4iCH PENAKUHOHHOTO COBETa STOFO
WypHaia, B TEYEHHE psiga NEF NPCHNOAABABUIMA MATEMaTMKY M QU3UKY B LIKOAE
(8 Muadopae).
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no kpalinefl mepe TPW BaXKHble TONBITKM B 3TOM HalpaBJICHHH. Huxe
S MOMbITAIOCh KOPOTKO uX oOpHCOBaThH.

OCHOBHOE B 3THX TIOMHTKAX — CTpeM/IeHUe B TOH MM HHOH CTereHn
MOJCPHHU3UPOBAThL COJEp}aHHe Kypca MateMaTHKH.

Tlon MonepsH3auMel MOHNMAIOT B OCHOBHOM JiB€ BEUIM: yCTPaHeHHE
W3 MpOrpaMM ycCTapeBuiero MaTepuasja W BBENCHHE B KypC Tex naubonee
BAXHHIX COBPEMEHHBIX MIEH, KOTOphie 3a TocaenHee CTonETHE IIPUAAM
OBIIBOCTh U clenann 6onee conepyaTeNbHbIMH BCe TPaAMUHOHHLIE Pas-
AeNbl MaTeMaTHKH.

B KauecTBe IpUMEpa YCTapeBRller0 MatepHana MOXHO yKasaTbh Hd
METO/Ibl pPelleHnst TPEYTOAbHUKOB € TOMOLLLIO NorapudmMoB, 3aHUMAIONHE
HEMano MeCTa B YueOHHKax M0 TPHUTOHOMETPHH. Cto net TOMYy Hasal
STH METOJ/bl OblIM eNWHCTBEHHBLIMY, UMEBIUHMHCS B PacCHOpPsKEHUH reoae-
3UCTOB ¥ MopenaaBaTenei; cefinac TaKue 3ajaqd PeularoTcs HA BbIYHC/IH-
TenbHLIX MallMHAX. YCTapeau TakKe HeEKOTOphle U3 KJacCH4eCKnX
eBK/MIOBHIX «[OKa3aTenLCTB» B reOMeTPHH, KOTOpHle, IO CyTd nena,
BOBCE HE SIBISIOTCS JlOKazaTelbcTBamMu. COBpEMEHHBIH MAaTeMaTHK TMOAXOANT
K TAKUM 3a4ayaM C COBEpPIIEHHO HHHIX TIO3UIME M ronyuaer pefcTBH-
TenbHO CTPOrHe J0KA3aTeNbCTBA ').

Matematnka, KaK ee cefiuac MPeNoAalOT B IIKOAAX M jaxe B KOI-
JieIKax, npeacTtasnseT cobof HAGOp OTAENbHBIX IPEAMETOB, KawIblii u3
KOTOPHX WMeeT CBOHM, MPEACTaBASIONIneCs TPOU3BO/IbHBLIMK, TIpAGiia,
3ayuupaemble nausycth. Onanako pabora B 06.1acTH OCHOBaHUH MaTeMa-
TUKW, NpOBelenHas 3a MocjefHee CToneTHe, TOKa3ana, 4To BCE pasne/
MATEMATHKH MOTYyT ObITb CBeJeHbl K UHCTO aGCTPaKTHHIM  TOHATHAM,
oGnanaoumM o6HMMH cBoicTBaMi. Kak unciia sIBAsioTCs 3JIeMeHTaMt anre6-
Phi, TAK TOUKH H TIPSIMbie SIBISTIOTCA «NEePBOHAYANBHBIMHY SMEMEHTAMHA reoMeT-
pud, M K KaXJIOMY M3 3THX MHOXKECTB Mbl MOXeM NPHMEHHTHL OAHW W TE
e foruueckde onepaund. [lpaspaa MatTemMaTHYeCKOH JIOTHKH  HOCHT
yHHBEPCAIbHH XapakTep, ¥ CTOPOHHHKM MOAEpHU3ALMH  CHHTAIOT, 41O
OCHOBHHE €€ mjieH W ornepauun MOryT ObiTh YCBOCHH Jaxe UIKO/b-
HUKaMH.

Mocie STOrO MatemaTHKa cTaHet Gonee mnoHaATHOH u  Gojee conep-
Watenprofl Ans y4auwxcs. B TO e Bpemsi OHU moay4aT XOTd 661 HEKO-
TOpPOE TPENCTARACHHE O COBPEMEHHOM MATeMaTHYCCKOM MLHIJICHHH.

IIPOCPAMMA COBETA KOJUIEIKEN

Cpeny MPOEKTOB OGHOBNEHHS IIKOMLHOTO Kypca MaTemMaTHku Bhije-
nsetcs upoekt Kommcemn mo maTematnke CoBerta MO BCTYNHTE/bHLN
sKaaMeHaM B KOBJCMKH. JTa KoMMccusi, co3iannas B 1955 r., mpoBOAHT
CepLe3HbIfi 11ePeCMOTP LUKO/IBHLX KYPCOB. Tak Kak B KOMUCCHU TIpei-

1) Cum. crathio 1. K. Pawmesckoro «leomerpws u ee aKCHOMATHK2,
«MaTemaThyeckoe npocselleHmey, Bhwin. 5, cTp. 73—98 (pur. peo.)
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cTagjienbl CaMble pasHOOOpasHble TOUKU 3PeHusi U TAaK KAK OHa HajeeTcs
OKa3aTk [OYTH HeMe/UIeHHOE BAMAHUC HA KAaXKAYI0 UWIKONYy B CTpawe,
€e nporpaMMa CPaBHUTENbHO KOHCepBaTHBHA. Komuccus mpennaraet uame-
HUTb JIYX U METONMKY TIperofaBaHusl Kypca ajire6phl, 0e3 3HAYHTeNbHOro
M3MEHEHUsl ero COolepXanus, HO 3aTO NOABEPraeT CePhe3HOMY NEPeCMOTPY
KYpC TeOMETPHH, BHOCHT HEKOTOpHIE W3MEHEHH B KypC TPHFOHOMEeTpHH
H BBOAMT B y4eOHBH TIUaH IWIKOJ HECKONLKO COBEPIIEHHO HOBHIX
KYypCOB.

Anre6py, Kak W reoMeTpHIO, MOYHO paccMaTpuBaTh Kak abCTPAKTHYIO
nenyKTHBHYIO cucTeMy. Ona cTpoutcst Ha 6aze HEKOTOPOTO MHOWECTBa
HEOTIpeAE/ISIEMBIX TIEPBOHAYANbHBIX MOHATHIL U HEKOTOPOTO YMCJA TPHHH-
MaeMbIX 0e3 10Ka3aTeAbCTBA aKCHOM. Bee OCTanbhbe MonOkenust M mpa-
Buia anreGpsl MOryT ObiTh TOJYHEHHl OTCIOMA NyTeM JOFHYECKWX pac-
cyaenui.

Komuccust He mpeinaraet cTpoMTh LWIKOMBHBIH Kypc aare6pbl  YHCTO
IelyKTHBHO, HO OHa CYWUTA4ET, YTO YHALUXCA HAA0 TMOABECTH K IIOHU-
MaHUIO NEAYKTHBHOFO XapakTepa aire6pbl, 4YTO OHU HOMKHBI TOAYUHTDH
TpeacTaBieHHe O TOM, YTO TaKOe aKCHOMBI anredphl U KAK OHH HUCHONb-
3YIOTCH 1191 IOKAa3aTeNbCTBA HEKOTOPHIX MNOJOWEeHBHii,

Ecin GynyT TOHSITH OCHOBHBlE WIEH, Newanue B OCHOBEe anre6pau-
JeCKHX Orepaudi, TO Jierde OYAyT rprOGPETaTLCT H  HEOOXOIHMBIC
HABHIKH B ONEPHPOBAHHH € aAreGpaudecKiMu BLIPaeHHIMH.

KakoBh e «IepBOHAYasnbHbIE» NOHATHA anre6ph? T — noHaTHE
vucAQ W NOHATHE onepayufli, TAKWX, KaK CAONCCHUE W )MHOJCeHUe.
AKCHOMBL TAKIKE HACTONBKO MPOCTH /A5l NOHUMAHHS, ¥TO KAWKETCH, YTO
uX He cTowno Gbl w ynomunath. Ecom @ w b— uncna, 10 @-1-b— uuc-
no. Ecmt a=bu ¢c=d, 10 a-}-c=b—-d (cymmbl paBHHIX YHCEJ PaBHbI).
Kpoue TOro, cyuiecTByIOT KOMMYTATHBHBIE 3aKOHB Onepamnui la+b=
=b-+4a u aXb=bXa], accounaTuBHHe 3aKOHHI [nanpumep,
(a+b)+ c=a-} (b} ¢)] m nucTpuSyTuBHKI 3aKoH [a(b+ ¢) =ab+-ac].
ITU NOJIOKEHNs, XOTS OHH M MOTYT TOK33aThCsl COBEPLIEHHO OYEBHIHLIMHA
H HE 3aC/Iy}UBAIOLMMU  TOro, 4TOOH HX cnemnansho Hopmysuposany,
00pa3syloT MAaTeMaTHUYECKYKD CHCTEMY, KOTODaH MAewUT B OCHOBE BCex
OOLUEH3BECTHHIX TPOUENYD 3/eMEeHTapHO# anreOpbl U U3 KOTOPOH MOryT
OHITh BbIBENEHH BCE €€ TeopeMhl.

PacemoTpum, HanpuMep, Teopemy, yTBepwaalowyl0, u4TO CymMMa MByX
HeTHHIX YuCesl ueTHa. B nawane nokasatenbCcTBa naeTcs clepyiouiee
Ornpejie/leHie 9eTHOCTH: YHCJIO 72 YeTHO TOrla M TOJMbKO TOrJla, KOrjia
CYLIECTBYET APYroe yucjo p, Takoe, 410 n=—2p.

3anaua TakoBa: aHO, YTO @ U b — ueTHble uuUCHa, TpebyeTcsl aoKa-
3aTh, 4T0 @b uetHo. [0 ONPeneneHUIO YeTHOCTH Mbl MOMKEM HANHCATH
a=2x u b=2y. Ilo akcHOME O CJIOIEHII PABHLIX YHCE a-t+b=2x-}2y.
[lo akcuome nmcTpuGyTUBHOCTH 2x4-2y=2(x+y). Taxk Kak x u y—

uicia, x-ty-—wuucino. Crenosatensno  2(x -+ y) — uetHoe uuciO W
a4 b — vetno.
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Hecneuuanucty MOXeT noKasatbCH, 4TO CTOJNb TI'POMO3IKOE J0OKa3a-
reJIbCTBO TOUTH OYEBHAHOrO IOMOKEHUS He OylneT HHTEPECHbIM W HHYEero
He JlacT yuyaueMmycs cpenneit uikonn. IMonoGrofi TOYkH 3penusi npunep-
WUBAIOTCSL U HEKOTOphie Matematukh. Ho ctoponnuku pedopmbl  yTBep-
XKIAAIT, 4YTO TNPH XOpOWIO TMOCTABJICHHOM TMPENOAABAHUH, YTPaWHEHUS
Nof0OHOrO PoOAa MOryT CTaTh JAASl YUYAUIMXCH 3aXBaTbIBAOLIAM Ty TCLIECT-
BrueM B 06JlacTh MaTeMaTHYeCKO# CTPOrocTH.

TEOPHSI MHOXECTB

OcHoBHOE, YTO OT/HY3ET CCOBPEMEHHYIO» anrebpy, 3TO-— LMPOKOE
UCTONB30BaHUEe TEOPHH MHOXKECTB, OLHOrO U3 HauboJjiee MOUIHBIX OpyAu#
coBpeMennoit matemMatuku. Mroacecmeo — 3T0 1pocTO CcoGpaHue WM
COBOKYMHOCTh KAaKUX-MHOO 2JleMeHTOB. KHUrM Ha rmonke, JoAW B KOMHATE,
6ykBnl andasuta, uucaa 1, 2, 3, 4 u 5— BCE 3TO mnpUMEpPH MHBOXKECTB.
MuoxecTBO MOXeT COoAepXath TOJNLKO OJHH 3/7eMeHT WM COBCEM HEe UMETh
3/eMeHTOB («nycToe» MHOXecTBO). OHO Takke MoOwer ObTh 6GeCKOHeu-
HbIM — HanpUMep, BCe TOYKH BHYTPU OKPYXHOCTH WM BCE uefhle mnoJio-
JATeJIbHHE uHcna. B matemaTHke MHOXECTBO OOBYHO  0603HAYAIOT
HAIMCAHUEM Ero 3MEMEHTOB BHyTpH CKOOOK, nanpuvup {1, 2, 3, 4, 5}.

Jna 3armucy BhICKAa3biBaHUE O MHOXECTBAX W UX 3JeMeHTax CyuecTt-
ByIOT Ofulernpussithle COKpallenus. Hanpumep, BhickadbiBanue «4 ABasieTCst
3JICMEHTOM MHOMecTBa A» 3anucoiBaercs 4 € A, Bhickasbipaune «6 ge
npusaaiexut A» 3anuceiBaeTcs 6¢A. BhoicKka3bBanHe «A eCTh TMOIMHO-
wectBO B» [T. €. MHOWECTBO, BCe 3JIEMEHTH KOTOPOTO BXONST B MHO-
wectBo B] sammchBaercs A B. [lyctoe MHOWeCTBO 0603Hauaercsl o.
bykBo#t U 0603nauaetcsl YHUBCPCAAbHOE MHOJCECMBO, COLEP¥ALlee BCe
OOBEKTHl, pacCcMaTpuBaemble B navnoil obnaactu. B rulannMeTpud, wnanpu-
Mep, YHHBEPCAJIbHOE MHOXECTBO COMEPWHT BCe TOYKH MJAOCKOCTH.

MoweT 1oKa3aThes, 4TO 3TOT HeOOLIYHKIH A3BIK MPEACTABATET HEHY K-
HYIO TPYAHOCTH AN HAYUHAIOWMX H3yyaTb MaTeMaTUKy, HO Ha JeJe
yualMecsl JIerko OBJIANeBalor UM mocie #eGoNbIloil npakTkH. M3yuuth
€ro 3HauyuTenbHO Jferye, dewm, CKameM, CTeROrpaduio.

M3 nefcteuii vHaj MHOXECTRAMM §i AN WUHOCTPALMH YIOMSIHY TOJNBKO
tpu. Ofseduneruesn nvyx muoxects A n B (3anucnBaetca AUB) nasb-
BAETCH MHOXECTBO, COCTOfllilee U3 BCeX 3JeMeHTOB A W BCeX 3JeMeHTOB B.
Takuu oGpazom, ob6benunennem wmnowects {1,2,3,4} u {2, 3, 4, 5}
fBaseTCs MHowecTso {1, 2, 3, 4, BY. [lepeceneruen nByx muowects (A [ B)
HAa3bIBAETCH MHOXKECTBO BCEX 3JIeMeHTOB, O06ulMX OOOHUM MHOXECTBaM.
Taxum o6pazom, nepeceuennem muowects {1, 2, 3,4} n {2, 3, 4, 5}
6ynet wmHOwectso {2, 3, 4}. Hakoneu, oJonosnenuesms mMuowectsa A
(3amuchiBaeTca A) IBNAETCH MHOWECTBO BCEX UIEMEHTOB YHUBEPCANBLHOrO
MHOXECTBA, KOTOpHe He SfIBMIOTCA  3JeMEeHTAMH JLAHHOTO MHOXECTBA.
Hanpumep, ecsii yHUBEPCAa/NbHBIM MHOMECTBOM SIBASETCH {1, 2, 3, 4, 5},
TO JononHeHnem muowectBa {2, 3} Oyaer muowectso {1, 4,5}. D
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NOHATHS MOTYT ObITh TIPOW/IIOCTPHPOBAHLI rPaMuecKl ¢ TOMOWbIO Tak
nasniBaeMbiX buzyp Benna (puc. 1).

Teopusi MBOXECTB MO3BONSIET PACKPWTL €AMHCTBO MaTeMaTukd. U an-
repa, U reoMeTpHs UMEKT JICNI0 C MHOXWEeCTBAMH: anrefpa — ¢ MHOWecT-
BAMM UHCE/, reOMeTpUsl — ¢ mHOWecTrami Touek. Onepaunn, usyuaemute
B 3THX JIByX pasjenax MaTeMaTHKH, MOFyT PacCMaTPHBATBLCH KaK rpHMe-
pul OGIIMX OnepaiMii Hajl MHOXECTBAMU — OGbeNUHeH s, nepeceycnns
0 T. .

TlocMOTpuM, KAK MNOHATHE MHOXECTBA MOXET I0MOYb PA3BACHUTD
NOBATUSl NlepeMPHHOZO W YpaBHeHUsT Ha ypokax anreGphl. Kovuccns Coseta
KO/UIeKeil PEKOMEHLYeT, 4TOGH YHalMMCs B NEPBYIO 04CPC/lh O6bsIC HIN.

5ANB

Puc. 1. ®urypn Benna HarasnHo uaoGpamaior COOTHOLIEHMs! Mewny
MHOMEC TBaMMU.

@) Beawuenue: B aBasercs nogmuomecTson A. 6) u 8) UITpuxoBrOl NorasaHo o0sedune-
niue A n B. 2) SawTpuxoBaHo nepecewexre MHOeCIB. 0) BawTpHXOBauO Oonoancuie
MHOMXecTBa A,

uTO ajnrebpa 3anuMaeTcsl MHOWKECTBAMH 4ncell W COOTHOLLEBHUSIMU MEXI1y
nuMd. Tlocsie 3TOrO OHM Y3HAIOT, YTO NEpPeMEHHOE — 3TO npocTo obulee
HauMeHOBaHUe (0O03HauaemoOe OYKBOWH) a5 3MEMEeHTOB MHOWECTRA. Hanpn-
MEp, €CJIH MHOWECTBOM fIBNAETCH pfn UesblX HHCeN, TO X MOWeT ObTh
MOGHIM UENBIM  YHCAOM, a X1 MoweT Gbitb 141 wm 241 um
3—|—1 u 1. 1. Jlanee, ypasHeHUe — 5T0 BICKa3mBaHHe 06 OTHOLICHUA
MENJly SJeMEeHTaMH MHOWecTBa. CaMO BBICKA3HIBAHHE MOWET OLITh MCTHH-
HBIM | JIOXHHM: 3 ~-2=05 — uctuuno, 3-4-2=6 — noxHo, HO u TO n
/pyroe — priCKadhiBauus. ECan shickaskiBanve conepwut OGyKsb, TO ero
MCTHHHOCTh He ONPeneflena: X - 2=0 —HH HCTHHHO W WU JIOWHO 10
TEX MNOp, LOKa BMECTO X He NOACTABIAEH HEKOTOPHH 3JIEMEHT IOAXONSsi-
ILEr0 MHOWeECTBAa. B wauyane Kypca yuaimuxcsi 3HAKOMAT TaKie ¢ Hepa-
BEHCTBAMH M CHMBOJAMH > (Oo/iblue yem) u < (MeHbLIC yem).

[Tocne 3TOro Kaxmnoe COOTHOIEHHE MOXET paccMmaTpuBaThCH Kak oripe-
Ae/enne, BbIACTAIOIIEE HEKUTOPOE UOAMHOKECTBO M3 pPacCMaTPHRAEMOrO
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YHUBEPCAJLHOrO YMCJAOBOrO MHOMeCTBA. B TEPMHUHAX TeOpPUM MHOWECTB
OHO MOWeT OblTh HA3BaHO onpede/zeﬂue.»u MHOWKECTBA. Tal(, eCnn B Kaye-

CTBE YHHBEPCAJBHOro

x—+2>>5 onpenenser muowecTRO,

2~ 01 234 56
{x|z+2=5}
a)
S RN R
{Z|z+2>5)
0)
4
\

N\
L
IHAN
{.y] 5z+3y =I5}
8

Puc. 2. Teoverpilueckoe u anrepauye-
CKOEe H300paenye MIOKeCTB.

@) Touyka ma uwucAOBOH npsmoil uaobpawaer
MHOMECTBO  DEIUEHHHd  YPABHCHHS x-F2—=5,
0) HepaBeHCTBa Takwe ONDPEJENRIOT MHOKECT-
Ba. YToalueHHas 4YaCTk JHUMH H30Upamaer
6eckoncuHOe MHOMECTRBO, BRIACIAEMOE Hepa-
BEHCTBOM X2 > 5. 8) BripameHnue, cosepma-
1iee JBE NEPEMEHHBbIE, ONPEAECARET MHOMKCCTBO
nap 4ucel. COBOKYUHOCTB TOYEK BTOH NpPsMoil
Raet MHOXECTBO PeIIeHKH YpaBHEeHHn
5x+3y=15.

x* -+ y*=16. Pemenue cuctemnl

3TUX [BYX

MHOXECTBA B3fITO MHOWECTBO BCeX neficTBUTEb-
HBIX uMCes, TO COOTHOWeHHe X-}-2=—>5 onpenenser

MHOWecTBO {3}, a

CoCTOsilee U3 BCeX yucesd, O60lb-
mux 3. MHOwecTBO, onpepensiemoe
HEKOTOPHIM  COOTHOLICHHEM, Ha3hl-

BaeTCH MHOXECTBOM ero peuienui.
Tor we nonxon ronutcs u Am
AP yuCes, U Mbl MOXEM MOLOOHBIM
we 06pa3oM paccMaTPUBATL ypaBHe-
Hye C JiIByMsi HEH3BECTHBLIMH, OGLYHO
0603HauaeMbiMH uepes x u y. Takoe
YPaBHEHUE UWMeeT, KOHEeYHO, 6onee
onHOoro peullenuss. Hanpumep, mno-
WECTBO, OfpenensemMoe ypaBHEHHEM
5x4-3y=—15, Bkmouaer Taxue
napbl, kax (0,5), (3,0), (1,3"/,).
3neCh 0COGERHO OTHETNUBO MpPOSE-
JSETCH CBfI3L MEWAy anareGpodl u
reoMeTpreii: TOUKH U JILHAH MOMXHO
onpeneisTs ¢ MOMOUIBIO MApbl YHC-
JIOBhIX TNepeMeHHbx (x, y) (puc. 2).
Yuaumiics  Mowxer y6GemuThbes,
YTO C TOYKH 3DPEHHSl TEOPHH MHO-
WECTB HAXOXACHHE PEelleHHs CUcTe-
Mbl IBYX ajre6panvecKnx ypasHe-
HUH CBOAUTCA K OTHICKAHWIO riepe-
CeYeHUsl NBYX MHOWECTB pellenuit:
peuwienusiMi - OyAyT napel  qucen,
obue o60UM MHOXECTBAM.
[lowsiTHe MHOMWeCTBa 0OCOGeHHO
NOMOraeT 1pu PacCMOTPEHUH Hepa-
BeHCTB. 3HaueHHE 3anUcH  Tuna
5x-+3y>>15 cranosutca OGonee
SICHBIM, KOr'la €€ PacCMaTPUBAIOT KaK
«ONpenessionlyo» Aas Tex Iap 4yu-
ceJl, KOTOPHIM COOTBETCTBYIOT TOUKH,
JeXanne puiie AnRpA Sx—+3y =15,
Cootnomenne x*—+y* <16 Bbine-
NeT  TOUKH BHYTPH OKPYXHOCTH
HEPABEHCTB ONSATb-TAKY

CBOJIUTCSl K HAXOW/ICHUIO MEPEeCeHEHHsi MHOXECTB UX peLleHui (puc. 3).
[lpusenennsle 3nech npumepn WLOCTPUPYIOT nonxon komuccuu Coeerta
KOJleMkel K ripeasiaraeMoit pedopme Kypca ayrelpnl. Eciu ne cuurtates
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HEKOTOPOro paclypeHust pas3ziefla HepaBeHCTB, KOMHUCCHS HE BHOCHT
CYHECTBEHHKIX H3MEHEeHU# B cofepanue Kypca, HO 3aTO IpemLiaraer
PELIHTENLHO U3MEHHTHL XapakTep H3JOWKeHHs maTepuasna.

4

N

4
X

Qlry|3z+3y =15}

e //7

l\< (; / 7
<

Qix.g|aiey?<l6) 8 {zy|a*+y <6} n{xy|dx+3y>L)

Prc. 3. Hepasencrsa nerko uHTepnpe1MpoBaTh € HOMOIIBIO
NONATHS MHOMECTBA.

@) 3amTpuxoBantas O6XaCTh COOTBETCTBYET MHOMECTBY, BRIIENAEMOMY
HEPABEHCTRBOM, CTOsWMM B ckobkax. 0) llapsl uucen, YROBIeTBODSIOLLKE
HEPABEHCTRY, CTOAWEMY B ckOOKaX, COOTBETCTBYIOT MHOMECTBY TOYEK,
HAXONAIUHXCA BHYTDH OKPYMHOCTH. 8) [lepeceuenne MHOWECTB, ORpepe-
JAEMBIX JBYMS HEPaBEHCTBaMH, BBIACIEHO HA PHCYHKE TYCTOR IITPHXOBKOIN.

HOBASI TEOMETPHSA

Komnccun CoBeta koanemweil mpensaraer KOPeHHbIM 06pa3oM Hame-
HUTh IIKOJBHBIT Kype reomeTpui. B repBylo ouepeib NOAWKHO GbITh 3na-
UHTC/TbHO COKPALUEHO YHC/IO TEOPEM, 3HaHHe [OKAa3aTelbCTB KOTOPHX
Tpebyetct OT yuawmxcs. [lenaerca 5TO Ha TOM OCHOBAHHM, 4TO, BO-
NIEPBhLIX, YHALIUECH YWe rOoNyvydi0T HABLIKK B NPOBEACHAN NENYKTHUBHBLIX
PacCyXIeHUA 1PY H3ydeHnH Kypca anreGpol W, BO-BTOPHLIX, TOTOMY, YTO
MHOTHE TOAMKeHusl Jlerue JOKa3wlzaTh He Mo Eswkiuay, a  apyrusu
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cnocobamu. B nporpamme CoBeTa Kkosulemeil UHCJIO NOKa3biBAEMBIX Teope
cokpaueno 10 12, Ttorza kKak B CyulecTBylOUMX YueOHHKax HX oOosee
cTa. JTH ABEHANIATh TEOPEM SIBASIIOTCS OPUMEpaMH NeAYKUHH reoMeTpH-
YECKHX MOJOXKEHHH U3 NpUHATOH cuctembl akcuoM. B Kypce BhiBomsircs
TeOpEMbl, KacCawlluuecss TPeyroJabHUKOB, Tapasule/ibHbIX JIMHUA, TNOAOGHBIX
TPEYronbHUKOB W, HakoHen, teopeMma [Incaropa (TpeyrosibHuk saBJsSIeTCs
NPAMOYTOJIbHBIM TOrja W TOJBKO TOrAa, KOria KBaapaT OAHOH U3 ero
CTOPOH pasen CymMe KBaapatoB asyx apyrux). [lepBas uacte xkypca
3akanyusaetcsl Teopemoit [lngparopa mo Toil mnpuunne, 4TO OHA NO3BOANET
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Puc. 4. JlokazatenbcTso Teopembl (MEOMAHBl TPEYrOALHHKA TNEPECEKAIOTCH
B ONHOH TOYKE, KOTOPas NEAUT MX B OTHOuleHuH 2:1) «no IsKanay» (Cresa)
H METONAaMHM aHANTHTHYECKOH reoMeTpHH (cnpasa).

a) P—T1ouka mnepecedenns AD n BE. M u N—cepesusl AP u BP cOOTBeTCTBEHHO.
Orpesok ED napannenen AB w pasen ero noxopune. OTpesoxk MN napanienen AB u
papen cro noxoeuve. Cruenopatennno, E: mnapanieacn u paBeH MN. CiesoBaTennHo,
MP=Dp u EP=NP. Ho AM—=MP nw BN=NP. CaepoBaTenpso, P jeiut orpeskr AD
H BE B orHowennn 2:1. MMofo6HBIM e pacCyKiACHHEM ROKA3bIBAaeTCs, YTO TOYKa nepece-
uyenuss AD n CF nequt AD B otnowenuu 2:1. CrejgoBareinsno, MeaHaHbl nepeceKawnTcs
B B OAHON TOYKe, KOTOpas AEJHT MX B OTHOweHMH 2:1, 4. M T. .
0) Ulo npaeunam panucanns ypamHeHHii NPSMBIX, YpaBHenus, onperexsioiuse AD, BE n
CF, 6ynyT COOTBETCTBCHHO:
ex -+ (2a — b) y=2ac,
cex+ (26 —a) y=2bc,
2ex - (a -+ b) y=2ac}2bc.
3TH ypaBHeHHs MMelOT ofiuee peweHue

0)

N
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)
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2 2
x_-—_-T (a+b), y:—_—3— c.
CrenoBaTelnHO, MenuaHbl NEPECexaloTCs B OnHOM Toyke. [MORCTaHOBKAa COOTBETCTBYIOIMAX
KOOPAMHAT B (hOpMYJy pAacCTONHKI woka3mBaeT, YT0 AP=2PD, BP=—2PE u CP=2PF,
4. H T. ..

nepeiiTl K araJuTHYeCKOH reoMeTpu, T. €. K PEUICHHIO reOMEeTPHYECKHX
3aa4 ajire6pavyecKniM MeTOHOM (puc. 4). an NMOMOUIN AaHaJUTHYECKOID
METONd NEMOHCTPHUPYETCH IIPHMEHEHHe B reOMETPHUH TIOHATHA MHOXKECTRA
peLuerui.

Komuccenss CoBeta KoJinemwed He npemgnaraet, OAHAKO, MNOJHOCTHIO
OTOPOCHTDH KJIACCHUECKHE E€BKJIMAOBHI 1OKA34TEJNbCTBA — BE/lb B psajae cny-
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4aeB JI0Ka3aTennctBa «rno ERKMHAY» Npolle N0KA3aTeNbCTB AHANMTHYEC-
KUX. Ydauuxcs cneiayetr NOOUPATh HAXoauTh naubosiee s¢@exkTuBHbI
NOAXOA K KawaoH OTnesbHO# 3anave.

Pexomennyeman Godee KOMIIAKTHAs MPOrpaMva ro3BossieT 3HAYUTENbHO
COKPAaTUTh BpeMsi, HeoOXoauMoe ISl YCBOGHHSI [MAAHUMETPUH, U MPOXO-
ATk ee medee 4eM 3a ron. OcBoGonmusuicecsi Bpemsi kKomuccns Cosera
KO/UIeJXKeH MPeANaraeT HCroAb30BaTh /IS H3YUYEHHS OCHOB CTEPEOMETPHH.
B 3TO#l yacTm Kypca OCHOBHbE TIONOWEHHSI PacCMAaTPUBAIOTCH T/AABHBIM
00pa3oM ¢ MHTYWTHBHO# TOUYKH 3peHus, W NepBocTenennol 3ajnadeil apas-
€TCfl Pa3BUTHE Y YYALUXCH NPOCTPAHCTBEHHOrO MbILLIICHUS.

Ha rtpetbem rony o6yuenuss matematHke yuallMecs NPOAOIIKAIOT H3Y-
uyende anareGpbl ¥ MNpuoGPeTaldT HEKOTOPbie CBeACHHs U3 TPUTOHOMETPHH.
[lpu sTOM OCHOBHOH yrnOp nenaeTcsi He Ha pelleHUe TPEYrOJNbHHKOR,
4 Ha H3y4YeHHE TMOBeNeHWsl TPUrOHOMETPUYECKUX (YHKIHMHA U [pHMeHeHue
HX K H3YYEHHIO BCKTOPOB.

HacTh yyanmmxcs npopomKalT U3ydaTh MaTEMAaTHKY W Ha JeTBepTOM
rony obyuenns. Jlaa Tux yuawmxca KOMMCCHsl OpeasaraeT nBsa noyyro-
IOBhIX Kypca. B mepBoMm u3 HuUX, HOCALEM Ha3BaHHe «3JIEMEHTHI ananusay,
noasepralotes 60iee neTanbHOMY PacCMOTPEHMIO TIOHSITHS  COOTHOLIEHHS
n Qynxunu. B kypce paccmaTpuBaoTcs  CBOACTBa TOJAUHOMOB, Jiorapud-
MUUECKOH, NOKAa3aTelbHOH M TPUrOHOMeTpuuecknx (QyHKuMi. B HeM ne-
(opManbHO BBOAMTCH TORATHE Tipenena M yJyauuMCcs MPUBUBAIOTCA HEKO-
TOpble HABHIKH B AU(GDEPEHNpOBAlNY H  UHTErPUPOBAHHH MHOTOUJICHOB.

Bo Bropoi#t monosune rona npemnaraeTcs Kypc Teopuu BepOATHOCTE#
M MaTeMaTHYeCKOH CTaTUCTHKH. 37eCh yyaumecs mnOJydaloT NpeicTaBe-
HUC O TIPHMEHEHUM CTATHCTHYECKHX METONOB K 06pabOTKe pe3y/bTaTtoB
M3MEPEHUH M O MaTEeMATUYECKOM PAaCCMOTPEHWH CJy4aHHBIX [POLECCOB.
B kypc BrMOYEHB M HEKOTOPHIE METOAB OUEHKH HANEKHOCTH BLIGOPOU-
HO! NPOrpamMmbl HUCHBITAHAR U MeTOMLBI onpeneneHnst CTaTUCTHYECKOH 3Ha-
YUMOCTH PE3YyALTATOB.

ABTOpH MPOEKTA yKAa3LBAKOT, YTO STOT Matepuasl TecHee BCex
OCTA/IbHBIX H3yHaeMblX B WLIKOJEe pa3NesiOB MAaTeMATHKH CBA33aH € IOBCE-
AHEBHOH MHU3HBIO, U OTMEYAIOT BCE BO3PACTAIONlEE 3HAUCHHE CTATHCTHKY
W TeOpUn BEPOSITHOCTEH B HayKe W TeXHHKe.

Taxk xak Génbmas wacTh Kypca Teopuu BEPOSITHOCTEH HUKOrna He
nperionasaiack B Cpeinei 1IKO/E, KOMMCCHS MOArOTOBWIA 1O 3TOMY Npej-
METY HOBbI# yueGnuk'). B yueGHuke maTepuan wu3naraetcss cHayana na
HHTYUTHBHO# OCHOBe, a 3dateM ¢ GoJee dopmanbhbx nozuupii. B kypce
UIMPOKO HMCNOJIb3yeTcs  Teopust MHOwecTB. JlMuHO MHe 3roT yueGHHK
NIOKa3a/1cs MHTCPECHLIM U JIErKO YATAEeMbIM, a ero ColepwxaHue ne Gonce
TPYZAHBIM, U€M CONEPWAaHIIe MHOFHX PA3MelOB MAaTEMATHKH, OOLIUHO BKIIO-
YdCeMbIX B HIKONbHLIE NPOrpaMMKl MOBLILLIEHHOTO THIIA.

v «
') PeleHsunio Ha 3T0T YYeOHHK CM. B HACTOALLCM Bhinycke «MateMaTuyeckoro
NMPOCBELIEHUY», CTp. 355—360.

10 Maremar. npoceellenye, BuiM. 6
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B 3Td nociennne rnporpaMMbel KOMHCCHSt PEKOMEHILYeT BBECTH Mate-
pran no aHaju3y W anaJIMTHYEeCKOH reomMeTpud B TOM o0oObeme, B KOTO-
pPOM OHH OOGBIYHO TMPENOAAlOTCH HA MEPBOM Kypce KoJnemweil.

TakoB Bkpatue npoexkt pedopMbl NPeNoOfaBaHUST MaTeMaTHKH B CPel-
HUX WiKonax, mnpeanaraemnii komuccuedt CoBeta Konnemweit. Komuccus
obpamniaeTcsi ¢ MNPU3bLIBOM KO BCEM LIKOJAM H MPENnojaBaTessivM NMOJHOCTHIO
HAW YaCTHYHO HCNpOOOBAaTh €€ TMPEeMIOWEHHss HA MPaKTHKe C TeM, YTOObI
BLISICHHTB, YTO B HHX romutcs, a 4téd mHer.

Komucenst  cuntaer, 4to MaTemaTHka OOpeTeT HACTORLLYIO IKH3HD
8 1IKOJIE TOABKO TOrjia, Korjaa nepej yqauUMACS HayuyaTcsl pacKpbiBaTh
KpacoTy CTUnsl U MeTOAOB COBPEMEHHOW MaTeMatHKH.

XoTdl npennaraeMas rporpaMMa fiBIsieTcsl JIMlb pekoMernanueii, KoMuc-
cust, 6e3 COMHEHUSl, MOXET OKa3aTh 3HAUNMTEJIbHOE BAWAHHE HA  [IKOJHI
TIOCPEe/ICTBOM OPraHu3yeMblX €10 3K3aMeHOB u Onaropapsi cBoe# TeCHOH
CBfI3H C BeAYHIMMH KOsulemxamd. HanawuBasi KOHTaKT €  y4HTeIbCKOM
O6ILEeCTBEHHOCTBIO CTPaHbl, KOMHCCHR BHINMYCTHJIA OPOLLIOPH, pacCKa3niBa-
ouMe 06 OTAeNIbHBIX 3Tanax ee padoThl. JTOH OCEHbIO OHA HaMepesa-
€TCA BBLINYCTUThL NOAPOOHLIA NOKJanl.

BecbMa BO3MOXHO, UTO TIpeiJIOWEHHS KOMHUCCHH TIPUBEAYT K CO3ja-
HHIO B OJimxaillupe OJIMH-7iBA roja COBEpLIEHHO HOBbLIX YYEOHHKOB IO
MaTeMaTHKe.

HJVIMHOMCCKAS IPOrPAMMA

A Tenepb paccMOTPUM pyroil npoeKT pedOPMEl LIKONBHOrO Kypca
MaTeMaTUKH, 3apoaMBluvica B MiMHONWCCKOM yHHBepcuTeTe. IJTOMY Hpo-
€KTYy YAeNuNoCh HEKOTOpoe BHHUMahdHe B mpecce. Ero uHHLMaTOpamu
apmsorcss Makc BebGepman — niperiofaBatesib  WUIMHOWCCKOR — cpenneit
wkosbl ¥ Fepbept M. Boan — matematuk u3 MumHolicckoro yHuBepcH-
teta. [lporpamMma, pazpaboTaHHasi WMH, WAET 3HAUUTENbHO AaJibliie, 4yeM
nporpamMma komuccuu CoBeta Kosutemxeil.

OcyuiecTBienne WIAMHORCCKOH nporpaMMbl Ha NpakTHke ObUIO HAYaTo
g 1952 r. B cpenneit uikone npu MimHoficckoM yHuBepcuTeTe. 3Ta
JiporpamMMa, paccyuTanHas Ha 4deThipe rojia, HUCIHITHIBAETC Cceluyac ywe
fpUMEPHO B JBeHanuaTtH uwikosax B wrtatax Manuno#ic, Muccypu u Mac-
cauyy3erc, a Takke Ha Kypcax aaa caywanux komnanun  «[losspoun»
B Kembpumwe (wtat Maccauysetc). HManunoficckasa rpyrma BbIIYCTHIIA
TMOJIHbIAL KOMIIIEKT yueOHUKOB H METOAMYECKHX PYKOBOACTB MO Ipeia-
raemoit elo mporpaMme. OHa OpraHd30Bajia NMPH YHUBEPCUTETE T[OAHYHbIE
Kypchl AAs Npeniofasatesieii, HUMEOHEe UEJIbI0 IO3HAKOMHTB HUX C Tpo-
TpaMMOH U OMbITOM ee npernofaBaHuf. CpeacTBa, HeOOGXoaHMbIE JJI1 BCEro
9TOro, ObUIM TIOAy4YeHb OT Kopriopauud Kapuenwm.

XapaxkTepHoil uepTOfl wuiMHOMCCKOR mporpaMmmsl fIBJIIETCH  TO, 4TO
8 Hell aGCTpakTHbIE O0OOLEHNS He CJYyXaT JMLIb YIPAaXHEHUAMHA B JIOTH-
YECKOM MbIUUIEHHH WK BLIGOPOUHLIME WNOCTPAHAMU OCHOB MAaTEMAaTHKH,
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a, HaoOOpOT, nexaT B OCHOBE Rcero Kypca. B nmessitom kiacce kype
anredpbl HAYHHAECTCH C H3JIOWCHUSI CUCTEMBl dKCHOM, M3 KOTOPOH B 1a/b-
HeilleM yyaluecs BhIBOOAT BCe HEOOXODUMBIE MM NOJAOKEHHS. AKCHOMBI,
HOCSILLME HA3BAHHEC «TIPUHLANLL  apUQMETHKM», BKIIOYAIOT, HarpuMep,
onpenencHue Hynas (BCSIKOE 4HHCJIO, YMHOXCHHOE HA HYJb, PABHO HYJIO),
ONpeC/IEHHE EAHNHLE (I0O0€ YHCIO0, YMHOXEHHOE Ha EIMHHILY, PABHO
camoMy ce6e) M, KOHCHHO, KOMMYTaTHBHBLIH, aCCOUMATHBHLI H JMCTPH-
Oy THUBHBIH 3aKOHHKI.

K mMatemMatHueCKOH CTPOrocTH netell MpuydvalT nocTenenno, npuberas
HIoraa K gopMe 3aHUMaTe/NbHOrO Pacckasa. Tak, HanpuMep, HEOOXOIHMOCT
pasauuenusl Yucaa u  OOO3HAYAIOILEro €ro CHUMBOJIA TIOSICHAETCSl HA TIPH-
Mepe «NepenucKu» Mexay Imom Dpaynom ua 3adpaubyprckofi 1Lkoabl u
ITonem Mopom — ero npyrom M3 Ansgcku. DTH IBa IUKOJBHHKA, KaK 3TC
HH CTP3HHO, B CROMX DHCHLMAX OOCywpnaT npobinembl apudmeruxu. [Tonb
B CBOEM IMHCbME YTBEPWKIACT, 4YTO €C/AH OT 21 OTHATH 2, TO MBI TONYYHM
1. Oa ynuenen: «HTo 970 — WyTKa, MM B paccyuaenusix [Toas nekicreu-
TEbHO YTO-TO eCTh?y B tekcre yueGHuka Bcé pazbsichsiercsi. Okashie
Baercs, «21» — 3710 nuwb obv3HaueHHe uucnaa, ero wums. Yucso 21
MOXeT Oblthb OOO03HAYEHO H JAPYIHMH CNOCOGAMH, HANPHMEP, «2041»
nan «7 X 3». 3ateMm yuallHecsi Y3HAIOT, 4TO YHCJIO MOXKET OblTh 0603HA-
4EHO OyKBOH, M 4TO NOCJICAHEH MOXHO MPHAaBaTh Pa3/HUHLIC 3HAYCHUH
(t. e. OyKBa OKa3BIRACTCS «TICPCMCHHOH» WM «3aMEHHTENEM» uyxcia).
,HIISI 0603Haqemm HECH3BCCTHLIX B ypaBHeHm{ yuutesdb noJab3yetrcs ny-
CTHIMH KBampatamu. JlOBenCHMIO BCErO 9TOTO JI0 CO3HAHMS yUYAlLHXCSH
TIOCBSILLCHA 3HAMMTC/IDHAA YacThb TEPBOrO rONd M3yuEHHS MATEMATHKH.
B yueOnuke OTMEUAETCH CXONHAs pPOAb OYKR B MATCMATHUCCKHX BHIPA-
WEHUSIX M MECTOMMEHHH B OOBIYHOM $I3BIKE: BHIPAWEHHE «x—|—-2:6»
nonodda0 npeno¥ennio  «OH — npeaunent Coegunenswix  Llitatos » —
HH TO, HH JPYroe HE JIOWHO M HC HCTHHHO 1O TeX TOP, NOKa BMECTO
OYKBb HE NOCTABJCHO YHCJO, 3 BMECTO MCCTOUMEHHS — HMsi COBCTREHHOE.
Ha stoM 3tane yunTenb BROIMT TEPMMH  «TIPOUHCIION ( pronumeral»)
A oGo3nayenus: OYKB B anrcOPamuyecKHX BHIPAKCHHSIX H NnoNb3yeTCst
3THM TCPMHMHOM HA MNPOTMKEHHU BCEro Kypca.

3naunTenpHas YacThb MEPROTO TONA NOCBSIIACTCH TAKKC BBEICHHIG
M UCCJCNOBAHHIO MOHSITHSI MHOMCCTBA.

nOCKOIIbe NMOHAITHIM «TIPOYHUCAE» H  MHOMXKeCTBA YJICIISICTCH lMHOI‘O
BPCMEHH, KYPC TIEPBOrO roja COACPKHT MCHbUIE MaTepHana, yeMm oOblu-
Hblili KypC 3J1eMeHTapHO# anaredpnl. '

Ha stopom rony momeprusauusi umet ewe nanvie. Kypc mpencras-
asier coBoi «TOCTPOeHHe EBKANIOROH FEOMETPHH HE MEHEe CTporoe, uem,
nanpumep, y I'unp0Gepra, #O KOTOpOe, MO HAIIEMY MHEHHIO, ROCTYNHO
ISl y4aluXcsl, YCBOMBIUMX MaTepHasa TepROro romay.

B kypce npenrnpunsita nonsiTka OGHAXMTL YACTO NELYKTHRHYIO CYU-
HOCTh FCOMETPHH, T. €. U3YYaTh rCOMETPHIO (IO BBEICHHS KOHKPETHLIX MH-
Teprpetauni) KaK HeKYIO JHIICHHYIO CONCPKAHHUS JOTHYECKYIO CTPYKTYPY.

10*
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PaccmotpunM, Ranpumep, CJAEAyIONIHE TPH TNOCTYJ/aTa, HECOOXOMMMBIC ISt
NMOCTPOEHHUSI CRKJIMIOBOH reomMeTpuH:

1. Kawnas npsimasi comeput no Kpaiine#i mepe nBe TOYKH.

2. CyutectBylor no kpaiineli mMepe TPH TOUYKHM, HE TpHHAINCKAINHE
HH K KakO#l OIHOH mnpsIMOK.

3. JlioGple mBe TOYKM NPHHAIJIEKAT MO KpaHHe#dl Mepe OMLHOH NpPsIMOM.

Yuynutenb yxasplBaet, 4TO CJIOBA «TOYKa» H «IpsiMasty MOryt OHTb
HHTCPNPETHPORAHE Pa3JHUHbLIMH criocobami. B KavecTBe OCHOBHOH MOIC/H
B KypPCC NPHHITA CYHUCJIORAST IJOCKOCTbY, Ha KOTOPOH TOUKH ONpenelsiior-
cst xaK napol uucen (x, y). Bce Teopembl IJIAHHMETPHHM BLIBOISITCSI € NO-
MOLBK) 3TOH Mopesan. Ho aast Toro, yToOK NOMYEPKHYTh, YTO JEAYKTHBHAS
CUCTEMa MOMXET HMEThb PasJMYHbBIC KOHKPETHLIC HHTCPpNPETaluu, y‘{HTe.,'Ib
pPAacCMaTPHBAET HECKOJbKO MOmesel, BKIoUas U TaKylo, B KOTOPOH «TOuKa»
0003HaY4CT NPEANPHHUMATENsS, 4 «NPsiMasiy — coyyacTue B menax. Ilepe-
YHC/ICHHBIE BHIUIE MOCTYZATH € TAKAM ME yCNeXOM MOryT OblThb NpHIO-
WHMBl 1 B 3TOM ciyvae. [lpeanonoxuM, uTto HMEIOTCS TPH NPEANPHHH-
mateass A, B u C, xaxapif M3 KOTOPHIX CBfI3aH COy4yacTHeM B Jenax
MOPO3Hb ¢ KawILM u3 neyx npyrux. Kawznoe coyuactue (AB, ACu BC)
ARASICTCS, TAKMM 0Opa3OM, MHOXECTBOM NPCANPHHHMATENEH, COMEPWALIMM
no xpaiineit mepe npa snementa (noctynat 1). Hu onno us coyuwactnit
He BKJIOYAeT BCEX Tpex npeanpunumartesnedt (noctynat 2). Kawnpie nsa
OpennpHHUMATENsT OO'BCNMHCHBl TNO  KPalHeH Mepe OIHHM  COy4YacTHeM
(noctynar 3).

Jlns MAnoCTpauMH METONOB INpPEnojapaHusl st NpUBEAY OTPHIBOK H3
3anicH OG30PHOFO 3aHsitHSl MO CHCTEME mOCTYsnaToR, Kotopoe bebepman
NPOBOMMI B KJIaCCE TOBBLILCHHOTO THNA.

«Yuyuteab: C KakuM OGBEKTOM CBS33HO MPOHCXOMAEHHE 3THX MOCTY-
JNaToB?

L opnw: C yucioBoH IJOCKOCTBIO.

Yuyurtenn: UYTo Thl noj TMM MOgpa3yMeBaelnn?

JI 0 ppaK: DTH NOCTYJAThl BHIPAMAOT CBOHCTBA YHCJAOBOH MJAOCKOCTH.

Vunteap: Ecid Mbl roBopHM O YHCJIOBOH MJAOCKOCTH H YTBCDIaeM,
HapHMep, YTO Kamias NpPSMas SIBJSETCS MHOXKECTBOM TOYEK, COAEPMallHM
no kpaiiHell mMepe nBe TOukM, OyneT JH 3TO BEpPHO?

N wopnx bByner.

Yunrtenn: Ho npenmonomuM, 410 Mbl He T'OBOPHM O YHCJOBOH ILIOC-
KOCTH. YUTO Tl MOMeIb TOMAa CkasdaTh 06 3THX MOCTY.JaTax?

N wopnw: Ouu 6ynyT JUNKHBIMH.

TFonoca: Hesepno!

Axum: HymHo npunath KOHKPETHOE 3HaYeHME TEPMHHAM  «IMHUS
M «toukay. TOALKO Torna Mbl MOXeM TOBOPHTh 06 HMCTHHHOCTH HIH JOX-
HOCTH TUCTY.1aTOB.

Vuutenb: HUro Takoe «MOneaby CHUCTEMBbI MOCTYJaatoB?

Jiwefin: D10 Heuto, obnanauee CBOHCTBaMH, BbIpaXEHIbIMH B TO-
cTynatax, 1. e. YAOBIETBOpSIOIIEe MOCTynaTaM.

Yuutens: Ilyctb cymecTByeT HECKOJABKO HITEpNPETALiil NOCTyAaTOR.
Hanpumep, Mbl MOXEM TOBUPHTH O YHCJAOBOH [AOCKOCTH, O «IPENpHRH-
MaTeNsiXy WIH O «KJaCCHbIX CTAPOCTaX» H «KOMHTeTaxy. HUTo Mbl TOITia MO-
WeM CKa3aTb?
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Awopnx: Eciv Mbl XOTMM [UKa3aTh HA OCHOBAMMM NOCTYNAaTOB He-
KOTOPYI0O TEOpEMY, TO HHOTZa Mbl MOMEM YOeIMTbcs B HEBO3MOMHOCTH
910 Chenath Ha OCHOBAHHH TOTO, YTO 3Ta TEOPEMa WEBEepHA JUIS MOLEJHy.

Ecnn cnocoGrocTn yuanuxcs Bbllle CpPeiHHX, U ec/H PYKOBOIHTEACM
ARMACTC  npenopamraresnb Bpone beGepmana, to nonoGHblie JIMCKYCCHH
fIPOXONSIT KHBO H HHTEPECHO.

B Beinymenuol wumnoiiccxoi rpynno#t Gpoiiope yTBepwadeTCs:

«lllkonbruks  NposBASKOT CayGokuil uuTepec K mpesm. KM HpaBHTCS
ONEpHPOBATL C OTBACUEHHBIMM MOHATHAMM.. Monuas ceffuac TeHgenuus
TIOTHEPEHBATD PAKTHYECKY 0 MOJMC3HOCTD MATEMATHKM [Isl Pa3AHYHBIX MPO-
(diecenit e HaXOmMT OTKAMKA y OGonblUMHCTBA M3 uux. Vines NIPaKTHYECKOK
TI0/Ib3bl CAMIIKOM fajeKa Julsl YYEHHKa NeBRTOro Kinacca. OH XOueT 3HaTh,
Kak MaTeMaTHKa BXONMT B €ro COGCTBEHHBLIH MHp. A 3TOT MHp, K CYACTbIO
It Hac, monod ¢antasuM M abeTpakuuid. MateMaTHKa BBONMT INKOJBHHKOB
B YBJeKaTeibHHIH MHD 3aXBATBIBAIOIIMX TPHKAIONEHHH H 3aHHTEPECOBbBI-
BaeT HX».

Koneuno, unnunoticckuit KypC HOCHT SKCHCPHMEHTANbHBIH Xapaxrtep.
Yacte MaTepHana oOKasanachb CJHIIKOM TPYAHOH HAHM Tpedyrowed nim-
TEABUOIO BpEeMCHH 1t yCBOCHHH. B Hactosiee Bpemd UANMHOKMCCKas
rpynna paccMaTpUBaeT 11esiccOOGPAa3HOCTDL NEPCHECCHHST HEKOTOPHIX ROMPO-
COB CTPOroro Of)OCHOBaHHﬂ MATCMAaTHKHU Ha quBeprlﬁ ron oéy%mm.
Onnako wucxonnast mnosuuus DeGepmana Takoma: He nonpo6osan, ue
Yy3Haellb, Y€MYy MOMHO HaYUYHThb WKOJIbHHKOB.

B stom romy Toabku nepmas rpynna YYAlMXCH 3aKAaHYHBACT YeThl-
pexnetTHuil Kypc, M elue TPYAHO TOBOPHTL O PE3YJIbTATaX, HO MOCCLIEHUE
CpenHeH IUKOJL TPH YHHBEPCHTETE YOCHMAO M2HS, YTO YYAILHECS Bbl-
TIONRSIOT CROIO OTHIONbL HE JIGrKYI0 347a4y C pa;oCThio M Iawe € IHTY-
3ua3MOM. Bc& nmeno B TOM, MOWET 1M OBITL OCYLIECTBACHA TaKas 11po-
rpamMa B IUMPOKOM Macuitabe. Hekotoprle KpHUTHKM CYHTAlOT, YTO OHa
MOMET OKa3aThCsl MOJC3HOU IJSI CNOCOOHHIX YYCHHKOB M NIpH HAJMYHH
TANAHTIHBHIX TpPENOAABATE/CH, HO BHIPAXKAIOT CHIBHOE COMHMGHHE B ee
ycnexe B CPEIHEM KJacce CO CPEIHHM NPEenoiaBaTeieM.

KPHTHKH

Hexoropeie nenaroru-matemaTdki CuYMTAlOT, YTO C€aM MOAXOMA MOZIEp-
HHCTOB B KOpHE uepepeH. HauGonee siBHO BHIpasui 3Ty TouKy 3penns
Mopuc  Knalin — npodieccop MHCTHTYTa MaTeMaTHUECKHX Hayk Hbio-
Hopkckoro ynusepcurera, H3BeCTHHIH CROMMH nonysipHbiMH padoTaMH 10
COBPEMEHHBIM JIOCTIMKCHUsIM MaTeMaTHKH. Knalik snipawaet comuenue B Tom,
4TO abCTPAKTHHEII NOAXOH CnocoOGeH BHI3BATH Y TOIPOCTKOB HHTEpec
K MaTeMaTHKe.

Knaitn yTBEepipaeT, 4TO Helb3ss aGCTParHPORATH, NOKA Bb HE 3HAKOMEL
C TeM, OT uero BHl alcTparHpyetech. llpodreccnonanchpie MatematTHKH
NPHXOAAT K MOHHUMaHUIO OOWHX abCTPAKTHHIX TNOCTPOSHHH MaTeMaTHKH
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JHUIBE TOALKO MNOCJE 3HAKOMCTBA CO MHOTHMH €C KOHKPeTHBIMH Pa3jie/aMH.
Kak we moxno tpeboBate OOabmero ot mkosabHuka? Kpome toro, Knaiin
CYMTAET, YTO TEOPHH MHOXECTB HE MECTO B 3JCMEHTAPHOH MaTteMatHKe,
TaK KakK B 3TOH 00J1aCTH OHA MOXCT HailTM JAHIL TPHUBHAJBHBIC TIPHJIO-
WCHHS, 1a | BOO(’)ULC, N0 €rO0 MHEHHIO, 3HAYECHHEC TCOPHHM MHOXKCCTB AJs
BoiCleH MaTeMaTHKH 3HAYHTEJbHO TNEPEeOLlCHHBAETCS.

Knakin u npyrue cumtaror, 4yto HMHTCpPEC K MATEMAaTHKC MOXHO IpO-
Oyautb, ecau MATH HE 1O 0ytH abCTpakiuil, 4, HA0GOPOT, MO NyTH
KOHKPETH3allMH, 1O NyTH ©0Jee TECHOM CBSI3H MEXJIY MATEeMaTHKON H
wu3nplo. Knaitn npeanovutact Pa3bACHATL MATEMatTHUECKHE MICH C 110-
MOWIBIO NPOCTHIX (PH3HYECCKUX ONBLITOR W HA MPUMEPAX, B3ATHIX, HANPHMED,
M3 My3nlKH. AKTHBHO TMOLZEPXHBAET STy TOYKY 3PEHUs aAHrJMHACKHH
matematuk u nenaror Coilep, pabortaiomuit ceiluac B HanuHoiicckom
YHHBEPCHTETE.

Ho, no pcell BHIMMOCTH, AHTHMOLEPHHCTH Tepnsut nopamenue. Onu
HE OPraHM3OBaHbl, H y HHX HET Kako#H-1mOO onpeaeseHHOH mnporpammbl,
a JABIKEHUC MOAEPHHCTOR OBLICTPO pacwupsiercsi. M 3TO Kacaetcsi He
TONBKO 1iKoA. Psii Ko.anemmei yKe NpHHsI HORYIO NPOrpaMMy JIJsi CPBO-
KYPCHHKOB, pa3pabOTaHHYI0 KOMHTETOM AMEpHUKaHCKOH MaremMatTHuecKoil
accouManmu. ITOM NporpaMMON TpeaycMaTpHBAETCsl MOJAYrOAOBOH Kypc
aHanM3a W NOJNYroAOBOM KYypPC IO HOBHIM pasjesaMm MateMaTHKH (3TH
HOBbIE pa3jelibl yCJIOBHO HA3bIBAOT «KOHEYHOH» HIH «IHUCKPETHOI» Ma-
TemaTHkoi). B nocneanem kypce paccMaTpHBAIOTCH AMCKPCTHHIE MHOWE-
CTBa, Haxoasiue Bcé Gonce HIMPOKOE NMPHUMEHCHHE, OCOOEHHO B OBUIECT-
BEHHHIX HAyKaX, HWMEHIUHX JEeJO ¢ TIpynnamd JiHI, NapTHAMH H3OENnui,
COCTOSIIIMMH M3 LEJOro 4YMcsia eaunuy u T. n. Jawe ¢u3uka nuckperHa
(ecnM CcuyMTAaTh aTOM BJECMEHTApPHOH uacTtuleH), a B OCHOBE KBAHTOROH
TCOPHH JICXKHT MaTpuuHasi anredpa — OIWH U3 Pa3aesoB ITUCKPCTHOMH
MATEMATHKH. 3alaya HOBOrO Kypca — NO3HAKOMHTL C HEKOTOPHLIMH TIOHSI-
THSIMH COBPCMCHHOﬁ MatTeMatTHKH CTYIOEHTOB, H3y4arwuux JATEpatTypy
H HCKYCCTRO, W NPHBHTH HEKOTOPHIC MATCMATHYCCKHE HABBLIKM CTYNEHTAM,
crenMamM3upylounmMcs B 06aactn obuiecTBeHHbIX Hayk. Haubonee umpoko
pACIPOCTPaHeHHbIH cefiyac BapHaHT IPOrpaMMbl KypCd BK/IOYAET CHMBO-
JMYECKYIO JIOTHKY, TEOPHIO BeposiTHOCTeH, MATPHUHYIO W BEKTOPHYIO
anre6py, TEOPHIO WP H JIMHEHHOE NpOrpamMMHPOBAaHHE.

NPENOOABATEJIH

KoneuHo, Heab2si HM3MCHUTE Xapaktep TNPEnofaBaHus MaTCMaTHKH
B aMEPHMKAHCKHX CPEIHUX LIKOJAX 3a ONMH JeHb. DOJbUIMHCTRO yuutenci
HE MMEIOT IOCTATOYHOH MOArOTOBKH ISl NPENOJaBanusi HOBOrO MatTepuana
WIH 15T OCYILECTBIACHHUSL Kaxoro-iubo uoporo npockta. OmHako GoJblne
HAJCXIbl BO3J1AraloTCl HAa JIETHHE KYypChl IS yudtesed M Kypcol 6c3
oTpeiBa OT paboTh, (HHaHCHpyembie HaumoKanenoH nayunoit accounanueit,
YaCTHHIMM KOPMOpalMsIME H T. . JTHM JETOM JOMKHO OBITH OPraHHM30-
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8aHO 10 JIETHHX HHCTHTYTOR NPH YHHBEPCUTETAX, KOTOpHIE OYyNyT 3HAKO-
MUTDb queneﬁ ﬂpCHMYUlCCTBCHHO C COBPCMCHHbIMU pa3nesnaMiH MATEMATUKH.

Kypch no matematmke M TOYHBIM HayKam OPraHH3yIOTCsi CILE MNpPH-
MepHO npu 40 yHHBepcHTETaX, H B GONLIIMHCTRE CAy4des yrop nenaercs
Ha coBpeMeHHYI0 TemaTHKY. Ilpencrasnsiercs BecbMa BepoOSITHBIM, 4YTO
B Ombkafilye nste NeT GOABIWMHCTBO LUKON CTPAHBl B TOR KM HHOR
CTENCHH MOICPHHU3MPYET CBOW NPOrPaMMbl M METOIbLI MPENOfaBaHHsL.

B 3axkmouenne s momxen pacckasatb 06 OLHOM HAYMHAHHH, KOTOPOE,
BO3MOXHO, OKaWeT OOJICE CHJIbHOE BJMSIHHE HA MPENONABaAHHE MATEMATHKH,
YCM BCE PACCMOTPEHHBIC B 3TOH cTaThe NPOTPaMMBL. Peub uner 06 opra-
HU30BAHHOM INPH MatematHueckoMm d¢akyabtere HMenbckoro ynupepcuteta
HccnenoBatebCKOM KOMMTETE TIO LIKOJIBHOH MATEMaTHKE, 1O CBOEH CTPYK-
TYPE HanOMHHAIOIIEM nOAOOHH e KOMHTET 1o ¢mu3uke npu Maccauy-
3€TCKOM HHCTHTYTE, O KOTOPOM YiKE PaCCKa3hlBasoch B HAlLleM xypHane ).
Komnter cobupaercss mpusneun K cpoeil padore GONBLIOE UMCAO MATEMa-
THKOB H IICHAroroB IJisl M3YYCHHSI MCTONOB TPENOAABAHHSI MATEMATHKH
B CPEAHMX M HENOJHBIX CpeaHMX mKonax. CKOpee BCEro Pe3ynLtatoM ero
padotrel Oyner pa3patotka TNOAPOGHLIX TNPOCNCKTOB HOBHIX YueOHUKOB H
METOMHMYECKHX PYKOBOACTB, UTO YME€ IENACTCH KOMMTETOM MO (PHU3HKE.
OTHM 7€TOM KOMHTET JIOJKEH CO3BaTb KOHRGMEPEHUHMIO ISl PacCMOTPEHAS
fpOGIEMI B 1E/NOM M 0630pa MPOBOIMMBIX 3KCICPHMEHTOB. Kaxos oyaer
pe3ysibraT paGoThl KOMHTETa, 3apaHece CKa3aTh HENb3sl, HO MOXHO yTBEp-
WAATh, 4TO HHUKAKas APyrasi Tpynna, 341aBlIasics 1eAbl0 OHBHTL fipe-
DONapdaHHe MAaTEMATHKH, HE MOXET CPABHHTbLCS C HHM HH 1O YHC/IY yyacT-
HHKOB, HH N0 (HHAHCOBOH mNOAAEPIKKE.

Ilepesod ¢ anenuiickozo M. I1. Hanusosa

') «Scientific Americany, April 1958, Walter C. Michels, «The Teaching
of Elementary Physicsy.



OBNAJEHHE MATEMATUKOM

No CTAPOH, rpyOoii cucreme o HoBOW, TOHKOU cucveme

MHOMCLTBO PRUQHUY Y
{xI3x+6-0} {
. (= Yx[3(x+2)=0}
N\ ={x{3-0wx2-0} Y
={x|3=0}Ulx|2-01 )
Cex A -2%
=@U 12—?.}

' ﬁoy Udu-=sinu )
r b —+

«The Mathematics Teachery, nexabps 1959 r.




NOJIrOTOBKA YUYUTEJEN MATEMATUKU
I8 CPEAHEH LUKOJIBI B HOPBETUU

H. 5. Hdenman

(Jlenunrpan)

HeoaHokpatno KonctatupoBancst (akt, YTo r0MroToBKa aGHTYPHEHTORB
CpeiHel WIKOJB 1O MarteMalHKe BLILIE BCEro CTOHT B MajbiX CTPaHaxX
cepepa Epponnl (Cxanjmuasckux, Ionnanaumu, Benbrun, Jlhiokcembypre ')).
Iosromy npencramnsier mutepec cBoeoOpa3Hasi NOCTAHOBKA 1OATOTOBKH
yuuTeaci MateMatHKH CpelHei wKoAsl B Hoperun.

B Hopserun obsisatenvHoit nasi Bcex meteii no 14-netnero sospacta
AIBISICTCS JMIIb CeMUAemHsIa HauaavHas wioaa. OKONO NOJNOBHHH ICTel
B JlanbHeidlueM nponoawaet obyucnue: HeGoNbUIOH NPOUEHT — B peabHOL
urKone, KOtTopas naet OOIUY1O NOArOTOBKY, HCAOCTATOYHYIO IS BHICIIHIX
yueOHbIX 3aBeleHHHl, a oCranbHhe — B 2UMHA3USIX, KOTOPHIE OIHH, COG-
CTBEHHO, H COOTBETCTBYIOT CPCIHEH LIKONE IPYruX CTPaH.

Bo Bcex rUMHA3MsIX M3Y4alOTCsl, KPOME POJHOIO SI3BIKA, SI3LIKY AHTJHH-
CcKu#i, Hemeuxu#t M Qpanly3ckuil, UCTOPHS, IPAKAAHCTBOBEICHHE, reorpa-
¢usi, marematuka, Ouonormsi. Jlaercs, Kpome TOrO, XYIOXECTBCHHOE H
¢u3nuecKoe BOCIIMTAHHE.

Kaxnpét yuawwmiica ruMrasnn uabupaer ceGe OJMH M3 NSITH OCHOBHBIX
npeameton: 1) natuackuit si3bK, 2) anrauiickuil fA3wK, 3) MaTeMaTuky
¢ ¢u3nkoii, 4) IpesHEHOPBEKCKH sI3LIK M D) ecTecTBeHHble HayKu. ITocae
natH et obyuenus yuawuiics;, B 19- win 20-AetHEM BO3pacte, moasep-
TaeTcsl BHIYCKHOMY 3K3ameHy (examen artium), OPraHM3yemoMy Haio-
HanbHLIM (YOCYNIApCTRCHHEIM) COBETOM MO CpeaHeMy oOpa3oBanuio. 10T
3K3aMEH SIBISICTCH  HCOOXONHMBIM M AOCTATOYHBIM  JJsI  TOCTYICHIS
B YHHUBEPCHUTET.

YpogeHnb NpenomnaBaHdsl MAaTCMATHKH B PHMHA3HAX NOCTATOYHO BHICOK %)
u TpebyeT OT yuuTe/NeH rayGoKMX MaTeMatTHUYECKHX 3HAHHMIL

) Cm. M. S, IenmaH, Bonpoch npenogasaHusi sAeMeNTaplol MaTeMaTHKU
Ha HOoCAeHeM MeX(JyHapONHOM Kollrpecce MaTeMaTHKOB, «MaTeMaTHKa B IIKosey,
1958, Ne 3, c1p. 7T7—83.

?) Ilo matepuanam ctatbh ®. Pepa (mpesunenra Haumonanbuoro cosera
noaroroskn yuurened MateMatuku B CIIA n pykosomuTensi oTnenenusi NOATOTOBKH
yuutened B Konywmbuiickom yuusepcutere) u K. ITu H e (pykoBomureas u pektopa
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ITpHBOAMM HEKOTOPHIE CBEJCHHA O MOATOTOBKE YyuHuTesnell MateMaTHkH
LSl HOPBEWCKOH cpemHel mkonn ‘).

OKOHUYMBUIMH YHHBEPCHTET M 3eJaIOUMH NOMYUYHTh NPABO NPernofasas us
B I u Il knaccax rumnazum u B Il knacce peanbro#t uIKONB  mOMKEH
NPOHTH TNMOAYTOAOBYIO NOArOTOBKY B NEAArOorHv4ecKoil CEMHHApHH, rIe OH
H3y4aeT OCHOBH MENArOrHYE€CKHX JMCUMILIMA (MCTOPHH, (BUAOCOPHH, NCHXO-
JIOTHH, T'HIHCHLI, IKOJIBHOH AIMUHUCTPAlLIHE, MCTOIHKH npenonaBaHuﬂ)
U 3HAKOMMTCS € YMOTPCOMTCABHBIMH B IIKOJAC yueGHukamu. OnHOBPCMEHHO
KAHAMIAT npernomaetr B uwkone. [lpuMepHo B 23-7C€THEM BO3pACTC OH
NoJAyuder BO3MOXHOCTDL ﬂpllCTynHTb K nenaromqecxoﬁ NEeATEIbHOCTH.

Y1066 mnonyunte npaso mnpenogaBanus Matematuku g I, IV u V
KJA4accax THMHA3MH, KAaHIHUAAT Ha JO/MKHOCTb YUHUTENAS AOMKEH TMochie
NEaroruyecKoro CeMHHapHsi BEPHYTBLCS Ha 1,5 — 2 roxa B yHHBEPCHTET
ISl TIPOIOJKEHHSI CBOEro MaTeMaTHUeCKoro o6pas3oBanusi. B stu roaw
H3y4yalTcs teopus (PpyuKimi NEACTBHTE/NBHOTO U KOMILIEKCHOIO nepeMeH-
HOro, Teopusi 4Hcesa, abcTpaktHas anrebpa, aHanUTHUECKas reoMeTpusi
NPOCTPAHCTBA U HCKOTOPLIE CrHCLMAJBHLIE 00JaCTH — TEOPUSl BEPOSITHOCTEH,
TOMOJIOTHSI, HCYHUCJIEHHE KOHCYHLIX pa3nHoctedl W 1. 0. IJTOT MNepHoL
pabotel B YHHBEPCHTETE SIBJAACTCH  CYIMECTBCHHO BaHbLIM — MHOTHE
Yuutessd MaTEMATHKH B HOPBCWCKHX T'HMHA3HUAX IPH YETHIPEXJIETHCM npo-
XONAEHHUHN OCHOBHOrO YHHBCPCHTCTCKOI‘O KypcCa uMeJIH rj1aBHLIM npeameTom
H3YueHHUsSI HE MaTEMATHKY, a ¢u3NKy, reorpaduio UM HHOTId, XOTs H PElIKO,
npyrue JOHUCLHUIJIHHEBL.

[Tocne nonosiHUTENBHLIX 3aHNTHH MATEMAaTHKOH B yHHBEpCHTETE, CIauu
3IK3aMEHOB M MNPENCTABJICHHMSI JHCCEPTALMM COUCKATENb MNOJYyYaeT Npaso
IPErogaBaHusl MaTeMaTHKH B T'MMHa3HH.

NPUJOXEHNY

I. BappaHT NHCbMEHHLIX BONPOCOB JIS KOHYaBHIMX
cpeaHol mkKojgy B 1956 ropy

1. a) BuiBect ¢opMyny nasi Kopue#l ypaBHeHus
x*+ax®* 4+ bx+c=0.
6) Ha ocuosaunu sToil ¢OpMyJBl [0Ka3aTh, YTO €CAH TPH KODHS ypaBHeuus
COCTABJSIOT TEOMETPHUECKYIO MPOrPeccHIo, TO OJHH M3 Kopned Bcerna pasen —/ e

U TOT XK€ KOpEllb TaKXE€ paBeH — E'

neparorudeckoro uiictutyra B Ocuo). H. F. Fehr, K. Piene, Mathematics
instruction in the secondary schools of Norway, xypuaa School Science and
Mathematics, HosiOpb 1956 T.

1) B npuiomenssix K Hactosieil 3aMeTKe NMpHBENEHbI BapHAaHTHl MHMCbMCHHBIX
paboT N0 MaTeMaTHKE IS OKAaHYMBAIOLIMX CPEAHIO IMKONYy, a TaKHe 3ajayH
MaTEMAaTHYECKOTO KOMKYPC3 N8 YUallMXCsl CKAHMHABCKMX CTpall. DTH MaTepuaibk
SIPKO XapAKTEPH3YIT YyPOBEHb 31aHMi MO MaTeMaTHKE B HOPBECKHX CPEIHHUX
KOJAaX.
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B) B kauectse npumepa 11. 6) p3stb ypapueuue, B KOTOPOM ¢ HMeer 3HaueHue
— 64. Halitu ocraibupie sa Kopus ypaBHEHHs, KOTOPOE NPUBEIEHO B MyHKTE 0),
BbIASHB MX 4epes a, W uaift 3Hayenws g, NpH KOTOPHIX 3TH jBa Kophsi 6yayT
NeHCTBUTENbHBIMU YHCAaVH.

2. B nonywap panmyca r Bomcana TpeyroiabHas nupamuia ABCT. Ocuosauue
THpaMHALl  ecTb  paBHOOEnpeHHbH Tpeyroabhug ABC; OCHOB3HHEM 5TOrO Tpe-
YrobiHKa, BIIMCAHUOFO B KPYrOBOE OCHOBaHWe monycdephl, seasetcs BC. Bep-
IIHHA MMpaMHabl 7 J€WHT Ha NEPNeHIMKYAspe K 0CHOBAMMIO HMPAMHILL AT
cepeannoit otpeska BC.

a) lpennonaras paccrosune Ttouku A or BC PaBHBIM X, BBIYHCIHTH OObEM
TIMPAMUIbI Yepes r u X.

0) Ecan panuyc r nocTosHubI, T0 NMpaMHa HMEET MAKCHMANBIBE OGLeM aas
BEKOTOPOro 3Hauenus x. Haiith Makcumanbuoe snavenve o6bema u COOTBETCTBYIO-
Liee 3uayeHne x (C N0Ka3aTeqbCTBOM).

B) [lyctb x =23/2 r u npoBeneun npe NAOCKOCTH qyepes nepresauKyaspablii
K OClOBAIMIO NOMYCHEPHI PanMyC, NMPHYEM ONHA ILIOCKOCTb CONEPWHT TOMKY B,
JZpyras — touky C. Kpome toro, npopenena eme miockocts BCT. Boiqucautr
HEPEs r TAOmaNb 4YaCTH NOBEpPXUOCTH Tonycdephl, BHIPCIAHHON STHMH Tpewms
TIOCKOCTSAMH.

3. a) Jdaunl sammnc  4x2-4-9y2=—36 W npamas x = 3. Hexotopas touka P
Ha 570l npsiMoif uMeeT opaunaty g. Hanmcarb ypasieune [OARPLI TOYKH P OTHO-
CHTENbIO saaunca. [lokasath, 4TO MNOAfipa BCErna NPOXONHT uYepes NOCTOSHNYIO
TOYKY A mpu pBHKeHHu P 1o fpsaMoH M HaHtu KOOPAMHATLL TOYKH A.

6) daua ewe touka M ¢ woopnuuatamu (m, 0). Haiitu YpaBHeHNHE TeOMeTpH-
HECKOTO MecTa TOUCK Mepeceyelns Noaspbl ToukH P u npsiMoi, upoxonsuedi ye pes
TouKH M u P, koria P IBMKeTcs MO OpaMOi x == 3. Tlonyyennble Kpupble upu
PasIHiNBIX 3HAYEHHsX m Beeria npoxonsit yepe3 A u M. O6bacHUTb, KAK MOMHO
Gpino Obl TIPEABHAETH llalepen, YTO STO JOMKHO HMETh MECTO.

B) ['eomeTpuueckoe mMecto, yKasaHHoe B I 6) mMeer ypaBHeliHe

4 3B —m)y*—4(m+3) x4+ 12m=0

Onncath KOMMYECKHME CeveHmsl, KOTOPbIE STO ypaBHEHHE NPEACTaBAsET MPH pas-
JHYABIX KOHEYHDBIX 3HAaUeuusix m (yKa3aTh TONBKO THIIbI KPHBBIX 6e3 Haxownelus
LenTpa, ocH, maui ocedl H 1. 1.). Kakyio reomerpHueckyio wirrepnperanuio uMeer
9T0 ypaBHEHHE TpH m, paBioM 32

II. 3apaun mMaTeMaTHYECKOr0 KOHKYpCa AJISI yMamuxcs
CKaHIMHABCKMX cTpaH B 1957 r. %)

1. P— touka Ha smnmnce, () — DPOEKuMS NCHTPA SJANICA Ha KacaTejbHYIo,
TIPOBENEHHYI0 K aauncy B TouKe P. [lokasath, 4TO MaKCHManbuOe 3Hauenue pac-
crosuus PQ paBHO TOJIOBHHE DPAasHOCTH JJAHH Gonbliofl M ManoH ocell snaumca.

2. lan 1peyroabiuk ABC w nponssoibHas Touka P B npoctpaHctee. Jloka-

3aTthb, 41O
3(PA2 -+ PB® + PC? > AB*-|- BC* 4 CA=

Ipu kakoM NONOWEHUM TOYKM P HMeeT MECTO 3MAK paseHcTBa?
3. lan tpeyroaphuk ABC. Ha croponax BC, AC u AB B3nTH TOYKH A, B
n C, v BBefennl 0603HA4EHHS
BA, CB AC,

a S a=8; — 1.

4CT % BATY BT

) B copeBHOBaHMH Y4yaCTBOBaaM yuammecss Nauwmu, Mcaannum, Hoprperum,
Punnsiimy u Hleemnn. Kawpbifl yuaCTvux xouKypea MIPUCBLIAT CBOM Peieius
BMECTe C HOANHCKOH © TOM, YTO peweHHs BRIIONHEHL HM Ge3 NOCTOpOHHEH
IIOMOLLH.
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Otpesku AA,, BB, nu CC, o6pa3yioT BIyTpH AaHHOTO TPeYroabHMKAa APYroi
meHbMd Tpeyroabuuk. Halitn otHomenxe nuowaneit nByx TpeyroibilMkoB yepes
a, B, 1. Pesynbrat nosken OblTh MAKCHMAJbHO yHpoWell.

4. [Jokasatb, 4T0 QyuKUKs

1 1

y—____.

T sinx  x
T
BO3paCTaeT C BO3pactaHueM x B HHTepsaie 0 << xs—f .

Hafitu lim y, korza x— Q.
5. [aHa NocaenoBaTeNbHOCTh YHCEN
o, =1, a,=1, a;=2, a,=3, a;=0_5,..., A 4,—a,4,}a,...
(Ha3BaHHe «IIOCJAEHOBATENbHOCTL PHOOHAYYHY He ynoTpebaeno). O603HaYUM CYyMMY
n NepBHIX WiEHOB ee yepes S,,.
a) Beipasutb S,, Yepe3 onMH M3 4EHOB MOCIENOBATEILHOCTH,
6) I'lokasatb, 4TO
2 _— 41
ApCpyp — an+1—'(_ 1) +L
B) Haiitu
[

lim .
n—> a0 ﬂn_

6. Jlan BBINYKJBIH MHOTOYTOJBHMK C 72 CTOPOHAMH, PHYEM a) HHKAKHE [Be
JIMaroHa/H HE Mapaiielbhbl; 0) HHKaKHEe TPH JHArOHAsH HE MPOXONAT Yepes omHy
TOYKY (He cumtas pepiliMHbl). CKOJABKO TOYEK MepecedyeHHs HaroHaleil MOMKHO
HaHTH BHYTPH MIOIOYTOJbHHKA H CKOJIBKO BHE €ro?



XXI IIKOJbHAST MATEMATUYECKAST OJIMMITHAIA
B MOCKBE

B. I'. Boamsinexuii u 3. P. Po3endopr

(Mockga)

Exeronnoe npoBejeHHe MaTeMaTHUYCCKHX ONMMNKAA MOCKOBCKHX LIKOJb-
HHKOB CTano npekpacHoi Tpamummpei. Onumnuansl ang yuawuxes VII-X
KNAcCOB MOArOTOBNSET W MPOBOAHT MeXaHHKO-MATEMATHUECKHH (haKynpTeT
MI'Y coBmecTHo ¢ Mocropono ¥ MOCKOBCKHM MaTeMaTHUECKHM OOLLLECTROM.
B anpene 1958 r. coctosnace 21-9 onumnmana.

TToMHMO NOArOTOBKHM M NPOBENEHHs CamOil onmMnuanw, B MockoBcrom
YHMBEPCHTETE €XErofHo paloTalnT UWKOJABHBIE MATEMATHYECKHE KPYIKKH
U 4UTAIOTCSl NEKUHH 10 MaTeMaTHKe, 4TO TaKkKe BOLUIO B TPaIHUBIO.

UTeHpe JeKUH MPOBOMATCS MO BOCKPECEHBbSIM (pa3 B JIBE Helenu)
npodpeccopami ¥ npenonasatensvu MI'Y # Apyrux MOCKOBCKHX BY30B,
npuueM, KaKk TMPaBuno, YHUTAIOTCH JBE JIEKIMH OJHOBPEMEHHO: OHA IS
yuaumxest VII—VIII knaccor u apyras — nas yuauuxes IX—X knaccos.
B 1957—58 yue6uoM roay Owd NPOUNTAHB CICAYIOLIBE JICKIMH:

HOdas mkoabnugos VII—VII knaccos

«Jlenenne orpe3ka B AaHHOM ornowenuny (f1. M. Beckun).
«[eomeTpuueckas anre6pay (A. M. Jlonwuuy).

. «CucteMbl cuncaenvsly (f1. S Buaenkun).

. «beckoneunosnaunsle uucaay (B. I'. boamsHckuii).

«ApHudMeTHKa BHIUETOB U ee npuMeHnenue B teximkey (4. H. Koamozopos;.
. PaBuoBenuKoOCTh H paBHOCOCTapneHHOCTbY (A. M. Casun).

«Jymaiomue MawuHuy (A, A. JsnyHos).

. «CyMMupoBallne nocseiosatenbnocteity (71 JI. Yavauos).

NOGTAWN -

o]

HAasa wkonbuukos [X—X kaaccos

«TeopeMa Jfinepa O MHOrOrpaHHHKAax ¥ TOMNOJOTHs TMOBEPXHOCTEH»
Boamsinckuii).

«OcHOBHBIE TIOHATHS copeMenuolf anreGpuiy (/1. A. CropHsikoe).

«3ana4ya Jupuxney (E. M. Jlauouc).

. «HatypaabHble norapudbmby (A. . Conosves).

«KoMnnekcunie uncna ¥ MX NpuMenenue B reoMetpuuy (M. M. Slzaom).

. «[TpuGaxkeHnble  BboiuMcaennss ¢ [OMOIUbIO HeNpEpHIBHBIX  ApoGeit»
Jocmepru).

(B.

NIRRT

5
ao
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«3anaua JIupuxae» (npopomxeuune) (E. M. Janduc).

«Kak crpouts rpadux» (I. E. lunos).

9. «O «npoussomnoity (I. E. Luaos).

10. «Matematnueckue Meronnl B aunrsuctukey (P. JI. Jo6pywur).

11. «I'eomerpuueckue 3agaun Teopun npubmnkenns dyukunity (C. b. Cmeurur).

.
8.

3anATus! KPyKKa TNPOBOMHAUCH €weHenennHo ¢ 20 ceHTsdpst O OKOH-
uaHud onumnuansl. PafoTa KpymXka npoBOAHNACh TO CEKUHAM nof oOLIMM
pyroBoncTeom 3. P. Pozeunopna. Bcero paborano 11 cekumit: 5 cexumit
mns X knacca, 3—mas IX knacca, 2—gpas VI kmacca u 1 — nns
VII xnacca.

B pykoronmcTBe cexupsMii yuacTBoBano 40 CTYyNeHTOB H acnupaHTOB
MexaHpKo-MaTeMaTHueckoro (arxynbteta MIY.

Crapuie pyroponutenu cexumi: bprono (I xypc), Emenssinos, Map-
kora, TlpousBonoB (Il xypc), Baiiubepr, I'pywmn, Onesckuil (111 xypc),
Kpucty, Posennopn, Cmonsik, Xaszen (IV kypc).

Onna u3 cexunit kpywka mns 10 knacca (1ol pyKOBOLCTBOM CTYIEHTA
Cwmonsika) 3aHuManach TONbLKO anrebpoH; ocTanbHble CeKgud He Onlau
Crnenyuany3upoBaHHEIMH: OHH  3aHHMan|Ch Pa3HBIME  BOTIpOCAMH  anrebph,
TeOMETPHH, TEOpPUM 4YHCEN, TeOpHH seposiTHOCTEH M T. A. Bce 3ansitus
cexiMil KpyXKa TpOBOMIJIMCH B CTapoM 3nanun MIY.

MuoroneTnunii ODRIT 1OKa3bBaeT, 4YTO y4acTEe B padoTe CexMit
KpyKKa 3HAUUTENbHO TOBpNaeT OOWHH MaTeMATHYECKHH  KPyro3op
yuallluxcs, TOMOraeT BHpaboTaTh HABHIKH B pPeILEHWH TPYAHBIX MaTEMa-
THYECKHX 3a/a4, pa3pusaeT cooOpa3uTeNbHOCTh. DoNbIIMHCTBO yuyallnxcs,
peryispHO TNOCELIABUINX  3ausdTusl KPYWKKa, BIOCNEACTBHUH CTAHOBS ICH
xopowmi cTynentamt MEY, nenarorvuecknXx MHCTHTYTOB, TEXHHUECKHX
By3oB. [lonapnsiomee OCONBIIMHCTBO KPYXKOBLEB JIPHHIMAET Y4yacTHE H
B onumnuase. MHorue M3 HHUX OKa3blBAlOfCs B 4uC/Ie nobempuTenei.

OnHako He cheLyeT OyMaThb, YTO HMMEHHO KPYKKOBIB COCTABJISIOT
OCHOBHYIO MacCy Y4YacTHUKOB wian noGemuteneid oaumnuans. Jloctatouno
CKa3aTh, 4YTO Jjaxe B Hauane paboTH KPYKKOB HA WX 3AHATUS TIPHUXO-
auno orxono 600 yuwaummxess VII—X knacco, B TO BpeMs Kak obulee
YUCNO yuaCTHHKOB OJMMIHagbl coctaBuno 1225 uwenoser. Hepenxo
LIKONBHYK, BIEPBLIE yuaCIBYIOLWMHE B onuminane, nobuBaercs B Helt
XOpOLNX pPe3ynbTaToOB M, NOYYBCTBOBAB HMHTEPEC K MaTeMaTHKE, CTaHO-
BHTCS BHOCTEACTBHY AKTHBHBLIM YYaCTHHKOM KPYIKKA.

Opranusanueii nexkumit, paboToH KpPYXKOB, NOArOTOBKOH W TpOBee-
HHeM OJIIMIHANB PYKOBOAWN oprkoMuTeT u3 14 uenoper (upencenatens
B. I'. Bontanckuit). OprroMuTeT mNoAAep HBaN KOHTAKT ¢ MOCKOB-
CKMM MaTeMaTH4ecKHM OOLLECTBOM H  OGUIECTBEHNBIMH  OpPranu3aiusmm
MeXaHHKO-MaTemaThHueckoro ¢akyneTeta MIY. Bnepsnie Bcst onmmnmana
NMpoBOIKNach B HOBOM 3manust MI'Y, uTo orazanoch ouenb ymoGumy u,
MOMHO HanefiThC, BOWIET B TPALHLMIO. .

COopunk 3amay Ans  TOArOTOBKYM K  OJMMOHANE, COCTABJIEHHUIH
. 1O MaTepuianam paboTH IIKOJBHOTO KpPYXKa, OblA BHULYLIEH THPAXKOM
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5000 sksemnnsipoB. ONHAaKO BBHAY TOro, UTO OH BHILIEN Tiepen Camoif
ONMUMNKANO0H, INA NOATOTOBKH T'NaBHEIM 0GPa3oM HCMONb30BAJCH MPOMLIO-
ronunit cOopHuk. Yacth THpama HOBOrO COOPH¥IKA OCTABAEHa ISt paGOoThHE
Kpyxka B 1958/59 yuebGrom romy.

[Ipu cocTarnenny 3anay anst OMMMITHALH 47€HH OPTKOMHTETA CTPEMH-
JUCh K TOMy, uTOOH wu3GewaTh AyONMHUpOBaHHS OXHMX M TexX we 3ajad
IN yvauiuxcsl pasHelX KJaccoB. XOTHA B LEJOM COBOKYNHOCTH 3anay
Obina ynauwo#, pacnpeaenenue 3agay wmexny | w Il Typamu 6nuto
HenpaBuabieM. Tak, Hanpumep, 3amaua 4, npennowensast na Il Type yua-
uumes X knacca, Omlla, HECOMHEHHO, 4Hepecuyyp Jerko, a 3amaua 1,
npennoxentast yuauumess X knacca na I Type, Omina chmiiikom TpymHO#H,
Tem Gonee nns 1 Typa. Takoe HenpaBWIbHOE pacupefieneHHe NPOU3OLLI0
f0TOMY, YTO OPFKOMMTET HE HMeN [OJHOIO CHMCKa 3ajau Tepej Haua-
gom [ Typa.

Bonbmmncteo 3amau aas Il typa Ouino cocrtaBneno mexupy I owu
11 Typamu. Boéapumas uyacTe 3amau Gwina coctasnena B. I'. Bonrsckum,
crynentamu Cmonsicom, Betyxnosckum, Liypom, Knpuanoewm u apyravu
ueHaMil OPrKOMHTETA W PYKOBOMMTENSMH KPYIKKOB.

Bce 3amaunm o6cyxnanich Ha 3acenanusix oprkomuteta. B pesynbrare
3THX OOCYINEeHUH nepenko OrBano, 4TO 3aIaudl HU3MEHSANCh IO HEy3Ha-
BAEMOCTH. 3ajfayd ONBMOHALM B UEJOM SIBASIOTCS, TaKUM 06pa3om, nio-
IOM KONNEKTHBHOrO TBOPYECTBA OPrKOMHUTETA.

Ha I typ onumnunamel, KOTOph#i cocTostiicst B BocKpecenbe 6 anpenst
1958 r., npumno 1190 yuaumxcs. Pasdop 3amau 1 Typa npoBommncs
B cnenywoulee Bockpecenbe 13 anpensi. Bo Il Type (20 anpenst) mpunsano
yuactre 349 mKONBHUKOB, B TOM uuCle 35 4YeNoBeK, He yuacTBOBABILKX
B | Type, HO nOuyuleHHHX K y4acTHIO B ONHMMINALE 1O XORATaHCTBY
yUuTene# u pykoBommTened KpyxkoB. 27 anpens cocTosncs pas6op
3anau Il Typa u Grul0 NpoBeneHO 3aKMOYHUTENBHOE 3aCEIaHe ONUMIMALLL
€ BpyuenneMm Tmpemui ¥ rpaMoT. KONMUYeCTBO YyuacTHHKOB ONHMIIHALIML
10 KJlaccaM yKaszaHo B cienyiouleit taGauue:

HarpamaeHst
YuacTteopaan | YyacTBopamm |Ycmewmno mpou-
Kaacent B I Type BO II Type MM OMMMIHAZY | MOXBaJbHBLIMH
OT3BIBaMH npeMuAMEI

VII 100 41 - 22 5 4
VIII 125 21 11 4 4
IX 235 83 12 2 1
X 730 204 56 19 7
Bcero 1190 349 101 30 16

B nposepke paGoT onuMmpambl y4acTBOBANO OKONO 50 CTYHEHTOB
MEXaHNKO-MAaTeMAaTHYECKOro  ¢akysnbTeTa, KOTOPHE ObiM  pasOHUTHL
Ha OTHENbHBE «KyCTh». [lepromauanbHo npoBepka u oGcywneHne paGoT
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NPOBOIMIINCH TI0 «KYyCTam», BO T71aBE€ KaXIOr0 M3 KOTOPHIX CTOAN BHIIE-
JIEHHBIT OPrKOMATETOM «KyCrapb». PesynbrarTel 3TO# npensaputenbHOR
NMpoBEPKH OGCYMIanuch 3aTeM Ha oOuieM COOpaHHH OPrrKOMHTEra, NpHUeM
psin paboT, B TOM 4YHcne Bce paboThl, 3aCayXHBAOLIHE npemm UM OT3nl-
BOB, nepel OOCYIeHHEM 3aUHTHBANHCH BCIyX.

CornacHo Tpanwi¥M# OprKOMHMTETOM OblZIa NPHHATA CJeLylonias CHCTeMa
OLICHOK:

—}-, ecnu peulenue BepHoe;

-+ » » CONEPIKHT NErKO HCIPABHMHE OMOKH;
== » » HEBEPHOE, HO CONLEPIKUT BEpHHE HIEH;
—  » » B fIpUHUMIIE HEBEPHOE;

0 » 3ajgaya He pelanach.

Kpome TOro, B HEKOTOPHIX HCKAIOUHTENBHHIX CHydasix NPHMEHHNAch
onenka 1/2 (3a 1 npusmmancs —}-). OcoGenHO BhAAIOLUMECH peMIEHHs!
BHIIENSITICHh 3HAKOM «!».

Bcero Owll1 mpu3Han ycnemso npowesnamnm onumnuany 101 yuaumiics
(xonuuecTBO 10 Knaccam OnO ykaszano B Tabamue). CrHcOK ycneuHo
npouleninmx Onl OrjamieH Ha 3akilOUHTENbHOM 3acelanmu. M3 3roro
ofulero uucna YyCfemHo mnpomeamux 16 yyaumxcs OwAH Harpawpeuo!
TICPBLIMI, BTOPHIMH HWIH TpeTbliMd npemusaMg o 30 denoBeK LOAYUHIH
NOXBaJIbHEIC OT3HIBHL.

Kxaccnt IlepBLIe mMpeMHH BTopuie npemun Tpetbn upcMun
VIl — Feabdaun C. I, | Fypun T.JL, 310 wk.
151 k.
YUypkunu B. I, Jdyunaesckuit JI. B,
640 k. 59 K.
VIII Navamenko 0., — KpouponB. A, 7 mxk.
59 wIk.

Corxonosckasn T. B.,
275 K.
Uetaes A. H, 5 mk

X — — Toowm A. JL., 69 mk.

X Jleontosuu A. M., Kounopckass E. E,, | Anekceesn I. 4,

XOTbKOBO, 1 IIK. 131 mik. 279 wkK.
Xaszen M. M, Il'oano B. JI, 510 mx.
665 K. Jleman A. A, 103 k.

Ilpecman 3. J1,
124 wk.
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Kak BuIHO U3 npHBeneHHOH TaGnuubl, OPrKOMHTET HE NPHIEPIKHBAJICH
TOr0 MHEHHsl, YTO N0 KaXJAOMy Kiaccy nomxna OwiTh BhIaHa OdHA
nepsasi, ONHA BTOpass W OfHa TpeTba npeMun. CymuTh O TOM, 1OUEMY,
HanpuMep, Jy4liHe U3 paboT CEMHKNACCHHKOB LOMKHH TIONYYHTH BTOPYIO,
4 HE TEpBYID NPEMHIO, OPrKOMHTET MOr KaK B PE3yJbTaTe CpaBHEeHHd
¢ paboTaMi yuallBXCH JAPYruX KJAaCCOB, TdK M HAa OCHOBAHHM OMbITA
MpEeNbLAYLHHX ONAMIHALL.

OTMeTHM, 4TO B TOPAJIKE HCKIIOUEHMst ABYM yuenukaM X KJaccoB,
He npomeamum ycnemno Il Typa O6wing BeimaHel noxBanbHble OT3LIBHL
3a 0co80 HHTEpecHoe pemienxe 3amauu o I Typa.

Hannyumne pesynbTaTel B ONMMNKaNe Nokasanu ydaupecs mkoasl Ne 1 °
OkT1si6pbckoit w. ., mkon Ne: 1,7, 24, 50, 56, 59, 69, 103, 144, 167,
221, 231, 475, 556, 618, 646, 665 ropoma MOCKBH.

3a ycnexu, HOCTUIHYTHIE X YUEHHKAMH HA OJHMIIMANE, TPaMOTH 110Ny-
YWIH MpenofaBaTenn MaTeMaTHkn babnuera I'. M. (59 uk.), Fnarones H. C.
(231 mxk.), E¢pemos B. A. (7 wk.), Mopozkur M. B. (59 mk.), Mopo-
3oB M. A. (1 mxk.), Hesensckas K. M. (1 mk. Oxt. *. n.), Huxko-
naesa M. O. (646 mik.), OcTtpoymora M. A. (310 wx.), [Tokporckas H. A.
(59 wxk.), Toxapp H. A. (103 mk.), Punenmn T. H. (59 wx.), Llems-
knd A, M. (59 wk.), WepmeBcknit A. A. (69 mx.).

Ilpexne ueM 3aKOHYHTBH CBOIO PaGOTy, OPrKOMHTET IO TPajulUMH Jaj
PEKONEHIANMH OTHOCHTENBHO COCTABA OPIKOMHTETA I/ TPOBEAEHHS Oue-
pentoit, 22-fi no cueTy, MaTeMaTH4YECKOH OJMMMMANb MOCKOBCKHX MIKOMb-
HHKOB.

3azauu, npepnowenusie Ha XXI ojguMnuage
I. Ona VII knacca

Tepswviit myp

1. MMeetcst cucTeMa ypaBHEHHH

X -4 #y -+ %2 =0,
x4 2y 4 %z =0,
#x - xy -} 22 =0.

Jlra 4YenoBeKa TOOYEPERHO BIHCHIBAIOT BMECTO 3BE3[OUEK 4HCJIa. JIOKasaTh, 41O
HAYHHAIOLLKA Bcerna MoweT NOOMTbCS TOTO, YTOGBI CHCTEMAa uMela HeHyJjepoe
pelenxe.

2. B kpyre uposeneubl nsa auamerpa AB u CD. Jlokasatb, 4o ecnn M —
IIPOH3BOJILHAST TOYKA OKpYWHOCTH, a P u () —ee npoekuMH Ha mnametphl AB u
CD, 10 anuHa otpeska P() He 3aBHCHT OT BHIGOPa TOYKHM M.

3. CrOAbKO CyIIECTBYET YeThipex3Haulibix HoMepos (0T 0001 no 9999), y koto-
PbIX CyMMa JsyX nepsbiX uudp paBHa CymMme IBYX NOCHenHux uudp?

4. Ha nnockoctu aansl 1okt A u B. TTocTpoHTb TakoH KBaApaT, YTOGB! TOYKH
A v B newaii Ha ero TpaHHUC W CYMMa PAcCTOSHME OT TOYKM A IO BepIINH KBal-
pata Obla HaHMEHBLIEH.
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5. Jlava caenyiowast TpeyronbHas Tabauna wuCesd:

0 L 2 ..........1957 1958
1 3 ........... 3915

Kamnoe umcio (kpome uHcen mepxmeit CTPOYKH) PaBHO CYMME ABYX Gammaiuinx
uuces Tpenbinyiuei ctpouku. JlOKazaTh, YTO HMCJO, CTOSIIEE B caMOi HHKiel
CTpOuKe, JeJHTCsl Ha 1958.

Bmopoii myp

1. Jlokasath, 4TO I[a MJIOCKOCTH HEJL3sl PaCIOJOKHTH GOMBIIC 4ETBIPEX BBIMVK-
ABIX MHOTOYFOAbHMKOB TaK, YTOORl KaX/Ible NBA M3 HHX UMEJH OGLLYIO CTOPOHY.

2. Mmeotcs nmBa HaGopa us -1 u —1, B kawnoM 1o 1958 umncen. Jloka3ath,
YTO 33 HEKOTOPOE HMCJO MIArOB MONHO INIPEBPaTHTh Tepsbii Habop BO BTOpOIL,
€CJIH Ha KAKIOM 1mary paspeilacTcs OAHOBPEMCHHO K3MEHHTb 3HAK Y JIOGBHIX
11 =ucen mepsoro uaGopa. (JlBa Ha6opa CUHTAIOTCS ONMHAKOBBLIMH, €CJH y nux
Ha ONMHAKOBBIX MECTaX CTOfIT OJMHAKOBBIE YHCJa).

3. Kawnast rpanb Ky6a 3aknedBaeTCsl JBYMS paBHBIMH TIPSIMOYTOJILHBIMH  TPe-
YrOIbHUKaMH C OOlieH IHNOTeHy3oH, OMHH W3 KOTOpPHX GeblH, 1pyroi — HePHBIH.
MOMHO st STH TPEYFONLHHKH PaCHONOMMTL Tak, WTOGBl TIPH KAMIOH BepuIulie
KyGa CyMMa GeabiX yrioB Gblia paBHa CyMMe 4epiblX yrios?

4. Ilokasatb, 4TO ecau uenoe 7 > 2, T

(1-2 ... 02> n"

5. CTopoHa KneTkd KiaeT4atoil GyMaru pasha 1. Tlo JunmsM ceTku TIOCTPOEH
TPAMOYIOJIGHHK CO CTOPOHAMM m M 7. MOXIHO JH B HPSIMOYTOJIBHHKE MPOBECTH
TIO JIMHHAM CETKH SaMKHYTYIO JIOMaHylo, KOTOpas POBHO OfMil Pa3 NPOXOJMIA b
Uepes Kaw/blM ysel CeTKH, PaCHoJI0MEHHbH BHYTpH WM HA T'DAUMUE NPAMOYrOAi-
Huka? Ecau MOoxHO, TO KakoBa ee namHa?

[I. ODas VIII kanacca

Tlepenii myp

1. Buyrpu tpeyroaviuka ABC sasta touka O. Ha nyuax OA, OB u OC
IIOCTPOCHB! BEKTOPB! eMUMYIOA JMHBL JlOKka3aTb, YTO CyMMa STHX BEKTOpOB
MMEET JUTHHY MEHBLIYIO €JMHHLEI

2. JlokasaTb, 4TO €CAH ypaBHEHMs! C UELIMH KO3GbQULHEITaMH

**+px +¢,=0,
4 px g, =0

HMEIOT obuwil Heueawit KopeHb, TO p,—=p, U ¢, =gq,.

3. Ha kpyriofi nonsive paguyca R pacTyT TpH KpYIiBE COCHb OIHHAKOBOIO
auamerpa. LlenTpel ux CTBONOB HAXOMATCA Ha PaCCTOSHHH —5 OT UCHTpa MOMSHBI
B BEPUIHHAX DABHOCTOPOHHEro Tpeyroabiuka. Jlpa yesnoseka, BHIiIA ONHOBpEMeENio
H3 JIMAMETPAILHO TIPOTHBOMOJNOWHBIX TOMEK MOMNSIHBI, OOXOISIT MOJSHY MO Kpato
C OJIMHAKOBOH CKOPOCTBIO ¥ B OJHOM HalpaBieHHu H BCE BPEMS HE BHAAT apyr
APYra. YBUIaT Jd Apyl [pyra TP Y€JIOBEKA, eCJIHM OHH TaK e O6yayt o6xonuTb
NOJNsiHY, BBIAAY M3 TOYEK, HAXONAIMXCS B BEPIUMHAX BIHCAHHOrO B NONSIHY 1pa-
BHILHOIO TPEyrolbHHKaA?
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4. Peuwntb B LEJBbIX MOJOXHTEAbHBIX HUHCJAAX YPABHCIHHT

1 1

2z mtp

1 1
+ 1958

X198

5. IMpoekunn Muoroyroapna ua ock OX, 6uccekrpucy 1-ro v 3-ro xoopau-
HaTHLIX yrioB, ock OY 1 OMCCERTPHCY 2-TO M 4-TO KOOPAMUATILIX YI710B PABIIBI
coorpetcTeenHo 4, 3} 2, 5. 41V 2. [laowanb MioroyronpHuka — S. Jlokasars,
yro S=<<17,5.

Bmopoii myp

1. VI3 6ymard Bbipesail MHOTOYrOJBHHK. JIBE TOUKH €r0 Tpaiuilbi COeAnnsioTcs
OTPC3hOM, IO KOTOPOMY MHOTOYUO.IBHHK CKIagbiBaeTcs. JlOKa3aTb, 4TO MepHMETp
MHOrOYIOJIbIHKA, [OJYYAIOHIEroCst MOCAe CKAaIbIBailisl, MEllbile NepuMeTpa HCXOM-
HOI'O MHOTOYTOJBHHKA.

2. Jlas moOblX uWCea @, W @, YJIOBIETBOPSAIOIMX yCloBusM a, =0, a,>=0,
@, + a,=1, Moxuo waiiti Takne uncaa by, u b,, uro b, =0, b,=0, b+ b,=1,
(%—a,)b,+3(%—az>bz> !

Jloka3atnb.

3. Buytpu / AOB p3sra Touka C. M3 nee onyuens nepnemwunkyaspel: CD
Ha cropouy OA; CE — ua cropony OB. V3 Touex D w E onyiuensl nepnesiingy-
aspel: EM ua ctopony OA; DN — pa cropony OB. Jlokasats, uto OC | MAN.

4, JlokasaTb, ut0o echH neioe n >0, to

n(n41)
11.22.38 ..a"<n % .

5. O6o3HauuM uepe3 a Haubo.abliee YHCAO LIENepPeCeKaoIMXCs KPYTroB [Ha-
MeTpa !, LEHTpBH KOTOPBIX JeKaT BHYTPH MHOroyronbnuka M, uepes b — nau-
MEHbIlee YHCJO KPYIOB pajHyca 1, KOTOPBIMHM MOXHO IIOKPBITH BECh MHOTOYTOdbe
HUK M.

Kakoe uucno Goabule: a nad b?

III. Aasn IX knacca

Mlepsuiit myp

1. Beckoneunas mnockas aomanas AgA;...A,..., Bce yrabl kotopoil nps-
Mhie, HaunHaeTcss B Touke A, ¢ koopuunataMmp x =0, y—=1 n 06xoauT Hauaio
koopaunar O mo uacooil Ctpedke. [lepBoe 3BeHO JOManoil uMeet JAHHY 2 u
napawieabho OHCCEeKTpuce 4-T0  KOOpAMHAaTHOroO yraa. Kawpoe us caenyommx
3BEHbEB TIEPECEKAET OHY M3 KOOPAMHATHLIX OCefl M MMEeeT HaUMEeubllyIo BO3MOMK-
Uylo TIpH 3TOM ueaouucaenHyw jundy. Paccrosune OA, =1,. CymMMa 1nuu nep-
BbIX 7 3BeHbeB JOManodl pasuna s,. JlokasaTh, 4TO Halinercs n, A8 KOTOpOroO

S 1958.
lfl

2. Nokasath, uto ecau |ax*—bx-4-c] <1 npm mobom x, |x|<C1, TO u

lat+byx*+c| <1 npu [x]=<<1
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3. Kakoe Hanmenbllee 4MCIO oCelt CHMMETpHH MOMET MMETh MPOCTPAHCTBCH-
Has Quryps, COCTOsIAsi M3 TpeX NPAMBIX, M3 KOTOPHIX HIKAKHe JBe He Iapai-
JIeJbHBl W HE COBNAJAIoT?

4. Peumth B LEJBIX MONOMHTENBHBX YHCJAaX ypaBICHHE

1 !

1‘_ e -

+- +.L

5. OTpesok miwHo#t 3" pasGupaetcst Ha Tpu paBHble wacTu. [lepBasi ¥ TpeTbs
U3 HHX Ha3bIBalOTCA OTMedYeHHBIMH. Kawaplii 13 oTMeueHubIX OTPE3KOB pasduBaeTCs
Ha TpW 49aCTH, W3 KOTOPBIX IlepBas M TPEThsl CHOBA 11a3bIBAIOTCA OTMEUEHHBIMH
W T. 1. 1O TeX TOp, MOKa He MoayqaTcsl oTpedku JuuHOi 1. KoHUB Bcex oTme-
HEHHbIX OTPE3KOB Ha3bIBAIOTCS OTMEeYellHbIMH Toykamu. JlOKasaTh, 4TO A4 JIOOOTO
uenoro k(1= k<< 3% MOKHO HalfTH IBe OTMEuEeHHBIE TOuKH, pPaccToaHue Mewiy
KOTOPBbIMH PaBHO R.

Bmopoii myp
1. Pemmmte B UEAHIX NOJOKHTEALHHIX YHCHAX YpaBHeHC
UL )P T = (x -2

2. llposectn us Touxn O 1 nydell ha TIOCKOCTH Tak, YTOGHI CyMMa BCEX
nouapHbiX yIJOB MEXYy UMMM Oblia HaGOabIIe. (PaccMaTpHBAIOTCA TOJBKO yIabl,
He [pesblwlaiomye 180°.)

3. Vrpanbuas nocka umeeT ¢opmy pomba ¢ yraom 60°. Kampas cTopona
pomba pa3iesneda Ha 9 wacTel. Uepe3 TOYKH ACNEHUS MPOBEIEHDI npsiMbie, napaJ-
JAcAbHBE CTOPOHAM H MalOH MaroHann pom6a, pasGuBalOLMe NOCKY HA TPEyrosb-
Hple KieTku. EcaH ma nexoTopofi wkieTke mocTamiena QHUIKA, nposejeM yepes
9Ty KNETKY 3 npsmble, NapainelpHbe CTOPOHAM M ManoH AMaroHaiu poMOa.
Kierku, KOTOpbIC OHH TiepecekyT, OyNYT CHMTATBCH [OGHTHIME duiikoil. Kakum
HauMEHDBIUHM YKCIOM (HIIEK MOXKHO MOGHTh BCE KIETKH JOCKH?

4. O0o3uaunM Hepe3 @ HaHMENDLICE HYHCAO KPYroB paadyca 1, KOTOpbIMH
MOXHO MOAHOCTHIO MOKPHITH 3afanubifi MHOrOyronsHuk M, uepes b — Hauboapliee
HHCJI0 HEMepeceKAMXCs KPYyros paanyca | ¢ ueHTpaMu BIYTPH MHOTOYrOAbHHKA
M. Kakoe u3 uyucen Goabiue, @ win b?

0. Memny samumamum A # B BRIOWEHO HECKOALKO compoTHerennil. Kamioe
COMPOTHBJIEHHE HMeeT BXONHOH M BHIXOZHOH 3amnMbl. Kakoe HauMeHbilee uHCIO
COTPOTHBIJICURT HEOOXOIMMO HMeTh M KaKOBAa MOWET GBITh CXCMa HX COEAHHEHHS,
4TOOK MPH Nopue MOo6KIX 9 conpoTHBACHHI HeNb OCTABANACH COENHHSIIOILEH 3AMUMb]

W B, Ho He ObUI0 KOPOTKOro saMblkaumsi? ([lopua CONpOTHBAEHHS: KOPOTKOE
3dMHbIKalkue HIH OOpHIB.)

IV. Ona X knacca

TTepeuiii myp
1. Tlpoekunu 110CKOro BHIMVKIOrO MHOTOYroNbHEKA Ha och OX, 6uccexTpicy
1-ro u 3-ro koopaMHaTHBIX yraos, oce OF u OUCCEKTPUCY 2-10 1 4-TO KOOPAMHAT-

HBIX YIJIOB COOTBETCTBEHHO paBHBl 4, 3 Vf, 5, 4V 2. MNnowanb MHOI' Oy fOJbHHKA
pasHa S. Jlokasatb, 4t0 S== 10.
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2. Jlokasatb, 410
11551958 +341958 F’ n2'
rae n — uenoe.

3. Kakoe naunGosbliiee Yucio oceil CHMMETpPHH MOMXET HMETbh MPOCTPAHCTBEH-
Hasl QUrypa. COCToslllas W3 TpEX IpAMbBIX, H3 KOTOPBHIX HHKAaKHe JIBE He Ilapai-
JeJibHbl H He COBHANalT?

4. Ha cron kaanyt mnpasuabHblii 100-yronbHUK, B BEpUIHHAX KOTOPOIO Hald-
canbl ukcaa 1, 2, ... 100. 3aTeM 35TH uHCla MEPENHCHIBAIOT B MOPAJKE YyIaleHHUs
OT mepefHero Kpas crona. Ecnu mBe BeplIHHBI HaX0asTCSl HAa PaBHOM PacCTOSIuH
OT Kpasl, CHauyala BBIIKCHIBACTCSl JIEBOE HMCJU, 3aTeM I[paBoe. BhINMCaHbl BCEBO3-
MOMXHLIC pasjHyHbie Habopbl 4YHCEd, COOTBETCTBYIOIIHE Pa3HBIM [OJOMEHHUsIM
100-yronbHEKa. BHIYHCAMTE CyMMy 4HCEJ, CTOSIUMX B 9THX Habopax ma 13-x Mectax
cresa.

5. VI3 uerpipex npsMBIX Ha ILTOCKOCTH HHKAaKHE JBe He MapajiiedbHbpl, HHKaKHEe
TpH He nepecekalorcss B onHoll Touke. [lo kawpmolt spsmoll ¢ nmocrosuHoM CKo-
pocTbio Hnetr mnewexold. MsapectHo, uTto 1-H BCTpeyaercsi CO 2-M, ¢ 3-M u C 4-M,
a 2-i1 BcTpevaerca € 3-M u ¢ 4-M. JlokasaTh, uto 3-ff memexon BCTPETHTCA € 4-M.

Bmopoii myp
1. Pewmwnts B LEJBIX NONOMHTEIBNBIX UMCNAX Ypasuenue
x4+ (x 1Y =x+2¥.
2. B Muoroyrofbivke CymectBylOT takue Toukd A n B, uto moGas coeju-
HSIOllas WX JIOMaHasl, [POXOJsasi BHYTPH WJH [0 IPaHHLIE MHOTOYTONBHHKA,
uMeer auHy Goaplue 1. JlokasaTp, 4TO INepuMeTp MHOrOyrofbHHKa Gonblie 2.

3. B uikoae usyuat 2 npexMeros. Bce yuennku ywatcest na 4 v 5. Hukakue
ABa yueHuKa He y4vaTCsl ONHHAKOBO, HH MPO KaKHX JBYX HeEJb3si CKasaTb, YTO OMHH

M3 HHX yuHTCsl Jyuwe jipyroro. [lokasatb, 4TO HHCIO YHENNKOB B NIKOIe << CP .

4. CtoponH napaanejorpamma pasunl a U b. Hailtn otnowetine o6beMos e,
NOMY4EHHbIX [pH BpalleHHH MapadjeaorpaMMa BOKPYT CTOpONBl @ W BOKPYD
CTOPOHH! b.

5. Ha »n kaptoukax Hamucanbi ¢ pasHBIX CTOPOH HuClda — Ha 1-i1: 0 wu I
Ha 2-8: 1w 2, ...;Hanit n—1 un

OzauH uenopek GepeT M3 CTONKH HECKOABKO KapTOYeK W NOKAa3blBa€T BTOPOMY
OIHY CTOPOHY KawIO# u3 HuXx. 3ateM OCepeT W3 CTOMKH ellle OIHY KaPTOYKY U
TOXE MOKa3blBaeT OJHY CTOPOHY.

Ykasath BCe ClyuaH, B KOTOPHIX BTOPOH MOMET Olpeneiurh YUCJIO, HaluCAHHOE
Ha ofopoTe rocneiiel NMOKasaHuoOH €My KapTOUYKH.



HHIOYKTHBHASI HTPA

Bce pacnpocmpanennble nacmoAbHbe Uzphl (HAUIHAS Om waxiam u
KOHUQST OOMUHO) OCHOBAHBL HA OeOYKMUBHOM NPOUECCe MulULACHIIS: uzpor
Oonsicert 8o16pames HQUGONEE PALUOKANGKYIO CIMPAIMEZUIO HO OCHOBE
3HORUS cumyayuu u npasus uzpet. B scypnane «Scientific Americany sa
uronp 1959 2. ony6auKo6ana cmamos, 6 KOmMOPOLi Onucana HOeas uzpa, u3o-
GpemeHHas MONO0bLAL HolO-TlOpKCKUAM nicamenem Pobepmoi J66emor u
Hassannas um «Iaeysucy. Ipasuna smoic weper moderup yiom uHOyKmits-
Hbill NPOYECC MbUUNCHUS: UZPOK OOAHCEH OMKPbLID HEUIBECHIHBIE MY
npasuaq uzpel HA OCHO8E HAGAIO0EHUS I COHAMEABHOZO Kcrepu-
Mmenma. 30ech UzpOK HAXOOUMCS HE 6 NONOHCEHUI MATMEMAMULKA, 8bl60-
Osye20 credcmBus U3 QKCUOM, @ 68 NOAOHCEHUN PUIUKA, PACKPBLEAIOUE20
3QKOH npupoOst. Mul npusedest npasusd HECKOALKO YRpOULeHHOZO sapu-
anma smoil uzps. Mamepuanros Oas Uzpv. MOycem cAYHCUMy AO6OIL
Ha60p npedmemos, OONYCKAIOUUX eCMECMBEHHYI0 KAGCCUPUKALIO 10
HECKOAbKIAL npusnaxav (Kocmi OGOMUHO, KAPMUHKE Oemckoz0 A0mo
o m. n.).

Las nazasOrOCHUL NPEORONOHCIM, MO 6 PACHOPSIHCEHILL uzparoujux
ecmy nOAHAA K000 u3 52 nzpanvHeix xapm. Mst onmwes npasusa
uzpbt 0N mpex Uzparouyx, OOUH U3 KOMOPHLX (NONEPeMEeHHO 8 KancooMm
mype uzpw) sieasiemes <800y, Humamens neexo dodymaem npasusa
uzpbt U 0N 6OABULEZ0 HUCAA LZPAIOULUX.

«Boosuuity pasdaem sce Kapmui nOPOSHY O8VM UZPOKAM U 3amet
sadymeisaem 1t Purcipyem na Gysaze (smaline om Opyzux uzpokos) we-
HOmOpoe npasuno, no KOMmMopoMy GONIHCHA 6bKAAOBLEAMBCS KOAODA Kapm.
Tlpasiaa Gonxcrsl Goimb npocmsia, HO MOzym Obnb 8ecbMa Pa3Ho06-
pasnsivy. Hanpusep: 1° wascoas caedyrouwas wapma 0oazcha cosna-
OJamb ¢ npefwecmsyrouwjeil no iacmiu UAU 3Hayeruro; 2° ocmamxu om
Oenenust 3HAYEHNUSL KApMbL HQ Mpu (ApR 3mMOM sarem cuumaemcst sa 11,
dama —3a 12, Kopoarv —3a 13) donscHb Mensimves yuranuecku (0, 1, 2,
0, 1, 2); 3° nocae xapmp ueproil macmic QOANCHA UOMIL KAPMA € HOAe-
poxm om 1080 7, a noc.te kapmel Kpacroii macmu 00nxcHa 1ML Kapma
c Homepom om & 00 13; 4° nocae Kapmb Kpacroii macmu JoAxNcHA
udmu Kapma HepHOiL Mecmu moil %ce wemHoCcmu, a nocAe Kapib yep-
HOL Macmu — KAPIMQ  KPAcHOL. Macmp  npomuson0r0OHCHONL  <emnociL
u m. 0. [Ipasuno He O00ANHO CGbimp CAUWKOM Cmecnumenvuvia. Bee
Kapmb. 60 6peMsi Uzpbi 0epicamcst OMKPbLNBLMIL (€OUHCIMGEHHBIL ceK-
pem — 300y MAHHOE NPasuaQ l2pb).

Tepewii U3 wzparouiux evHUMAEM nPOUIBOALHYIO KAPMY, HALUHAAL
el nocaedosamensHocmy. 3amer UZPOKL nOOYEpedHo u6uparom 00Hy

OKOHUAHHE TEKCTA HA CTP, 328




COOBUIEHHMS O IIKOJIbHBIX MATEMATUYECKUX OJIMMITAATAX

B penakumio «MaTeMaTHUeCKOr0 NpOCBELIEHHs» NPOLOMKAIOT nocTy-
naTh COOOWIEHNS O MaTeMaTHYECKHX OJIMMIHANAX, NPOBOMSLIHXCS s
IUKOMBbHUKOB B pasiuunbix mectax Coserckoro Cowsa. B HacTosiuiem
BLINyCKe NPUBOASITCS (B COKPALLEHHOM BHIE) TPH TAKUX COOGLIEHMS.

1. MOJIJABCKAST CCP

B 1956 r. B Moanasckoii CCP Gmina opranusoBana M mpoBemeHa
nepBasi peCnyOJHKaHCKas MaTeMaTHYeCKas OMMMOMAna LUKOJbHHKOB. Ona
Bbi3BaNa GONbLWIOH HHTepeC Y y4YaUMXCs — HNOCTATOYHO CKa3aTb, 4YTO
B NepBOM Type npHHsizio yyactue coitte 1300 wkonbuukos VI — X knac-
coB. Onnmnuage npedmecTBopana Gonbuias paGoTa Kadenpo maTemaTu-
4YecKoro auann3a KHimHeBckoro yHuBepcuTeta. Hauwmuas ¢ 1948 r.
npy (PH3NKO-MAaTeMaTHYeCKOM (haKyJIbTeT€ YHHBEPCHTETa paGoTaeT MaTe-
MaTH1eCKu# KPYXOK ISl KOJbHUKOB, [E PEMIAIOTCS pPa3Hbie MATEeMaTH e -
KHE 33a1a4n H YNTAIOTCS JIEKIHH O MAaTEMAaTHKE, QH3HKe H MeXxaHHke. Tak,
B 1957 /58 yueGHOM rofy GLiNH NPOYHTAHKI JIEKIHH HA TEMBI: HCKYCCTBEHHbIE
COYTHHKA 3eM/H, NOHATHE O NPOH3BORHON, HEOGXOMMMBIE H JOCTATOYHI
OPH3HAKM, MeTOL NOJHOR WHAYKIHM, HCClenoBanve (YHKUHE, MOHATHE
O TEOpPHH MHOXeCTB, NOHNTHE O MaKCUMyMe H MHHHMyME H Jip.

B Teuenne 7 net (1949—1956) onmmnuansl npoOBOLMINCH TONBKO NS
yuauwxcs r. Knummnesa; nauunasi ¢ 1956 r. osi npoBopsiTcsi B pecnyOMKaH-
ckoM Mmacwrrabe. Onmmmuanel opravnsyeT MubHCTepcTBO —npocBerents
pecnyG/uKE COBMECTHO ¢ KMUIMHEBCKMMM NEAMHCTHTYTOM H YHHBEpCHTETOM.

Kawnasi onummmana nposonutcst B mBa Typa. ITepsbiif TYP NPOBOLHTCS
JUIsi IUKOJLHUKOB OHHOTMO U3 PalOHOB WJIM TOPOJOB B ONHOH M3 MECTHBLIX
WIKOM nOA PYKOBOLCTBOM paif(rop)oprkomMuteTa. 3ajayd mias nepBoro-
Typa NpUCLIIAIOTCH pecnyC/IHKaHCKUM OPrKOMHTETOM — 4 3aiaun W Mpu-
Mepa, A pelieHust KOTOPHIX OTBOOMTCS He Gosnee 5 yacos. [lpu mpo-
BepKe paCOT 3aCYHMTHIBAETCS: 33 BEPHOE peINeHHe 2 OYKa, 3a BEPHOE,
HO HenojHoe — 1 ouke, 3a HenmpaBwibHoe pellienHe — O oukoB. Pewenns
MOTYT OBITb HANMCAHLI HA PYCCKOM, MOJILABCKOM HJIHM HA YKPAWHCKOM S3bIKe.

[Tocne oOKoHuaHusi nepBOro Typa paki(rop)oprkoMuTeT MPHCHLIAET
pecnyG/MKaHCKOMY OPrKOMHTETY Te paGoThl, 3a KOTOpHE 3aCYMTaHO
He MeHee 4 0YKOB, M coofulaeT Ofllee HUCAO YYACTHHKOB ONMMIMALLI
no KawpoMmy knaccy. PecnyGmukaHckuif OprkomMuteT BHOBb NpOCMATpH-
BaeT 3TW pPaboTH H OTOWpaeT noGenuTeseit nepeoro Typa sl y4acTus
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BO BTOPOM Type, KOTOpHii nposoautcst B Kummnese. Kawpomy ero
YYaCTHUKY Takwe npejnaraiorcsi 4 3anadd, HO ywe TOBBILEHHOR Tpyn-
noctu.  [lpusonnm pesyabtathl onumnuan 3a 1956/57 u  1957/58 rr.

ﬂl‘)e':l%' M3 uuMx O KnaccaMm | $Ipu- | U3 HUX O Kiaccam M3 HuX ApPEeMHUPOBaHO
Tox ————————|nock ma
1oy | Vi | X | x [ifryp | vil | X l X Bcero\VIH m.llx . | X &

1957 201 16 | 92 1 93 | 152 { 10 | 60 821 27 3 51 19
1958 180 | 24 | &1 |105 | 171 15 | 81 | 105 | 47 8 16 | 23

S

[pn nomsemeHHH WTOrOB BTOPOrO Typa ONMMINAJLLI MPOBOLHTCS Gecena
C ee y4aCTHHKaMM W OrJalaloTcsi pe3yAbTaThl COPEBHOBaHMsi. DTa Gecena
HOCAT TOPWECTBEHHLIH xapakTep. MuHuCTEepPCTBO npocBeuteHusi pecny6-
JIKH  BbinaeT noOENHTENsiM NMOYETHBIE rPaMOTH W NPEMHPYeT HX KHUMAMM.

3apauu, npefiaraBuiecss Ha BTOPOM Type

HOasg VIIlknacca

1. Jlokasatn, ut0 eciu 3/ a -+ Vb + 3/e =0, 10 (a--b-+c)=27abc.

2. TlocTpOUTL TPEYTOAbHHK HO ABYM CTOPOHaM b ¥ ¢ M OuCCeKkTpuce [y
Yraa Memay HHMH.

3. Pemnts ypaBHelne f/x+45 — f/x —16=1.

4. Ha nanwoit npamoit OM HafiTh TOuKY, PaBHOOTCTOSILYIO OT APYroil NaHHOF
npsaMoii OA u ot paHHoi Touku S.

JOdna IX kanacca

1. Pemuth ypasHeHue ”‘Vx x+ar+2 'VF =3 ”‘sz x-+a) (a>0).
2. Tlpd KAaKMX COOTHOLIGHUSX MEXAY @ U b, ¢ U d uMeeT MECTO PaBEHCTBO

Vie—b+Vie—dP) =@—b—ctap
3. ABCDEFGHIK — npasunbiblf  10-yro/biHK, BIMCANHBEL B OKPYXHOCTH
¢ nentpom O; AD — ero mmarouans. Jlokasath, ut0 AD—0OA 1 AB.
4. JlokazaTb, Y4TO €CNK Mew1y YIIaMu TPEYroJbHHKA CYILECTBYeT COOTHOIIC-
Hue sin C=cos A - cos B, 70 TPeyroJbHuK HPIMOYTOAbHbIH.

HOas X knacca

1. Jlokasate, uTo ypaphenne x*-}- px-}- g =0 He UMEET PALMOHANBHEIX KOP-
HeH, ec/im p ¥ g — licUYCTHBIC YKCIa.
2. Iloka3aTb, 4TO Meway YIJaMH B CTOPOHAMH TPEYrOJbHHKA HMEET MECTO
COOTHOLICHKE
sin(A—B) a®*—b®
sin(A-+-B)"  ¢* °
3. Pemnts ypasneuvie |z |-4-3z=14 — 12, rne |z | — Monyab uucia z.
4. Jloxasatb, 4ro B JIOOOM TPEYTOAbHHKE HMEET MECTO COOTHOIIeHHE
az —b?
T ctgB—ctgA”

284
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2. BEJII'OPOJICKASl OBJIACTH

B 1959 u 1960 rr. pnepshie B Benroponckoii o6nacti Guinm npose-
ICHBI MaTEMaTHYECKHE ONHMNMAaAbl I UIKOABHUKOB CTAPLUMX KJAacCOB.
MunmmaTtopom siBuachk Kadenpa MaTeMaTHKH MeIaroruyecKoro HHCTUTYTa,
nepesenenHoro B 1957 r. B o6nacTHo#t nentp W3 r. Crapnii Ockon.

3amaun 1nepeoro Typa nNyGANKOBaAKECh B OGNACTHOH MOJIOLEKHOMN
razete «Jlennnckasi cmena». OnHOBpeMeHHO 00NacTHOR OTHEN HAPOAHOTO
00pa30BaHHA HaNpaBU/l BO BCE UIKOJL MHCHMA, PazbiCHIIOILNE MONONKERHEe
06 onumnuane. Taxas oOpraHmsaumst obecneunna ydacTHe CesIbCKHX
LWKOALHUKOB. [ cTaplueknaccHukoB r. Benropoaa nepsbilk Typ IpOBO-
JIHJCH HenoCpenCTBEHHO B LIKONAX.

Onnvrmanam  mpenwectTosana Gonbmasi paGoTa  mpenofapaTedefi
VHCTUTYTa, yuuTeled W CTYNEHTOB (PU3MKO-MAaTeMaTHYECKOro (pakynbTera
HHCTUTYTa, TPOXOLMBLIMX II€AArOTHYECKYI0 NPAKTHKY BO BCEeX LIKOA4X
Benropona w B psise cenbckux wkona. Jns yyaumxcs GLINM NPOUMTAHBI
nAekuun: «4Yto Takoe tomosnorusi» (E. C. Tuxomnposa), «KuGepueTnka u
COBpeMeHHble BHUNCANTENbHbIe Mawmuby (FO. WM. Cokonosckwit), «Peiue-
Hue 3anay Ha MakCUMyM ® mudumym> (M. A. AGpamoB) u mp.

B ofenx onnmnuanax mpunsno yuactie 260 yuaumxcs w3 56 wkorn,
B Tom uncae 196 u3 uikon obnactu. XKiopu onuMnuanel [ONycTHIO KO
BTOpOMY Typy 167 yuacTHMKOB, peUIMBIUHX He MeHee 3 3ana4 H3 5.

3akounTesNbHasE YacTh ONMMIMAN npoBOAMAach B Benropone, Kyna
Cbeawamich nobennutenu mnepgoro Typa. Ilo6enntens onumnuan Harpax-
JeHbl TOYeTHHIMH PAMOTaMH H NaMATHBIMH noaapkami. Ocobule mpH3LL
BPYUeHH YYaCTHHKaM, NpeiCTaBUBIIMM NyYlUHe pelleHHs 3amay.

Hapsiny ¢ TpamyumOHHBIMM 3amauami, BHISICHSIOIHMMH oOGliee MaTeMma-
THYECKOE DPa3BHTHE YYEHHKOB, MNpeLJarajHch W Takue, KOTOpHe Tpebo-
Bamu mpakTHyecko# cmeTku. Ilpennaranocs, HanpuMep, onpeneauTb paguyc
MaTEePHaJbHOrO WIapa TNPH NMOMOUIM LMPKYAS W JIHHeHKH.

OnnMiHanel BBISIBHAM Psif CHOCOGHBLIX yuawxcs. Ho oum nokaszamu
H Haimune npoGesioB 1Mo TaKHM TeMaM, KaK pelleHHe 3ajay Ha mocTpoe-
HHe, TPHrOHOMETPHUEeCKWe (YHKUMH «aGCTPAKTHOrO» apryMeHTa, omnpelie-
7leHne norapuMa, HcciefOBaHHE KBAaIPaTHOrO TpeXuneHa, BHIYHC/IEHHE
C moMoutblo /mHeiikn. Hampumep, mnpemnowennoe BO BTOPOM Type ms
X knacca ypasHenne €Os (€os X)==0 He CMOT PCLIMTH HH OIMH yYaCTHHK.
XapaKTepHO, H4TO mpHMephl, TpeGOBaBUIMe TrAaBHLIM OGpPa3OM yMeHHs
BLINOJIHSITE  TOXIOECTBEHHLIE T1pe00pa30BaHMsl, [awe CJAOWHLIE, HE BH3bI-
Banu 0coObix 3aTpynHeuuit. HanGonbuiyo TpyaHOCTD NpencTaBHAM 3a1a4n
XOTsl M HeC/JOXHble, HO K pEIleHHI0 KOTOPHLIX HYMXHO Obl10 HCKATh HOBBIit
NOoAXOMI.

HecmoTpsi Ha HeKOTOpHle nHenouYeThl, MepBbifi ONBLIT NPOBELEHUS OMHM-
mian B Bearoponckoit o61acTu MOXHO cuuTaTh ynasmmmcs. COpeBHOBa-
HHS JOHBIX MAaTEMAaTHKOB PEILUEHO CeslaTh €XEerogHbIMH.

f0. K. Bacuaenro (Benropox)
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3. I'OP. JIbBOB

[Tocne msiTuneTHero nepepniBa (¢ 1956 r.) BO30GHOBHMMCH MaTeMa-
THYeCKHe OJIMMNHazabl IIKOABHHKOB B JIbBoBe. Becnoit 1960 r. cocros-
Jlachb ONMHHAANATasi ONMMONMANa, OPraHu30BaHHasi JILBOBCKMM YHHBEpCH-
TeTOM C MPUBNEYEHHEM CTYNEHTOB 4-r0 Kypca, NPOXOASILHX B LIKOJAX
Nexarornyeckylo NnpakTHKY.

[Neprulif Typ o/MMmManmbl MPOBOAMACS 3A0YHO B BHLE NOMALIHMX 3aia-
HH#, pasocnanHbix 10 wkonaM. Ilpomenwme ycnewwo nepswlit Typ Guuin
JOnyuleHkl KO BTOPOMY, KOTOpHIH COCTOsincs 15 masi B yHHBepCHTeTe.

Onnvnuana cocTosina w3 1ByX  ceknuii:  VII—VII  knaccw w
IX—X knaccel. Ha BropoM Type Ha Kawmoli ceKnuu OGbllO mpennoweHo
no 10 3apnau: 5 CPaBHUTENBHO TPOCTHIX H O NOBHILIEHHOH TPYAHOCTH.
YyacTHUKR HOMKHB GbIM BRIGPATD 1O OJIHOM 3aaUe U3 Kaw ok KaTeropum.

B xonkypce mpmusino yuactHe 66 ywauwxes uz 13 wkon. Peayinb-
TaThl KOHKYpPCa OKa3alich CJAeLYIOLMMA:

Yucno TNonxo-
Henoa- H n
Kot | YR | @ Sy | st | euman | Teanorn
VII—VIII 27 14 8 5 4
[X—X 39 23 6 10 9

Huxe npuBonsites ofpasunl 3amay, npepslardaBLUMXCH HA  OJMIOBALE
{(BO BTOPOM Type).

Oas VII—VII xnaccos

1. Nokasats, uyto p? 4 ¢F nenutcs ma p - g, ecnm p u g SBASOTCS NPOCTBIMH
YHCIaMH — OJH3HeLaMu.

2. Peuuts ypaBHenue (x-2)! — (x 1) — x! = x* - x2.

3. Jlokasath, uyTO 3aKMIOUENHLI MeXy OGOKOBBIMH CTOpOHAMH TpareuHH
OTpe30K TNpPsMOHl, NPOXONAIICH uyepes TOYKY mepecevyeHHs puaroHanefl mapan-
JIENBII0 OCHOBAIMAM TpPATIELKH, PaBeH CpelHeMY TapMOHHYECKOMY OCHOBAHUL.

Odnsa [X—X Knaccos
1. Boluucnntb crenyloume cyMMBL:

G+e+C+-.... CG+CHCH+...
ClHCHCOF ey CAHCHCY ...
2. Tposeputb (6€3 TOMOLIM TaGAHL) PABEHCTBO

c0os? 73° 4~ cos? 47° 4- cos 73°-c0s47° = %

A. C. Kosanvro (JIbBoB)
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1. II. dpném, N. Typau w np. Hexomopse rnossie pesyasmameot
8 obracmu adoumusHoil meopun wucen. Bynem paccmaTpuBaTh Takue
BCEBO3MOWHbBIE HAGOPLl PA3JMYHBIX LeJIBIX NOAOKHTENbHHIX 4YHCEN, He
TIPEBOCXOMSLIHX 72, YTO CyMMbl JIOOBIX ABYX HHCen Habopa BCe PAZNNUHDI
Mexny coGoit. IlycTh m — nanGonbiiee BO3MOMHOE UHCNO TAKHX YHCen
B Habope; Torna m=—f(n), T. e. Mpl OnpenenuIn HCKOTOPYIO TEOPETHKO-
YHCNOBYIO (hyHKOMIO. AHramiickuit matemaTuk CHEOH (Sidon) nocTasnn
3dnavy O BHIMMCACHHH 3Hauennidl 8TOH Qyuxuun. Jlerko, Hampumep,
BHIETb, 4TO m=—=3, ecnin n=—4. B camom nene, Ha6op {1, 2, 3}
YAOBACTBOPSieT TPeOyeMbiM yCnoBUSIM, @ IV €JMHCTBEHHOTO BO3MOMNHOIO
HA00pa H3 yeThipex YHced {1, 2, 3, 4} nmeem 1-4}-4=2 —+3.

Typan u asrop [1] nokazanm, uro

flin) <V n4-%/n, (1)

4 aMePHKAHCKOMY MaTeMaTwKy 3uurepy [2] ynanoch nokasaTh, 4To g
GeCKOHEeUHO MHOrMX /I HMEeT MeCTO HepaBeHCTBO

fmy>Va. (2)

BoamoxwHO, uTO
fimy=Vntom".

Hnsi nokasaTenbctBa 3HHrep BBOANT MOHSTHE MOMHOTLO MHO K e-
€CTBa paszHOCTe#: ecmwm nans muoxectsa 0, 1, 2, ..., n—1
BLIUETOB MO MOLYJIO 72 MOXHO YKa3aThb TakoC ero 1OAMHOWCCTRO
Qyy Gy - .y G, UTO N0Gve m (0<m << n—1) omHO3HAYHO fnpencTas-
nsietcsi AM6O B BHIe a;—a;, 1mbo B BHIE aj—a,-—l—n, TO HalkjgeHHoe
TIOAMHOMECTBO HA3BIBAIOT 7OAHbLM MHONCECMBOM pazHocmeil. TIOCKOnbKY
Pa3/MIHBIX Pa3HOCTeH a;— a; nacumteiaetcsi k(k—1), To ua cyute-
CTBOBaHMs! I10JIHOTO MHOXECTBA Pa3HOCTeH BLITEKACT, YTO #— 1 —£& (k—1)
win n=~k*—k-4-1. Ins wmuowectsa O, 1, 2, 3, 4, 5, 6 Bcex Buiue-
TOB 10 MOLYJIO 7 MOXHO, HalpHMep, YKa3aTh MOIMHOECTBO 1, 2, 6,
KOTOpOe, KaK HETPYIHO NPOBEPHTDb, SIBAKETCS MOJHBIM MHOXECTBOM pa3-
HOCTeH (3lech 72==7, k=3). 3uurep nokazan, 4TO sl CyLLeCTBOBAHNS

) HanoMuuM, yTo cumson O(1) o3HAaYaeT HEKOTOPYIO OrPAUMYEHHYIO Bely-
unny. (ITpum. ped.)
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MOJHOrO MHOXEeCTBa pPa3HOCTEH HOCTAaTOHHO, UTOOH k& OLWIO CTeneHbIO
npoctoro 4Yxcia. CoOrnacHo npenrnofokeHn:io 3HHrepa, 9TO yCJIOBHE TaKxke
H HeoOxOnuMO. B HEKOTOpPHX YacTHbLIX CJAyYasix STO I1OC/AeRHee Ipeano-
nowenye Obino mokasano Bpykom n Puzepom [3]. B uncne uepasoGpan-
HbIX OCTaeTcsi, Hanpumep, cayuyait k—10.

M3 (1) u pesynbrata 3MHrepa MOXHO BBLIBCCTH, 4TO

fimy=(1—4o(1)Vnr. (3)
Ecan 0603HaunTh Temepb yepe3 f, (77) Haubospluee uucao yessix
noaoxcumeaprbx tuces a,< a,< a,<_. .., He NPeGOCXOCAWUX N U ma-

KUX, 4O pPA3AUHHbIMU SABASIOMCS 8Ce CYMMDL

a;+a;+q,,

TO eCTeCTBEHHO NPEANOJOXHTb, YTO aHanoruyHo (3)

fiim=(1Fo(1) Y 4)

OnHako noOKa3aTenbCTBO 3TOrO COOTHOIUGHHS IPEenCTaBNsieTCsi JHOCTa-
TOYHO TPYZLHOH 3anayel, NOCKOABKY MeTOX, MPH NOMOLIM KOTOPOro yna-
JIOCh IOKa3aTb COOTHOLIEHHe (3), 34eCh OTKAa3LIBaeTCH CJHYXHTE.

CHIOH TOCTaBH TAaK¥e BOIPOC O TOM, YTO MOXHO CKa3aTbh O O e c Ko-
HeYHOH DOCNemoOBaTeNbHOCTH LeNbIX YHcen

a,<a,<a,<..., (5)

TaKo#, 4TO 6ce cymmbl a;--a; asaswomces passuynoimuu. Typan n
aBrop [1] ZmOKazanu, YTO M TAKOH MOCNENOBATENBHOCTH

a

2 — OO ) (6)

e

Tim

x>

OOHAKO HaM YIanoCch MOCTPOMTH MOC/ENO0BaTeNbHOCTh (D), IS KOTOPOi
. a
lim —k’:- < co.

MoxHO 1OKa3aTb, HTO CYILECTBYeT MNOC/enOBaTeNbHOCTh (5), mns
KOTOpPO# mpHu Bcex R

@, < k. (7

Mexny pesyabptatamn (6) u (7) vumeercsi 3HauuTeNnbHBIH npoben, KoTo-
pHil MOKa elle HUKaK He 3anoJiHeH.

Penbu u aBTOp [4] C NOMOWBI) TEOPETHKO-BEPOSi THOCTHHIX C006pa-
WeHNnH [oKasand, 4To A Kawporo € >0 MOXHO HalliTH Takoe YHCIO

') HanomHuM, 4TO cuMBOABI limu, ¥ limu, 03124al0T COOTBETCTBEHHO

HaHboOMbUIMH H HavUMENbWUM YacTHMYHbIE [Ipefielbl [OCAEZ0BaTENbHOCTH {uk}.
([Tpun. peo.)
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{==I(s) W TaKkyl0 TNOC/ENOBATENBHOCTb {@,} WENBIX NONOKMTENBHBIX

Ymcen, 4TO
a, < kzte

# uucno g(7) pewcunit ypasnenus
n=a;+-q (8)
anst Kaxgporo n Oynet Mmedbuie /.
Hpyrasi npoGnema CunoHa CTaBHT BOMPoOC O Cywecmeosanul maroii

nocaedogamessHocmiy {a,} LeabX NOAONCUMENBHILX HiCen, A5 KOMOPOIL
710 Kajcoomy €=>0 MmoxHo Kalimu maxoe wucao n,, umo a1 8cex

n>n
0 g(ny<n'. (9)

Vinen, 3auMCTBOBaHHKE W3 TeOpHHM BepOSITHOCTEH, MO3BOMM/N aBTopy [5]
Jl0Ka3aTh Gojiee CHIABHOE NPEeJIOWEHHE O CyIeCcTBOBAHMM TAKOH mocie-
JIOBaTe/NbHOCTH, JJISi KOTOPO#

¢, logn< g(n)<c,logn. (10)

Bonpoc 0 cyuwiecTBOBaHMM Takoif INOCAELOBATENBHOCTH {a,}, s
o . 13

KOTOpOi llm%:c>0, ocTtaeTcsl OTKpLITHIM. CTapoe npeanonoxenue
Typana u aBTOpa 3akmoyaeTcsi B TOM, YTO €C]H £{(n)>0 nnn scex
n>n, 10 limg(n)=oc0 (BO3MOKHO Jlaxe, 4TO B CJIyyae NpPOH3BOJb-
HO#t mocnenopatenbHocT {a,} g(n) >>clogn nns GeckOHeUHO MHOrHX n,
OTKyna cjienosano Ob, 4TO onenka (10) siBasieTcst waunyuweit). Jloxa-
34T1e/IbCTBO CHpaBeAJIUBOCTH 3TOro npennojoKeHus IpencTaBageTcd
JOCTATOYHO TPYIHBIM.

Typad H aBTOp NPEANONOKWIH TaKwe, YTO IS GEcKOHEHHOH rocne-
IOBATENbHOCTH {@,} LE/BLIX UNCeN HE MOXeT MMeTb MeCTO OLeHKa

o

n

2 gky=cn}-0(1). (11)

k=—3
dykc u aBTop [6] nokasanu crenyiourylo Gonee CHIBHYIO TeopemMy:

npu ¢ >0 He aoxcem uMems Mecmo oHeHKQ
1

Zg(k):cn—yo(ao:W). (12)
k=1 =

Jlns nocnenoBaTenbHOCTH KBANPATOB HEJLIX yucen
a,=1, a,=4, a,=9, ...
Xapnn u Jlannay [7] mokasanu, uto

n

> gy —pno(nlog m*). (13)

k=1
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Cayuaii a,—k® siBisileTCsi BaHBIM, NOTOMY 4TO B 3TOM clyuae
upcao g(n) peuteun#f ypapneHHs (8) TecHO CBSI3aHO C 4YHWCJIOM TOYeK
C 1IeJIOYNCIEHHBIME  KOOPAMHATAMH, 3aKJI0YalolMXxcs B 3aJaHHOM Kpyre
(ecam B nEpBOM KBajpaTe MPOBECTH LYy OKPYWHOCTH paanyca | n, ToO

£(n) ecTb 4NCNO TOYeK STOH RYMM C 1ENOUNCTEHIHIMH KOOPJHMHATAMH);
n

O11eHKa BeJVUYHHDI 2 £ (n) cBonuTCs, TaknM 00Cpa3oM, K KiaccH4ecKoH
k=1
3ajavye OO onpeneleHAM 4YHCIA LEJOYHCJIEHHBIX TOYeK B Kpyre pa-

auyca Vn. [NpennonaratoT, 4TO B 3TOM cJydae HAs HCKOToporo € >0

Eg(k)zz—n+o(n7+5); (14)
k=1

3Ta OLEHKa sIBNsSieTCsl BeCbMa I1yOOKOH.

OTHOCHTENBHO PaCCMOTPEHHBLIX 31eCh BONPOCOB CM. TAKXKe CTAaThIO
Lltépa [8], conepxaulylo MHOrO APYrHX 3amai ToOro e poxa. Bort onna
M3 Hux, noctasaexHasi PopGaxom (Rohrbach): wawxoso waumensuee
qucao R (n) yeablx noaroxiCumenbHblx Huces

a, < a,<...<aq

maxux, 4mo Kaxncooe Uea0e MNOAONUMENbHOE UUCAO0, He NpesoCxodsi-
wee n, MOXMHO npedcmagums 6 sude cymmb a;-t-a;. Sleno, uTo
E(k—1)
2
cnenyer, 4TO

4YnCio BCEBO3MOXHBIX CYMM JHOJAKHO OLITh HE MEHbILE 7, OTKyna

k(n) >V 2n,
Pop6ax yayuumn 3Ty OllenKy:
E(m) > (1+¢)} 2n,

rie &> 0—muekoTOpoe (PHKCHPOBAHHOE YHCNO; HemaBHO Mogsep [9]
yAYWILKRA OLEHKY ISl BEJAHYHHE €. Jierko BHAETb, 4TO

k(n)<<2V n
BO3MOXItO, 4HTO

kE(my=V 2rn+0(1).
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11. 3pdéuw (Beurpus)

2. E. B. Ber, A. Tapckuil. Pagrocmoponnui mpeyzoAbKIiK — 0CHO8-
HOe nousAmue zeomempuu 8 npocmpancmse.

B ocHOBe KawmOro neAyKTHBHOrO nOCTPOEHUS: reoMeTpHuN  Jiexwart
HEKOTOPLIC MepBUYHbLIE HeonpenensieMble NOHS TUS W HeonpenciseMble
We OTHOWEHMUS MEXAY HAMM; STH MOHNTUS H OTHOUIEHHS NOJMHBI
YAOBJICTBOPSITL CHCTEME 3AKCHOM, KOTOPYIO MOXHO, €C/H YrOAHO, HPHHSTD
33 KOCBCHHOC oOnpese/ieHHe OCHOBHBIX MOHSITHIl M OTHOLIEHWil (CM., HarpH-
mep, [5], [6]). Ilpu 3TOM camm wcxomube HeonpeensieMble NOHATHS MOTYT
BEIGHPATBCSl M0-PA3HOMY NAXE TPH NOCTPOSHMM ONHOM W TOH jxe reomeT-
PUYECKOH CHCTEMBI, HanpuMep, OOBIKHOBEHHOH reomeTpnu EBKanma. Tak,
B akcuoMatnKe ['manGepra [5] OCHOBHBIMH NOHSITHSMM SIBASIOTCS mouxu,
NpAMbie W NAOCKOCMI, 3 OCHOBHLIMA OTHOLUEHHSIMH MEXIY HUMH — OTHO-
UICHUSE: npuHad.sedicum (OTHOLIEHHE, CBSI3LIBAIONIEE TOYKY M NPAMYIO WM
TOYKY W IJOCKOCTb), Mexcdy (OTHOLICHHE, CBS3LIBAIOLLCE TPOHKY TOuEK,
TIPHHAIIeWAMX  OLHOH MpsiMOH) W KoHzpyeHmer [oTHowenue, CBsi3bi-
Balowee nBa oTpeska uam asa yrna')]. Tonynsipen Takwe papuaut
akcuoMaTHkn I'mnbbepra (uMayuwit ot Illypa), B KOTOPOM BMECTO OTHOUIE-
HISE «KOHPPYEHTEeH» BBEIGHO HOBOE Heompene/isieMoe MOHATHE — OsudiceniLe;
MOMHO TAKWe BMECTO NPOU3BOJBLHLIX IBHWKEHHIl OrpaHuuYdTBCH ONHUMH
CumMemMpuANi NNOCKOCTH OTHOCHTENBHO TPAMON, CUMTasi ux Heonpene-
JIIEMBIME TIOHSITUSIME  (3TO BrepBLle GbLUIO OTMEYEeHO Bunnepcom) u 1. I

[locne ycTanoBneHust B KoHue npouwioro Beka NPHHUMOKAIBHON BO3-
MOMHOCTH CTPOTO  JIeAYKTHBHOrO MOCTPOEHHSi FeOMEeTPHH Hd aKCHOMATH-
4eCKO# OCHOBE, nanbHedwas paGoTa B OGNAACTH OCHOBAHME reomMeTpuy
CBONNAACH TJIaBHBHIM 00Pa30M K NONBLITKAM YMPOLLEHHS W Yy COBEpIIeHC TBO-
Banms CywecTBYIOUMX cucteM akcuoM. Ocofoe BuuManve, €CTeCTBEHHO,
NpUBJIEKan BOMPOC O BO3MOXHOCTHX YNPOWIEHMS AKCHOMATHKH 3a CueT
COKpAUICHUsi CIIMUCKA BBOAWMBIX aKCHOM; MNPEACTABNSieT TaKke HHTepec
H BOMPOC O BO3MOXHOM YMCHBIIEHWH YHC/3a HCXONHBLIX UOHSITHH H OTHO-
IeHnH. IJTUM [OC/TEHIM  BOHPOCOM MHOTO 3dHMMANCS, B YaCTHOCTH,
M3BECTHbIH amepukaHckuit orHK A. Tapckuii, ero YUCHNKH W COTPYIHHMKH,

'} MHousitus  ompesox wu y204 MOTYT OBITE HE3aBHCHMO OT HOHSTHA «ROH-
TPYCHTEH) OTpejieJeHhl Yepe3 OCHOBHbIE MOHSTHS M OTHOLIEHHS C HCTIOJb30Ba~-
HHEM OTHOCAILUMXCS K HHUM aKCHOM.
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[Mpy mocTpoeHun eBKJIHIOBOH reoMeTPHH eCTEGCTBEHHO NPHHSITH B Ka-
JecTBE EAMHCTBEHHOIO HEONpeneNnsieMOro TNOHATHS /MO%KY; TPH STOM
npsgMble W IUIOCKOCTH ONPeNeNfiTC Kak HeKOTOpHE reoMeTpuyeckue
MecTa Touek. XOYeTCsi OJHOBpPeMEHHO TNOTpeOOBaTb, HYTOOH M 4HCJIO
HeolpeAeNseMbIX OTHOLIEHHH Mexy TOYKaMu Obi10 BO3MOWHO MEHbUINM;
Ayuuie BCEro ecid YHacTcsi OGOHTHCh €AMW HC TBEHHBI M HOLOGHHM
OTHOILLIEHHEM.

Cepbesnbie yCIIeXH B 5TOM OTHOIIEHUH ObM HOCTHIHYTH yXe JdBHO.
B paGore A. Jlumnen6ayma u A. Tapckoro [3], onyGankosannoit
B 1936 r., 6bI0 NMOKa3aHoO, 4YTO OAHOrO OHHAPHOTO OTHOLIEHHS
Meray TOYKaMu (T. €. OTHOLIEHHS CBS3LIBAIOLIErO JBe TOUKH) HHKaK He
JOCT4TOYHO JJS  TOJAHOrO nocTpoenust Bcelt  reomerpun. YHYt1o we
KacaeTcsi A0 TepHapHB X OTHONICHHH (OTHOWUIEHHH MeWJy TpeMms
TOUKaMp), TO OAHO Taxkoe OTHOLIEHHEe OBblI0 YKa3aHno eile B 1908 r.
OAHHM H3 CO3paTeneill COBpPEMEeHHOro AaKCHOMaTH4YeCKOro MeToia B Treo-
MeTpHH — nranbanckum MaTematukom M. ITuepn [4]: 3To — OoTHOWEHRE
J (A, B, C). osnayaowee, 4T0 TpeyronbHuk ABC paBnoGenpetubiii ¢ Bep-
munofl A (MOweT ObIThb BLIpOXAeHuhiH), T. e. uto AB=— AC.

[Mpusencuuoe 3mech onucanne oThowennst J (A, B, C) nokasbisaer,
KAK MOWHO OIPEAeNHTH STO OTHOIIEHHE (PN NOMOLH OCHOBHBIX IOHSITHI
W OTHonlenuit axcuoMatukn [unnbepra. Ho sameuatenvno, 4YTO W,
00paTHO, 6Ce OCHOBHblE MNOHSITHS H OTHOIEHHs [HABOEPTOBCKOH aKCHOMA-
THKH MOWXHO BbIPa3HTb uepe3 NoHaTue moxka w oTuoulenve J (A4, B, C);
5TO ¥ JOOKa3hiBaeT, 4YTO OJIHOrO HeonpenenseMoro TIOHATHS MotKa
U oasoro TepuapHoro otuoutenust J (A, B, C) DOCTATO4YHO JjA¥ MOCTpoe-
HUsi BCel eBKAMAOBOH reoMeTpHH. B camOoM nene, #20CKOCMbH MOXKIO
onpenenHTh KaK COBOKYNHOCTb (reoMeTpHyeckoe mMecTo) Touex A, ynos-
neteopsitouux othowewnnto J(M, A, B), rne A n B-—nBe Kakue-t0
(MKCHPOBAHHBIE TOYKH, BHIOOD KOTOPBIX OnpenensieT mIOCKOCTh, a nps-
MYI0 — KaK COBOKYNHOCTb TO4eK M TaKux, UTO BHIMOJHAIOTCSH Cpasy nsa
otnowenusi J (M, A, Byu J(M, B, C); 3Tn ofipefiefieHHsi CHHUMAOT TaKwe
BOMNPOC O KA4KOM-TO CIELHaJbHOM ONpefeneHuH  OTHOUICHHS npuxadae-
scum. Jlanee modsirve MexcOy, KOTOpOe ILOMKHO HMETb CMbICA Jnmb
st Tpex todek A, B, C, npuHamnexauyx OXHOHU npsimof, MOXHO orpe-
JleUTh, HaupuMep, TaK: «Todka B nexnT mexcdy Toukavn A u C, ecmn
cyuwecTBylor Takue Toukn M wu N, uto J(M, A, B) n J(C, A, My,
J(N, B, C) w J(A, C, N): (puc. 1). Haxoneu, nsa ompesxa AB u cD
Ml HA30BEM K OHZPYEHMHbIMU., eCIM  CYLeCTBYIOT Kakue-TO  TOYKA
M,, M,, ..., M, Takue, UTO BHINOJHSIOTCS J(A, B, M), J(M,, A, M),
J(My, My, My, ooy J(My_ s My, M), J(M,, C, M, ), J(C, D, M).
AHanornyHo MOXHO ONPENeNHTb W KOHZPYEHMHOCMS V2108 [nexonn w3
TOro, 4TO AABC kourpyeuter / ACB, ecan J (4, B,.C)].

HekoTopuiM nenoctatkoM oTeowenus J (A, B, C) siBnsieTcs ero Hecum-
MeTpuunblii xapaktep: u3 J (A4, B, C) ue suTexaer J(B, A, C). Cpaguii-
TenbHo nenasuo (B 1956 r.) E. B. Ber n A. Tapckuit |1] 3ameTunn,
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UTO B CAy*Qe 2eoMemplu 8 npocmpaHcmse [HO He Ha II0CKOCTH! |
MOJCHO 8mecmo omHouenuss J(A, B, C) (HeCHMMETPHYHOrO) ULCHOLb50-
samb omnouerue E (A, B, C) (cummeTpuunoe), osHaxamouee, 4mo mourxu
A, B, C (pasiuunble WM COBNANAIOIUME) NBASIOMCS BepPUILHAMLU PasHo-
CMOpoHHezo mpeyzoabHika, T. e. uto J(A, B, C) n J(B, 4, C).

JlokaszatenbcTBO TOrO, 4TO M
B FeOMeTPHH B IPOCTPAHCTBE OT-
nomenus J (A, B, C) n E (A, B, C) AN
B ONpENENEHHOM CMBICJIE «PABHO- /
CHJABHBLI», 4YPE3BBIYARHO NPOCTO. /
Boinle  Mbl yXe  onpenesuau /’
E (A, B, C)uepes J (A4, B, O); /
oupenenuM teneps J (4, B, C)
ueped E (A, B, C), Hanpumep, /
cnenyloilium obpazom: J (A, B, C) /
03Ha4YaeT CyLLeCTBOBAHHE TaKHX / -
msyx Touek M u N, uro
E (4, B, My, E (A, M, Ny n &
E (4, N, C) (cm. puc. 2,rne tpe- 4 V4
yronbhuku ABM, AMN, ANC Puc. 1.
paBHocTOpoHHKE). OIHAKO JIerko
BUAETb, YTO Ha MNJAOCKOCTH HEIb3fl COHOCTABHTH KaXAOMY PaBHO-
OenpenHomy Tpeyroibuiky ABC 1nonolliyio ienb paBHOCTOPOHHHX Tpe-
yroasuukos ABM, AMN, ANC; takum o6pazo’1, name nokas3aresbCcTBO

PABHOCHABHOCTH  oTHowenn# J (4, B, C) u
1) A E (A, B, C) ne coxpansieT cuny B cayuae mio-
CKOCTH.

W3 srtoro, onHako, eue ve chemyer, 4To
HUKAKUM O PYTHM CrnocobOM Helb3s B reo-
METPHUH Ha IUIOCKOCTH ONPENENUTh OTHOULIEHHE
J (A, B, C) uepe3 otnouwenne E (4, B, C).
M Hesoamoxnocts storo E. B. Ber wu

A. Tapckuil nOKasLiBAIT JIOBONLHO TOHKHM

N NOCTPOEHUEM. A HMEHHO, OHH MOKA3LIBAIOT (Y-

Puc. 2. ujecmBoBaHILe  MAKO20  MOYEUHOZ0  B3QAUMHO

O00HO3HAUHO020 Npeobpa3osarust  NAOCKOCHI,

Komopoe He SABASEMC OBujceHuesm [M, CINeNOBATENbHO, HE COXpausieT

€BKJNJIOBY TEOMETPHIO MJOCKOCTH; B YacTHOCTH, TpU TOukH A, B, C

takue, uto J (A4, B, C), MOrytT nepeiltd npu STOM B TPH TOUKH

A, B, C', nns «xotopwx othomenne J (A, B, C') wHe wumeer

MecTal, Ho romopoe nepesoOum KaxcObl pABHOCMOPOHHULL Mpeyzo.ab-

HUK  CHOBQG 8  pABHOCMOPOHHU, T. €. COXpaHsieT OTHOLIEHHe
E (A4, B, C).

Omucanne atoro npeoGpasoBanus A'— f(A) 8 pabore [1] cymect-
BeHHO He3(PPEeKTUBHO ¥ ONMPAETCH HA TAK HAa3LIBAEMYK) AKCHUOMY
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BrGopa E. Llepmeno'). A umeHHO: OTOXAECTBAM COBOKYIHOCTH TOUEK
IJIOCKOCTH € MHOXECTBOM KOMIUIEKCHHIX YHUCEN ¥ BHIJENIUM W3 3TOrO
MHOXKECTBA NOIMHOXECTBO A BCeX KOMIUIEKCHBIX YuCes BUIa p+ql/3,
e p ¥ ¢—pPalvoOHAaJbHBE KOMWIEKCHbE uucna (T. €. 4qucaa
guna r,-+-ir,, rae r,, r,— pauMoHaibHbie BellecTBenHnie uncna). C mno-
MOLIBI) AKCHOMB BHIOOPA MOYHO COMOCTABHUTH MHOWECTBY A KOMIIEKCHBIX
YHCEN APYroe MHOXEeCTBO B KOMIUIEKCHHIX uHCesl TaKoe, UTO 8CAKoe

KOMNACK CHOE HUCAO 2 MOKcem Gblmb

(22 DE 2 npedcmagaeno (4 npumos eOuH-
[ CMBEHHbIN 06pA30M) 8 BlLLOE KOHEH-
HOML CYyMMbL
2,-2,
z=a,h, +a2bz+ s +akbk’
J 20e wucaa a,, a,, ..., @, NPUHaO-

aexcam MmHoycecmgy A, a uucaa

by b, ..., b,— mHoxcecmsy B;

[IpU 3TOM MHO¥eCTBO B 3aBepomo

Prc. 3. COIEPHUT YUCIO 1, a Takke XOTb

O#HO OT/AMYHOE OT | BelnecTBeHHOE

UMCTIO 7 ¥ KaKOe-HHOYIb nepeulecTsenHoe uneno m (cp. [7]). [yctes teneps

npeodpa3oanve f oCTaBnfieT Ha MECTe BCE YMCAA € M KAK-TO repe-

CTaBIsIeT Yucaa b; MCXOmsl OTCIONE, YKe MOWHO PACpPOCTPAHHTL f Ha
BCe MHOWECTBO KOMIVIEKCHBIX YHCes MPU MOMOUIM PABEHCTBA

ey =a fb)tarfb)+t...J-a,rb,).
B Takom cnyuae, eciuw kakde-nubo ydena z, z,, 2, -«.y 2, ObIH CBS-

3aHM  COOTHOMWIEHUEM Z=a,Z, -} a,2,+ ...} a2, (rne Bce uucna g
NPUHANTIEKAT MHOXECTBY A), TO, OYEBHIHO, TaKKe

f(z):a]f(zl)+a2f (zz)+ - +akf(z[)'
Onpenenum Teneps npeoGpasoranue f MHOWecTBa B cienyonmuM obpa3om:
JS(bY=b, ecau wucro b omaunro om r uomm; f(my=r, f(r)=—nm.

Tem cambiM MBI OPUXOAMM K ONpPERENEHHOMY NPeo6pa30OBalUId  BCETO
MHOXECTBA KOMIUTEKCHBIX 4ucen, T. e. scedl nmockoctu. Herpymno su-
IETb, YTO 3TO npeoGpasoBanue MEPEeBONUT JIOOHE TPH TOUKH (TPH KOM-
MIEKCHBIX YHCIa) 2, 2,, 2,, SIBASIOUMEcss BepUIMHAMH PAaBHOCTOPOHHErO
TPEYro/bHUKa, CHOBA B BEPLUMHBEI PABHOCTOPOHHENO TPEYTOJNbHUKA — 3TO
crenyet M3 TOro, 4To, KaK JIEFKO [POBEPUTH, HAUIM TPU TOUKH SBISIOTCS
BCPUIMHAMY PABHOCTOPOHHETO TPEYTOJbHUKA TOFAA M TOJbKO TOrJa, KOria

(puc. 3) z:%zzi(zz—zl)i-—g—, T. €. z2=2,01 2B wmwm z=
Vs ; V3

[3_.—— 3 i MpUHAmNEXaT

—=2,B-} 2,00, 1ne uucna a-—%—]—

) O6 axcuome Llepmeno cM., nampumep, I1. C. Anexcaunnpos, Beemense
B oémylo TEOPHIO MHOWECTB H ¢yuxuni, M.— JI., 1948,
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muoxectsy A. Ewe npome ybenutbest 8 ToM, 4TO HafimeTcs paBnoGenpennnil
TPEYTOJIbHUK, KOTOPHIH nalie 1peodpasoBaHUe NePEeBOAUT B HePaBHOBENPEH-
Hblli  TPEYroMbuUK. ITO BHITEKAET, HANPUMEP, W3 CYLIECTBOBAHMS TAaKO#
ToukH 2, uto J{z, 0, 1) u J(2, 0, m), u orcyrcreusi TakoH Touxd f(2),
ans kortopoit J(f(2), f(0), F(1)) n '
J(f(2), F(0), fF(m)) wnu wunaue m
J(f(2), 0, 1) n J(f(2), 0, r) I
(puc. 4). > |
D10 paccyxaeHve M JNOKAa3hbi- ~oZ
BaeT, 4To oTHowenue E (A4, B, C) |
HELOCTATOUHO JANSl MOCTPOEHUS reo- g 1 r
METPUH Ha IIJOCKOCTH; B YaCTHOCTH, Puc. 4.
HOCPEACTBOM HET'O HEBO3MOKHO OrIpe-
nemutp  otnowenue J(A, B, C). Boobwe, omuowenue E (A, B, C)
docmamouno 04 06OCHOBAHUS 8K ALO0BONL 2eomempuy npu ucie
u3mepenuli n>=>3, NOROOHO TOMY Kak ommuouienue [Iuepu J (A, B, C)
ModIcem Bbinib NOAOICEHO 8 OCHOBY eB8KALO0BOIL 2eoMempuil npil AIOGOM
yucsae udmepenuli nz=2. (A. Jlunpebaym yxasana, uTO STOTO OTHOLIEHUS
HEAOCTATOYHO ANl OOOCHOBAHHS EBKITMJOBOH FeOMETPHH HA HPAMOH.)
Ykawem euie, 4TO B TOM IKe IKyPHaje, T/e HANEUATaHA CTATbsl
E.B.Betau A. Tapckoro, ony0/MKOBana TAK¥Ke TECHO CBA3AHHAS ¢ Hell padoTa
APYroro amepuxanckoro Joruka — JI. Ckotra [2], B KoTOpO# noctpoeno
CUMMEMPULHOE MEPHAPHOE OMHOUleHUe MeHcOY MOUKAMU, KOMopoe Mo-
sicem Gblmb HON0ICEHO 8 OCHOBY €8KAUO0B0L 2eomemputt npl A1060Mm nucae
usmeperult n =2 (7. e. NPUrOJHO W B Cliyuyae IUIOCKOCTH) — 3TO €CThb
otnolenue R (A, B, C), o3nauaollee, uto (pasnuunnie) touku A, B, C
SBNAIOTCA  BEPIUMHAMHM  NPAMOYTOJIBHOTO  TPeyroJbhuka (1. €. uTo
AB* - AC*=BC* wwm AB'4-BC*—=AC* wwm AC* -} BC* = AB*).
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3. Tlpunmenenue 3nexmMpOHHbLIX CHEMMbIX MAUUH OS5 OMbICKAHUS CO-
BOPULEHHbIX HUCEN.

[Mossunocny coobluenne, 4TO HalJEHO BOCEMHAALATOE COBEPHICHHOE
upcno. Hnst sToro Hymuo 6hino pokasate, ute udcno 2°*'—1, comep-
wauiee 969 nudp, ects uMcAo npocToe.

HanomnuM HcTOpHio coBepiieHHHX uucen. JIpesHHe Trpexn uHTeEpeco-
BaJAHCh TeMm (akToOM, UTO 4uciao 6 paBHO CyMMe BCeX €ro jpenureneit
(uckmodas camo 310 umcao): 6=1-}-2 -} 3. Ma-3a s10r0 CcBOlicTBA OHH
Ha3BamM uMca0 6 «coBEpLIEHHEIM» ¥ MOCTABHIM BOMPOC — CKONBKO Cylle-
CTBYET COBEpIIEHHHX uucen? OTBeTa Ha 3TOT BONPOC TPEKH [ATh He
moran; Hukomax TDepasckuit (I sex name#l spnl) nucam:

«CosepuieHHble yucia KpacuBbl. HO u3BeCTHO, 4TO KpacHBble BENld PEKy
H HeMHOIOYMC/AEeHHbI, 6e306pa3Hble e BCTPSHAlOTCH B u306umuu. K30bi-
TOYHBIMH 4 HEOCTATOYHBIMH (lieCOBEPWIEHHBIMYE) SBASIOTCS HOUTH BCE YHCaa,
B TO BpPeMsi KaK COBEPUIEHHBLIX YMCEN HEMHOTOY.

Jlerko Obino OBRAPYIEHO NPOBEPKOH, YTO BTOPHIM COBEPIIEHHLIM YH-

cliom sBnsercs 28:
1+2+4+7+14:28.

EBxkun mokazan, #mo 8csiwoe uucao, xomopoe moxcem Gbims nped-
cmagaeno 8 sude npousgedenuss 2" (2" — 1), 2de (2"— 1) ecms npo-
cmoe qUuCAO0, SGASIEMCST COBeplieHHbIM Hucaom. B cayuasix n—2 wu
n=3 uncna2®-—1=3u2°— 1 =7 upocthie, v noatomy 2* (2* — 1) ==6
n 2°(2° — 1) =28 — cosepuiennsle uucna. Popmyna Eskniuna obuapy-
WHIA ele JBa COBEPIIEHHBIX uuchia:

3-e: n=5 2°—1= 31, 2°(2°—1)=16- 31 = 496,
4ot n=T, 2°—1=—127, 2°(2°—1)=—64.127 —8128.

Ho otnickanue panpbHeHIIMX COBEPIIEHHBIX 4YHCEJ 3TUM IMyTeM OKasa-
JOCh JIeNoM BeCbMa TPYHHbIM. B TeueHHe MHOTMX CTONETUHl aBTOPLI, IH-
CaBLIME O COBEPIIEHHHIX YUCIAX, MHTEPECOBANMUCH Oosee CyeBepusiMH U
(anTas3uaMH, CBA3AHHBIMM C 3TUMH YHCJAMM, 4Y€M HX MaTEeMaTHUEeCKOH
npuponoii '). Ecnu nepsbie ueThpe COBEPINEHHBIX YHCHA ObUIM W3BECTHHI

) B mnanorax Ilnatona uncao 6 3ankMaeT ocofoe Mecto. ¥ PHMISIH Ha mupax
CaMbIM TOYETHBIM MeCToM OhlI0 mMeCToe, Ha KOTOpPOM, kak mnumer 'opauu#, Bosae-
}an ero 6aarogetenb Meuenat. B Puve B 1917 r. 1ipu nogseMHbIX paGotax Gplia
obuHapyxeHa moCTpodka — o6wwmit 3an ¢ 28 keabsimu BOKpyr Hero. Okaszanoch, Uto
3T0 — NnoMelleHune neonudaropelCKoii akaneMuu, B KOTOpo# monaraloch 28 une-
108. CTONBKO Me WIelOB 10Jaraioch B HEKOTOPBIX yHYEHBIX O6ILECTBaX [0 Mocaer-
HEro BpeMeHw.

Mo penurnosubiM npenanusM Mup Gbln co3fau B 6 aHeil, notoMy uto 6 — co-
pepmennoe yucao. Aurauiickaii Gorocaos VIII Beka AnkydH yuua, 4To uenose-
4eCTBO, NMpoucmenniee nocjae norona ot 8 aul, 6biBumx B KoBuere Hosi, Menee
COBEPUIEHHO, YeM IO NoTomna, Tak Kak 8 — uucao HecoBepuienHoe. Fie B XIl seke
LIePKOBHHKH PEKOMEH/IOBaH H3yUeHue COBEPUWEHHbIX YHCEN /s CIIACeHH Nylid.
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yxe B riyGoKOH ApeBHOCTH, TO MSITOE COBEPILEHHOE YHCIO
5-e: n=13, 2" —1-=8191, 2'*(2" —1)=—33550336

Onio obrapymeno quuib B XV Beke — cBLILIE yeM uepe3 [OATOPHl  Thi-
CAYM JeT nocje IBKIUAA.

B 1644 r. ¢panuysckuit martematuk Mapun Mepcenn oObsiBun (ne
MPUBOAST JOKA3aTeNnbCTBA), YTO MNEPBHIMM ONUHHAKUATHIO COBEPIIEHHBIMU
uclamu supa 2%7' (27 — 1) ABASIOTCH uHMcaa, OTBEYAIONMe CJAEAYIOWUM
3HAYEHUAM 71

2, 3,5, 7, 13, 17, 19, 31, 67, 127, 257.

MaTemMatukaM TOrO BpeMeHW ObiJIO OYEBMAHO, YTO MepcerH He Mor
NIPOBEPUTH HEMOCPENC IBEHHLIM BhIUHCIEHHEM npocToTH uucen 2" — 1 npu
BCEX YKA3aHHBIX 3Havenusx 7. HernocpenctBenno ynanoch nposeputsh
TONBKO, 4YTO MEPBBIE TPH M3 yKa3aHHLIX MepceHROM IECTH HOBBLIX CO-
BEPIIEHHBIX 4YHCEeN HelcTBUTEAbHO SBJSIOTCS COBepIEHHbMU. BoT 3TH
qycna:

6-e: n=17, 2'"—1=131071, 2'(2'"— 1)—28 589 869 056,
T-e: n=19, 2" —1=0524287, 2'%(2'°— 1)— 137 438691 328,

8-e: n=31, 2" —1=2147483647, 2°°(2*' — 1) =
—2305 843 008 139 952 128.

6-e u 7-e uncna ykasan euie Katanbnu B XVI Bexe; npoctory uucen
2" —1, 2™ —1, 2°' —1 noxasan Ditnep. OR ke 1OKa3an, uTO Bce
Hemmbie CoBeplieHHble LUC A UMeIOm Yica3anHbiil Esrk audor sud 2" 1 (2"—1),
rae (2"-—1)—mnpocroe (cHo, YTO INsi STOr0 U 7 ROMAKHO OHTb TPO-
cteiM). Hu 00HO0z0 HenemHoOzo cosepuleHHozo uucaa obHapyscums nowa
He 30a/0Ch; ONHAKO He OOKA3QHO UL OMCYMCMELUe MaKux wicen, NOKa3ano
JHLIB, YTO €C/IM HEeYeTHHIE COBEpLIEeHHBIE YHCHa U CYUIECTBYIOT, TO OHU
BECBMa BEJUKH.

. Jlanmay (1877—1938) mucan B cBoeil «DneMestapHoB Teopun
HHCEeN»:

((,HpeBHﬂﬂ nies O cCopepmeHloM Yucae H CBA3alHbLIE ¢ 3THM BONpOCH! lte
uMeloT ocobeHHoro 3llayeHud, H A KacalcCb 3TOH MaTepuHH J¥llb B CBA3W € TeM,
4TO6bI YKa3aTtb Ha aBe [Ip06JIeMbI, OCTalollHeCss HepelICHHbIMY [0 CHX nop:

,,MMeeTCﬂ 4 6ecKOolleYHOe MHOMKECTBO YETHDbIX COBEPUICHHDBIX ygcen?e
— He s3nao.

,,I/lmee'rca a1 6eckorneynoe MHOXECTBO lieYyeTHLIX coBepuienHbIX qucea’c.
—93 faxwe He 3lalo, CyHeCTBYET JH OAHO TaKoe 4YHCJIOM.

Bonee uem ¢TO JeT HaUGONBLIMM H3BECTHLIM COBEPLICHHLIM YHUCIOM
ocTaBanoch uucao 2°° (2°'— 1) ¢ HaubONbmUM H3BECTHHIM 1IPOCTLIM YH-
ciom 2 147483 647. B 1876 r. ¢panuysckuit matematuk 3. Jhoka yka-
3a/l MeTOH, MO3BOJSIOIMH NPOBEPHTH MPOCTOTY uMcnad 6e3 BLNONHEHuUs
AeNenust Ha BCEBO3MOXWHBIE ero 1PocThie mendrend. A nmenno, Jhoka no-
Kaszan, 4to xucso 2" —1 6ydem npocmbir mozda u moAvko mozda,

*
11* Maremar. npocpemenue, Bumn. 6
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ecau wa Hezo Oeaumcsi (n— 1)-it uaen pexyppenmuoii nociedosamens-
Hocmu wucesn (nocnenoBatTeabHoOCTh JlIoKa)

4, 14, 194, 37634, ..., tne u,—4, u, ,—u’-—2 (cM., Haupu-
mep, [3]). Tax, npoctota uncen 7=2°—1, 31 — 2° — 1 BHTeKaeT u3 TOroO,
UTO HA HUX NeNSTCH COOTBETCTBENHO uiena u, == 4*— 2 — 14 u u, — 37 634.
C nomowplo coeit Teopemb Jlioka ycTanosun, uto uucno 2127 —1 gg-
JfeTcsl npOCTHIM; AL STOr0 eMy Mpulliochk pasaenuts 126-# unen no-
CNeOBATENBHOCTH JIIOKa Ha 4uCIO

2% —1=170141 183 460 469 231 731 687 303 715 884 105 727.

3TOT nochennnii pe3ynbTaT Gbin NMPABMUNBHO Tpenckasan Mepcewnow,
OIHAKO B APYTUX cayyasX OH owudcA. Tak, OBUJIO YCTAHOBIEHO, 4TO
nokasatenm n—~67 u n—257, Bonpekn ykazaumo MepceHna, He RAWOT
COBEPHIEHHBIX YWCeNl, HO TaKOBHIE JAIOT HE YKa3daHHbe MepceHHOM roka-
3atenu 61, 89 u 107.

Takum o6pa3oM, CrMcOK coseplueHnsix uucen B 1914 r. 3akmouan g
cefe 12 uncen u octaBascs takum no 1952 r. Tocnennue uetnipe umcna
STOr0 CINHUCKA CJEAYIOIHeE:

9-e: n==61; 2% (2% —1)=—2°-2305 843 009 213 653 951
[37 uugp, U. M. Mepsymmn '), 1833],

10-e: n=89; 2°%(2%° —1)=2*.618970019 642690 137 449562 111
[64 ungpri, Tappu, INoyspe, 1911],

1l-e: n=107; 2" (2" — )=
—=2'°°.162 259276 829 213 363 391 578 010 288 127
[65 ungp, Poxambep, INoyspe, 1914],

12-e: n=12T7; 2'*°(2"*" — 1) (77 uucp, Jloka, 1876, Pokambepr, 1914).

[Mocnennee 39-anaunoe uncno 2'27 — 1 gsnanocs ¢ 1914 mo 1952 r.
HauOONbIIMM U3BECTHBHIM MPOCTHM YHCIOM.

30 sauBaps 1952 r. amepuxanckuii matematik P. M. Po6unzon
UCIIONB30BAJ 3MIEKTPOHHYIO cueTHylo Mammny SWAC Kaaudopuuiickoro
YHUBEPCHTETA LN M3YUeHHs [POCTOTH uucen sunpa 2"—1 (cm. [1]).

[TepBbiif ONLIT ¢ MaUIMHOH 0L CHEnanR Haj ONPERENEHNeM IPOCTOTHE
uncna (2°°7 — 1) — nanGosnbuiero us uucen puna 2" — 1, kotopoe Mepcenn
cuutan npocteiM. B 1932 r. JI. T'. Jlemep ycTaHOBHA, YTO 3TO YHCIO —
COCTaBROE, JUISl Y€ro eMy HPH MNONL30BAHUH TOTJAIIHHUMH CUETHLIMH MpH-
6opavu npuiocy pabotath uenwdi ron. [lpucyrersys 8 1952 r. npu
NPOBEPKE, OH MOr YBHAETH, KaK MAaliiHa BLIIOJHWNA €r0 TONOBYIO pa-
60Ty B 18 Cexynnm, npuas TOYHO K TOMY MKE CAMOMY Pe3yJbTaTy.

) iBan Muxeesny Ilepsyumsn (1827—1900), cesimienunk u3 Tepmy, MHOTO u
YCTEWHO 32 HUMABIILICSA TEOPETHKO-YHCIOBbIMH 3aja4yaMy, TPEOYIOLUME KOJIOCCANb-
HBIX BblYHCIEHMH,
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Mammmsa npopomkana nanbHediuye NOMCKH MPOCTHIX uwced. Mepcenn
B CBOE BpEMA [OBOPWI, YTO BEYHOCTH HE XBATUT IS [POBEPKH NPOCTOTH
yucia, uMewoulero 15—20 pecsitMuHLIX 3Hakos. Mawmua GhicTpee uem
3a 1Ba uaca iposepuaa 42 uucsia, HAUMEHBIIEE U3 KOTOPLIX HMEJNO CBLIlie
80 uudp! Bce stu uucna okasanuch coctasHbiMu. K Beuepy MawdHa 00~
HapyXuna HOBOE COBEPLIEHHOE YHC/IO

13-e: n=>521, 2°*°(2°*' —1) (314 uudp),
a K nomyHouw, rposepuB elte 13 yncesn, Mammya Hama clenyOIEe YACIO
14-e: =607, 2°°°(2°°" — 1) (366 undp);

B IECATHYHOH CHCTeMe npoctoe uucno 2°°7—1 umeer 183 umdpsi.

B cBoBonroe Bpemsi OT CBOMX OOLIUHLIX GoJee Cepbe3HbiX pesl Ma-
IHHA OPOXO/KANA TMOWCKY GONbINMX NPOCTHX udcen euma 2°— 1. B
uiote 1952 r. 6bina nokasana mpoctota umcen 2'*° — 1, a B okTsiOpe —
npoctota uucen 2*2°*—1 u 2°**' — 1. Takum o6pazom, GuI0 OGHApy-
WEHO elle TPH COBEPLIEHHBIX 4YHc/a:

15-e: n=1279, 22" —1) (770 uudp),
16-e: n==2203, 2°2°0(22°_1) (1327 uudyp),
17-e: n=2281, 2°%%°(2**®' —1) (1373 uugpm).

Hakoneu, B centabpe 1957 r. mpenckuit matematnk I'. Pusens
(H. Riesel) npn nomoww snextponnofi maumnn BESK (CTokronmm) ycra-
HOBHJ npocToTy uncna 2°*'7—1 (em. [2]), coctostero s 969 uugp, n
NOJIY M HOBOE COBEPIIEHHOE 4YHCIIO,

18-e: n=23217, 2°*'%(2°'7 —1) (okono 2000 uugp).

OHo siBasieTcs HOKa HanGONBLIMM VM3BECTHBIM COBEPLICHHBIM YHCJIOM,
yucno 2°%'7 — 1 HaumbOABLMM H3BECTHLIM [POCTHIM YHCJIOM.

JlutepaTtypa

I.H. S. Uhler, A Brief History of the Investigations on Mersenne Numbers
and the Latest Immense Primes, Scripta Math. 18, Ne 2 (1952), crp. 122—131,

2. J. Anderson, Le plus grand nombre premier, Mathesis. 66, Ne 7—9 (1957),
ctp. 316.

3. 2 Tpocr, [Mpocthie uncaa, M., 1959.

4°V. B. Aproaba, Teopus uucen, M., 1959,

H. A fdenman

11*.
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13 C80UX KApm 1 NLUMQIOMCS NPUAOKCUMb €€ K KOHLY HALamoil nocae-
dosamensnocmu, FEcan esi6pannas Kapma y006.2CmMeopsaem npasuaar,
«BOOAULUILY 2080pUM  <NPABUABMOY, L OCMAB.AACM KAPIMY' 8 NPOMILSHOM
cayuae «800RULLILY 2060pIM CHENPABUABHOY, Il UZPOK OMKAQObIEAEM KApmy
6 CMOPOHY.

Tocae moz0 kar nepeGpanvt ece 52 Kapmsl, HAUUHACMCA 6MOPAS
noaosuHa uzpot. Flzpoxkn noayuarom omaoxcenHsie uiit Kapmot, it uzpa
IMUMIL KAPIMAMIL npod0 AK#CACMESL RO NPENHCHEMY NpPABUAY € EOUHCINEEH-
HOLAM OMAUMIEM, YO HEyOauHO 6ulAOJNCEHHAS Kapma Mmenepb He OmKAQ-
Ovieaeincst 6 CIOPOHY, @ 6036pAULACICS UW2POKY OASL OQAbHELULILX NONb-
mox. Typ uepet 3akanuunsaemcsi, Ko20a y OOHOZ0 113 UZPOKOS He OCmMa-
Hemcs Kapm WAL K020 <«600suiliily 003seum, 4wmo npasnAo Uzpsl He
no3eo.asiem 0anee HiL OOHOMY U3 U2POKO8 6bLAOKCUMD HIL OOHOIL Kapmsl.
Buiuzpaswemy U2poKy (moOity, y KOMOPO20 6 KOHLE mypa OCmanocy
MEHbULE KApm) 3ACHUMBLEAEMIA HUCAO OYKOB,. PABHOE PASHOCIIL MEXHCOy
YUCAOM  KApm nPOMUSHUKQ L YNUCAOM €20 COOCMBEHHbX Kapm. ecau
8bLIZpABULIITL BLLAOKCUA 6CE Kapmbl, emy O000a6Asemcs npesMus 6 uecmnp
04KOB.

Scno, wno uzpok, nepevy paszzadaswur npasuao, noayiaem G6oav-
1moe npelMywecmso nepeo ceous npomusHUrKoM. B cayuce waauuus
COMHUMEAbHOLL 2LNOMe3bl UZPOK MO%XCem 0eaamv CO3HAMEAbHBIL 3SKCie-
platenm, sullupas kapmy mar, 4moobul omeem «680051UL20» NOOMBEPOU
uan onposepz €20 zunomesy. CyuieCmeeHHblAL MONCem OKA3AMCA 0agice
yacmuuHo€e 3Hanue npasuna. Tax, ecan 3a0aH0 ynomsnymoe swuie npa-
suno 4°, mo UzPOK, nepsvlat noosmemusuinii wepecosanue macmeii, 6yoem
ownbamyves, HO 6 CPEOHEM 8060€ pexce, ueMm €20 npomusrux. <Bodawearyy
3aculMbl8AEMCs 8 KAUecmee €20 gulzpvliud a0COIOMHOE 3HAYEHIE pa3-
Hocm MexcOy HUCAOM OMAOJNCCHHBLX Kapm 08yx U2ZPOKO8 npll OKOHYAHIIL
nepeoit noaosuHst uzpvi. Taxusm 00pa3oat, «8o0sauwinily 3auHMEpPecosan
& moa, wmobvl npaguao Gul.l10 Obicinp0 pa3za0anHo POSHO OOHILM UZpOKOAL,
m. €. OH 00A%CEH 8ulBpamb Npasiic HE CALUKOM NPOCMBIM U HE Cau-
KOM CAOKHCHUIM 1O OMHOULCHILIO K YMEHII0 [2POKOS.

Ynmameav, noneumasuiiics uzpams 8 Jaeysuc, 6yoem ckopee 6cezo
nopazcen CIMAHOAPMHOCIPIO C80€20 MBUUAEHUSA, He NhO380AsIOUEll ey
BULOBILHYMY HUKAKILX Npasoono00GHELX 2UNOMe3 0 nocAec0samenvHocmu
xapm, y008Aemeopsoweit HA CaMOM O€Ae OYeHb RPOCINOALY NpPABUAY.
Takosa, Hanpusep, caredyvouan nocaedosameavnocms: 9 nuk, 10 uepeeii,
12 mpe. 10 oyben, 5 mpedp, 12 uepseii, 7 mped, 8 nux, 10 mpegp. 1 6y-
6en, 11 uepeeit, 3 nux, 6 nux, 11 mped, 2 uepeeit, 7 6yben, 5 nus, 13 uep-
eeii, 9 uepseit, 4 nuk, 3 mped, 7 nux, 1 nuk, 7 uepseii, 13 nux. (Omsem
6ydem Oan 8 caedywouenrt setnycre.) [losmomy 0aa Hauunaowux uzporos
HAO0 6ublUpams OuEHb npocmvie npasiuad.

P. JI. doopywun




V. 3AJAYHN

Non pepaxkuueii 1. M. flrnoma

3AIAUN Y
1. 3anauu mo sJaeMeHTapHOil MaTeMaTHKe

A. Banauv cpenHeil Tpyanoctu

48. Jlerko Buneth, YTO uHcna
269 —26% 4 1==38, 269 _9Ch _ 1 —11 » 209 _9eh 1 1 13

1 ]
SIBASIOTCH TIPOCTHIMA; TaKwe H uucio 207 —23Y | —1 pe moweT GuiTh
PAa3NOXEHO Ha MHOWMTENW. A He SIBAAIOTCH JM YHC/A

o™ __gen™h 4 4

MPOCTHIMU H NPH BCEX 72 > 27
B. H. Jlesun (Mockga)

49. Jlokazath, uTO 0pu ;a1060M 71 uucao 111...11 —22...2 spisietcs
‘,—I
IONTHBIM  KBaJIPAaTOM. 2n enuHuL n nBOEK

B. B. Hurkumun (TamGos)

50. Vmeetcs nmsa naGopa umcen a, @y, -y @, M b, b, .., b;
nycts A w B— nanGonpmas M Haumenbinasg w3 cym™m a, -+ b, a,-}-b,,...
-y @,—b,. TlepectaBum Tenepb nepehbie 72 yucen B MOPSMKE a; =a; =

==...2=q; WV BTOPHE 71 uuces] B HOPHIKE bj. <bj <...<<b;, v nycrp
2

A v B—wnanGonbwas ¥ nanMeHbuwas 3 cymm a; b, a4 +8;, =
ceny a,-,,+b,-,,. Jokawute, yto
A=A=B=B.
51. Kakoe. nanGonbiuiee 49uc/i0 MOAMHOWKECTB MOXHO BLIZEIUTH K3

MHOXECTBA M3 77 3JEMEHTOB TaK, YTOOH HW ONHO M3 BBEIIENEHHBIX MO~
MHOWECTB HE BXOAWJIO LEJHKOM B Apyroe?

') Bce Henommucanuble 3agayd B 3TOM BhIMycKe «MaTeMaTHYeCKOro mpocse-
WEHKAY 3aUMCTBOBalibl M3 CTYReHYeCKOro HayuyHOrO XypHana, BHUIYLIEHHOIO B
1958 r. HCO mex.-mar. ¢-ta JleHunrpagckoro yHusepcsyera.
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Po—

52. Jlokasate, uto ecmn xf-t-axt~'4.. 1 a, _ %, 4a,=0, To

P R B A L P L RN Py

53. Jloka3aTts, u4TO ecaM (HaRecenHasi Ha rnofyce) Kapra Takosa,
UTO MOWHO, ABMrasich MO IPAHAUAM KapTel, OGOHTH Bce BepLIMHBL (TOUKH,
B KOTOPHIX cXOHfiTcsl TPU MAHM GoJblie CTPaH), WCXOAS M3 KakOH-1Hoo
ONHOH, ¥ BEPHYTHCH B MCXOAHYIO BEPHIMHY, HE [OGHIBAB HH B OJHOM po-
MEXYTOUHOH BEPIUMHE ABAXIL, TO BCE CTPaHbl HA KAPTE MOWKIO 3aKPACHTD
HeTHIPHMSL PA3NUYHBIMA KPACKAMH TaK, UTOOH HHKAKHE JIBE CTPAHBI, MUMEIO-
e o0uyio Tparuily, He ORI 3aKpalleHbl ONMHAKOBO.

54. MispecTHO, 4TO BCe OTpPe3Ku, COEMMHSIOLIME BEPUINHEL BLINYKIIOTO
TSTHYFOJNIEHAKA C  CepeAvHAMH TIPOTUBONOJIOWHBIX CTOPOH, fCPEeceKalnTes
8 OJIHOH TOUKE; YTO TPM M3 HUX MEPUEHANKYJAPHBI MPOTHBONONOWKHBIM
CTOPOHAM; HTO IBITUYTONBHUK MMeeT OCh cuMMetpud. Crenyer sm orciona,
4YTO 3TOT NATUYTONLHUK TPABHIbHLIH?

B. B. Huxumun (ToMmck)

55. SIcHO, 4TO MOMGHT WHEpUMM MaTepHanbHOH OKPY¥HOCTH OTHOCH-
TeJIBHO OCH, Jewalied B IUIOCKOCTH OKPYXHOCTH M HPOXOAsLleH uepes
€€ UeHTP, HE 3aBUCHT OT Hanpamnennss ocd. [lokawwrte, 4TO Tem we
CBOICTBOM OGJajaeT CHCTEMa MaTepHaZbHbIX TOYEK pPaBHOM MaccHi, pac-
TOJIOWEHHLIX B BEPLIMHAX (BIMCAHHOTO B OKPYWHOCTB) HPABHIBHOIO MHO-
TOYTO/IbHUKA.

JI. H. Beckun (Mocksa)

B. Bagaun nosbmeHHOK TPyAHOCTH

30. Pacctosinme wmewny nsyms [euinyknsimu’)] ¢urypamn @ u Y
MOYXHO OnpenesuTb PasHbIMH criocobamu *):

a) Jluneiinom pacemoswuer ot O no Y naswmBaetcs paccTosinve 1o
P or camolh nanexkoii or P Toukw D; paccTosHueM Ke OT TOUKH
A po W naswmBaetcs pacctosuve oT A a0 caMoll Oanu3kKol kK A
Touku ¥ (puc. @). Mnorma nom /mHeRHBIM paccTosiHmeM mewny @ u P
TIOHUMAETCA Takke HaubGonbliee M3 amnednbix pacctosiinit or @ no U u
ot ¥ 1o § (3Th paccTosIMUS He OBABATENBHO PABHL).

6) Paccmosnuen no nepumempy wmewny ® w U nasmisaetcs paa-
HOCTh NEPUMETPOB OOhemuHenuss u nepeceuenuss ¢uryp P u ¥ (puc. 6).

') durypa HaspiBaeTCH 8bLIYKAOI, €CAM HEPE3 KAMAYIO rPaHUYHYI0 TOYKY G-
TYpPBl MOMHO MPOBECTH He MEpeceKalolylo Gurypy mnpamyio.

%) Cm., nanpuMep, Jl. Peftew T o7, Pacnonomwenus Ha IIOCKOCTH, Ha cepe
# B npocTpancise, M., 1958, crp. 58, 61.
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B) Paccmosnnuen no naowadn mexwcoy © u W naznsaercs PAa3HOCTD
wiowaned o6venunenus u nepeceuenns ¢ u Y (puc. s).

s Bcex n-yronbHMKOB HaHTH TOT, KOTOpHi GyneT Grnme BCEro K
3a/1aHHOMY CJMHHYHOMY Kpyry K (IpUueM paccTOSIHME MEWKIY MHOro-
yronbuukoM M u kpyroM K MoxeT
[IOHUMATBCH B KaX(IOM M3 TEpeunc-
JICHHBIX BHILIE TPEX CMBICJIOB).

E. H. Daiinbepe (Mocksa)

31. B Tpu cocynma, BMecTHMO-
CTBIO 77 NUTPOB KAXIbIH, HAUTO m
JIUTPOB XHJIKOCTH TaK, YTO B K-
JIOM COCyl€ HMeeTcs IeNoe YUcio
JIMTPOR, JloKa3aTh, 4TO 1OCnemoBa-
TEJbHBIM TE€PEeHBaHUEM KHUIKOCTH,
IIpH KOTOPOM KaXIbiki pas B OnuH -
M3 COCYJIOB JOJMBAETCA M3 JPYroro
€OCyza TAKOE e KOJHYECTBO KuJi- L5
KOCTH, Kakoe B FMEpBOM COCyle
ObJI0  paHblle, MOXHO OHNOPOHUTD
OIIMH COCYII.

A, H. Ulupwos (Mocksa)

32. Ha npsmo#t / panm naThb 6/
Touek A, B, A, B,, O rakue,uto
OA-OB=0A,-OB,. Yepes nau-
HYI0 TOYKy M mNpoBeCTH MpaMylo,
NapajslenbHylo [, ¢ noMOLLBI0 ONLHOM
JIUHEHKH.

3. A. Croney (SIpocnapns)

33. Mycrs A, B, C— yrau mnpo-
M3BOJIBLHOrO Tpeyronbhuka 71 a, b,
¢ — NPOTHUBONICHALME UM CTOPOHKL; Jr,,, fiy, i, — COOTBETCTByIOIME BHCOTHL
d, d,, d,—paccTositust oT OPTOUEHTpPa (TOYKH HEPECEYEHUS BLICOT) TPEYrofb-
HHKA JI0 ero BepimH; D — nuaMeTp onucanHo# OKpYKHOCTH. Hoxazats, yTO:

a) ecm aag Kawmoro OCTPOYTONBHOTO TpeyronbHuka 7 uMeeT MEeCTO
pasenctso f(a, b, ¢, Dy==0, 10 u f(a, d, d,, Dy=fd, b, d,, D)=
=f(d,, d,, ¢, D)=0. da2bc?

2 __
[Tak, wanpumep, u3 cootHouienus D (I oy ooy
4a2d. dj,

@ity —2@rardy "

cnenyer, uro D?—
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0) eciM 1M KaXIOTO OCTPOYrOJbHOIO TPEYroNbHHKA 7 HMeeT MecTo
pasenctso f(e, b, ¢, h,, D, A, B, C}=0, 10 1

kA kA
fla, d, d,, h,—d,, D, 1—A, Z—C, 5—B)=0.

[Tax, wanmpumep, w3 ¢opmyns a=—b cos C-}ccos B cnenyer, uto
a=d sin B}-d,sin C.]

CylecTBeHHO /M B yC/IOBHsiX 3amau a) ¥ 0) MpennoioxeHHe O TOM,
4YTO TPEYrONBHUK SBAHETCH OCTPOYTONbHBIM?

A. M. Pyb6uros (Jlenunrpan)

34. llycts P — nofMHOMECTBO MHOXECTBA I1€AHX HEOTPHUATENbHBIX
yucesn Takoe, 4rto M3 a € P u b€ P cnenyer a-} b€ P. lokasars, uTo
ecin Bee uucna P He umelor obuwiero penutens d >1, 10 P comepwur
BCe HAaTypa/bHble YHUC/A, HAYHHASE C HEKOTOPOro.

10. JI. Limyapan (XKuromup)

B. TMpo6nemn
13. Paccvotpum cneayioutyio (yHKUHIO Xx:

f(x)-——sin (nx—(pn)_l—sm [(n+1)x~‘?n+1]+' b
ceotdsnf(n-FR)yx—q,, ]

-HanGonpiuee 3nauenne, KOTOpOe MOXET MPHHUMATH aGCOMOTHAS BENHUMHA
|f(x)| o7oit dpynkuum [oGosnaumm ero uepes F (¢, Pnirr--r Ppap)l
B4BUCHT, OYEBUIHO, OT «(a3» @,, ¥, .., ---, ¢, . Kak BumbpaTh Takyio
cucTeMy «Gas» @, , @ . 1, «eey @, 5, YTOOH BENMUYHHA F (@ ©nprr oony (|
JOCTUrana HAUMEHBILErO BO3MOXHOIO 3HAYEHMS?

Peuienne sTof 3amauM MOWET MPEACTABNNTH MHTEPEC JUIS MHKEHep-
HOH HpPaKTHKH.

A. H. Lyrky6aur (Mocksa)

14. HeTpynHo coctaBuTh HaGoOp COMPOTHBAECHHH TaKoH, yTOGH, CO-
eliuHsis 3TU COMPOTHBICHHA HGCIENOBATENBHO W HAPAMIENbHO Pa3NHYHbLIM
06pa3oM, MOXHO Ob10 MomyunTh (¢ TOYHOCTBIO L0 1 0.4) nmoboe comnpo-
TUBNeHHe 10 M om BKIOUNTENbHO. TpeByeTcst OLeHUTh HAUMEHBILEE YHCIIO0
CONPOTHBIEHUH, KOTOPOE MOXWET BK/II0YaTh Tako# Habop.

15. MaBecTHO, 4TO BCe XOpAH, AENSIHE MONONAM IUIOW@AL AAHHOM
nnockoit ¢uryps 9 (orpanuuennoii npoctoit 3aMKHYTOH KpHBO#), uUMeloT
AuHy, He mnpeBocxomsuyio 1. Ouenuts cBepxy mnowanb @; ykazarte
¢Qurypu HauGonbuiefi niouany, yIOBNETBOPSIOLIME YCIOBMIO 3aAa4H.
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2. 3apauym no Bbicllell MaTeMaTHKe

A. Banauun cpenHedi TpynsuocTu
36. IlpusecTu Kk HopManbHOii dopme maTpuny (72— 1)-ro nopsinka

On O 0 ... 0 0o
10n—1 0 0 00
02 0 n—2 0 0o
00 O O ... 0 20
00 O 0O ...n—101
00 O 0O ... 0 noO

37. Haiitu HeoOXomumble ¥ HOCTATOYHBIE YCIOBUS  CYyU1eCTBOBAHNS
HETPHBHANEHBIX BEUIECTBEHHBIX PEHIEHHH CHCTEMBl YpaBHEHHIl

ax*—2bxy-+c,y* =0,

a,y*—2b,yz -} c,2* =0,
a,2* — 2b,zx + ¢ x* =0.

38. Ilycte A, _, — maTpuua, HOJyY€HHAsi U3 KBAIAPAaTHOH HEBHLIPOXIICH-
HOil MaTpuum A, 1opsiaka 7 ¢ onpegenutenem D BblYEPKUBAHHEM E-i
CTPOK# ¥ [-r0 cTon6ua; D;; — anreGpauuecKoe NONOIHEHHE S/EMEHTA a;
MaTpuib A, , d,-,———anreépanqecxoe JOIIOJIHEHHE TOTO KE 3IJEMEHTa Ma-
Tpuun A, _ .. Jlokasatb, yTo

1

.. - DijDil
gy D

ij Dkl

JI. H. Beckun (Mockea)

39. llpu kakoM ycaosuu cymma AByx Kopheif yPaBHeHUfI (Ham ronem
KOMIUIEKCHBIX uyHcen)

x*+ax® +bx*—(@* —2a — 20} 2) x* - bx* }-ax 1 =0

Oyner pasha 1?
I'. B. I'ypesuy (Mocksa)

40. Tlycte O— Touka BHYTpu (runep)cdepbl ¥ n-MEpHOrO eBKIy-
noBa TMpOCTpaHCTBa; A, A,, ..., A, — TaKkne TOuKM (runep)cdeps, uTo
npamee  OA,, OA,, ..., OA, nonapxo neprneHauKynsapiel. Halitu reo-
METPHYECKOE MECTO IEHTPOHIOB BCEBO3MOXKHBLIX CHMILIEKEOB OA\A,...A,
(rouka O dukcupoBana).

3. A. Croney (Slpocnaens)

41. Ha nByx neprnenaukynsipubix npsiMbiXx @ U b B39TH TOUKM A u B
4epe3 TOYKy A NpoBeleHb NpsMbie @, W a,, 06pasyloume ¢ a yron a,
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a yepe3 B—upsampe b, u b,, oGpasyouwme yron a ¢ mpamoii b. Jlo-
Ka3aTh, YTO

a) Yeroipe (oTauuyuele oT A ¥ B) TOuKY repeceyeHHs MPSMbIX a, @
U b, b, NPUHANNENAT ONHOH OKPYXHOCTH.

6) CemeHCTBO yKa3aHHLIX B 3afaye a) OKDPYXHOCTeH, OTBEuaOLWWX
BCCBO3MOKHEIM 3HAYEHUSIM G, NPUHALJIEKHUT OLHOMY IYuKy.

B) Qurypupyiouge B 3amaue a) 4qeThlpe TOYKH IPY H3MEHEHUH o
OIHCLIBAIOT KPUBYIO UETBEPTOrO [MIOPANKA, PACHagaloulyloci Ha OKPYX-
HOCTH M PABHOCTOPOHHION ruiepGony.

2z

Y. Acexpumos, O. Komuii (Spocnasnb)

42, a) JlokasaTb, 4YTO KaWILH rHnepOONMYEcKHH HapaGonoun HMeer
JBe M TONBKO [BE MPAMONHHENHbIe OOpa3ylolMe, TakHe, 4TO HOPMAsH
K I[I0OBEPXHOCTH BIONb 0OOpa3ylouleli camu 06pasyior .rmHeﬁanyl6 MOBEPX-
HOCTH BTOPOro MOPSAKA (fBISIOULYIOCH TakKwe runepGonuuecKuM rapaGo-
JIONNOM).

6) Peaynbrat 3ajaun a) ro3BOSSIET CBA3aTh C KAXALIM THIEPGOIH-
YeCKUM TapabonouIOM IBa HOBHIX THNepGONHYeCKHX 11apabonouaa; ¢ HUMH
B CBOIO O4€pesb MOXHO TaKMM e CHOCOOOM CBf3aTh ele uYeThpe
runep6osMiecknx napabonouna u 7. A. [IpH Kakux ycJoBMSX X0 Ou
OIMH H3 [MOJIyYEHHHX HAa STOM MNyTH runepbOIMYECKUX napaboouaoB
COBMANAET C MCXOJHHIM?

L. C. Cunmonsn (Epesan)

b. 3anauu noBHUIEeHHOH TPYAHOCTH

29. Ilycte Qyuxkumn f n g onpemenenw Ha otpeske [a, b]. Mu 6y-
IieM TOBOPHTb, 4TO (yHKiMf g BO3pacTaeT MelseHHee QyHKUMH [, ecsw
nnist mobbix X, X, TAaKMX, 4TO @ << X, =< X, << b, UMEeT MeCTO HEPABEHCTBO
g(x,)— 8 ()< S (X)) —F (%,).

Jlnsi BCSKMX 7 LBYX HENpEPHBHHX W CTPOrO BO3PACTAIOLMX Ha [a, b]
GyHKUME CYLIECTBYET OT/MYHAS OT KOHCTAHTH HeyOwuBamoluas pyHKuus g,
onpenenexnas Ha [a, b] n sospacTalolas MenneHHee, ueM f, u ueM f,?

30. Ilycth §—MHOXecTBO Takux ¢yHKuMi f(x), u4To

1°. f(x) = 0.
“+o
2°. Sf(x)a'x:].
-
3°. MHOXeCTBO MAaKCHMYMOB f(x) eCTh TOuYKa WM OTPE30K.

+w
Ins kakux w3 dynkunit @ (x) €{ «cBepTkay f(x): S fx—1b) g (t)dt

$yuxuun f ¢ dynximedt ¢ OyneT npuHamnexarthb MHOXecTBY | OmHOBpe-
MeHHO ¢ QyHkumei f?
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31. [lycts dyukums f(x) onpenenena Ha Bcefl BEUIECTBEHHOH OCH,
TPHKAW HupdepeHurpyemMa u ee BTOPAaf W TPETHH [POMU3BOLHHE HEOTPH-
uatenphnl. O6o3HaunM uepes X (a, b) cpenHee apudmeTHYECKOe BCEX KOp-
Heit ypaBHenusi f(x)—ax -+ b u onpenennm ¢ynkimo B (x, ¥) ycnosuem

X(av B(a, x)) ==X,
a ¢Qynkmmo A (x) — ycaosuem

f(x)=A(x) x-} B(A(x), x).

Iokazate, uto A(x)=Ff (x).

32. a) Ha orpeske [a, b] 3amana HecuyeTHas CUCTEMa HENpPEPHBHBIX
dbyHkuni. JlokasaTh, 4TO M3 3TOH CHCTEMBI MOWHO BHOPATh PABHOMEPHO
CXOASUYIOCS [OCNEN0BATENbHOCTD.

6) ILOKa3aTb 4YTO YTBEPXIEHHE 3alayu a) TepsieT CHUNY, ecaH OT
GyHKUNI TPE6OBATL HEe HENPEPHIBHOCTH, A JMUIb YTOOH KAKLAS W3 HUX
ABAANACH HPELEIOM CXOASIEHCS MOC/E/10BATENbHOCTH HENPEePHBHLIX (yH-
Kuuil (T. e. npusapjexana k 1-my knaccy bBapa).

B) [TocTpouts HecueTHyio cucreMy ¢ynxunii 1-ro knacca bBapa, ua
KOTOpPOH HeNb3sl BHOPAaTh NHKAKOH MOCHEN0OBATENLHOCTH, CXONsieics
B KaXJIO#H Touke,

E. M. Jlanouc (Mockga)

B. Tlpo6nemMu

12. Ha naockoctu 3amaHa (BooGiie roBOpsi, HE LEHTPANbHO CHMMET-
puuHas) Buiyknas ') kpusas A u Touka O BHyTpH Hee. Kpumas A ssas-
€TCsl KEIHHUYHOH OKPYXHOCTHIO METPHUKH MHHKOBCKOrO»; APYrHUMH CJio-
BaMH, IJIHHA OTpe3Ka AB MNnOCKOCTH NPUHUMACTCS PaBHOW OTHOUICHHIO AB
K «eIHHHYHOMY» OTpe3aky OM Toro ke Hanpasneuus, rne M — Touka
kpueoit A (orpe3xkn AR u OM napannenbHsl W OJHHAKOBO Halpas-
JieHn; TaK Kak KpuBasi | He LleHTPanbHO CHMMETPHYHA, TO JJIHHBI OTPE3-
k0B AB W BA MOryT ObTb pPa3NH4HbIMH). JlIHHY OpHEHTHPOBAHNOH KpH-
goit \ (T. e. KkpuBO# A, Ha KOTOPOH 3a4aHO ONPEIENEHHOE CHONOKHUTENb-
HOEY» HampaBJeHHe 00X0Ia) MOWHO ONPEeAesHTh OOBUYHBIM 00PA30M KaK
Tpesien IJHH BIHCAHHBIX B \ MHOrOYrOJbHHUKOB, IJIHHBI BCEX CTOPOH
KOTOPBIX HEOrPAaHMYEHHO yOBIBAIOT (WM npeses IJHH ONHCAHHBIX BOKPYr \
MHOrOYTOJIbHUKOB); 8TY IAMHY MBI 0003HauuM uepe3d 21, . CripaiumBaercs,
ISt KAaKMX KPUBWIX \ BemuuuHa T4 AOCTHraeT HauGOJbIIEr0 M HAWMEHb-
LIEr0 3HAYCHHUA?

[OrpannumBasice  cly4aeM  LEHTPa/bHO-CHMMETPHUYHBIX KPHBIX |\,
FO. T. Pewernsk HOOKasan, 4TO 3=ITa=<4; ma=—3, ecan A —rpa-
BH/IBHKH LIECTUYTONbHUK; Ta==4, ecnm A — KBanpar °).]

1) CM. cHocky ') Ha c1p. 330.
?) Cm. FO. I'. PemetHsak, Oana skcTpeMaiblias 3ajaya U3 TEOPHH  BBHTYK-
JBIX KPUBBIX, Ycrexn MateMaTHueckux Hayk 8, Ne 6, 1953, c1p. 125—126.
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HUcnpasnenusa:

PopMynupoBKa 3asaud 24 10 BLICLIeH MaTeMATHKE [OBLIICHHOM TPya-
HocTH («MarevaTuyeckoe MpocBeweHney, BhIL 5, CTp. 258) momxHa
HAYUHATBCST TAK:

«ITycte @ — npousBOIBHOE HeNMpephIBHOE B3aMMHO OXHO3HAYHOE npe-
00pa30BaHHE OKPYXHOCTH €IHHUYHOIl IJIMHMK: o' =®(a) =a-}f(2), roe
yrab (nyr#) o u o’ OnpenensioT COOTBETCTBEHHO NOJNOMEHHS HCXOIHON
¥ npeo0pa3oBAHHOR TOYEK Ha OKPYXHOCTH, a f (o) — HenpephiBHasi, epH-
onuueckas (¢ nmepuonom 1) ¢ymxuwms. Ilycte manee o — yroa, coorset-
CTBY 0L 1IPOM3BONBHO# Touke M, a,—=® (a), a,—=P (a,), a,=D (2,),...—
yrawi, coorsercteyjoume toukam M, = @ (M), M,= & (M,), M, =& (M,)
M T. A. JloKkasaTb, 4TO...»

B cratee T1. K. Paniesckoro «leomeTpust u ee aKkguomartuka» («Ma-
TeMaTHUECKOE IIPOCBEUleHHey, BN, 5, cTpaHuua 73, cTpoka 7 CBepxy)
JONyueHa MCKaxXajouias CMHICA OneyaTKa.

Hanewartano: npospaunm

JomnxHo 6biTh: npuspayHol




PEILIEHUA 3AJAY

1. 3ajaun NO 3JieMEHTApHOH MaTeMaTHKe
A. 3anauyu cpenHe#i TpynHocCTH

3. Joxa3aTb, 4TO €C/IM JIy4 OTPAWAETCH [0 ONHOMY pPa3y OT Kaw-
IOro M3 TPEX MOMAPHO MEPHEHAMKYNAPHBIX 3€epKasl, TO OH MEHSIET CHOE
HanpaBnenne Ha obpatHoe. OO6PaTHO, €CIM  MPOH3IBOJbHBIH Ny4y nocie
TPEXKPATHOTO OTPa}XEHHs OT TPEX IUIOCKHUX A
3€pPKaJl MEHseT CBOE€ HarpaBl/ieHHe Ha olpart- I
HO€, TO INIOCKOCTH STHX 3€pKaj [ONApHO Iep- SN
nenmukynsphel. [[Ipumevanne. Tlpu orpa- /! E
WEHHH OT [JOCKOro 3€pKana mnamalomuid u
OTPAWEHHLIH JIy4Yd 51€XaT B OJHOH IJIOCKOCTH
C MEepreHaUKyAspoM K IJOCKOCTH — 3epkana,
BOCCTABIEHHBIM B TOYKE MajeHusi, U 00pasylor
€ STHM [EPHEHANKYSPOM PABHEIE YT, |

[Tlepsoe peweunune. 1° Ecau nyu ¢ wa- 777777777 77
NMpaBISIOHM BEKTOPOM @ Mafaer lla 3ePKano ¢ HOp- Puc. 1.
MaJbllbiM BEKTOPOM 7, TO OTPAWEHHBLIH Jyu HMeeT
Hanpasasiowuit BekTop a@’, ofipeneiaseMblii paBenctBoM (puc. 1, Bexropbi @, n
" @’ — eAnliHYHbIE)
'—=a — 2(an)n. (1)
Ecau nyy @ mocienosatesbHO OTPawaetcss OT 3€pPKal € HOPMANbHBIMU BEK-
TOPAMH 12y, It Ty, TO HallpaBisOLiKE BEKTOPLI OTPAWEHUbIX Jyyeil onpenensiorcs
no ¢opmy.e (1.
a,—=a—2(an)n,
a,=a, —2(an)n,—a—2(an,)n, —2(an,) n,+ 4(an,)) (n,n,) n,,
a,= Q,— 2(a,n)ny,—a — 2(an,) n, — 2(an,) n, — 2 (an,) n, |-
+ 4 (an,) (n,n,) n, + 4 (an,) (n,n,) n, + 4 (an,) (nyn,) ny, —

— 8(an,) (n;n,) (no115) . 2
£cnu BekTOpH! 72, N, 71, NONAPHO NEPNEHIUKYASPHLL, TO (2) nmepexomut B
a,=—a—2(an)n,— 2(an,) n, — 2 (an,) n,. (8))

IMonowus @ =xn, 4~ yn, 4 zn;, 6yneM UMeThb:

x=an,, y=an, z=ar,
H
a,—a — 2xn, — 2yn, — 2zn,—a — 2a = —aQ. @
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2°. O6patuo: LycTb NpH MOGOM BEKTOPE @ MMEET MECTO a,— —a. 3aMeTuM,
UTO BEKTOpH 12, 71,, 1, He KOMILNAllapHbi (MNaye YCIOBHE @y = @ NapyINajioch
Obi yxe mist nyuel @, KOMMAAHAPHBIX C 1y, M, ). Tlycte @ =xn; +4~vn, -} zn,.
Torna, noactapus B TOMEECTBO @ |- a; — 0 BRIpawenue (2) 1 mpHpaBHsiB 1Ym0 KO-
Guuventol ipu 11, n,, ng, NONyUUM

2x —2(an))=0, 2y—2(an,) - 4(an,) (1) =0, (5)
2z — 2 (any) 4 (an,) (nyn) + 4 (an,) (n,n,) — 8 (an,) (n,n,) (nyny) =0.  (6)

—_ e___ 2 _ .2
TNozncTaBus crona CHOBA @=Xxn, -y, 2n, v yuuThiBag, 4TO ni—=n,—n;=1,
NOJAYyYUM H3 paBeHCTEB (5)
mn, = n,n, —nn,—( U

[pasenctBo (6) B cuay (7) NpeBpauiaetca B TomaecTso]. Hrak, sextopw n,, n,, n,
nomapio nepriey Ky s pisl.
JI. H. Becxun (Mocksa)

Bropoe pemenue, Jlokawem cHayana TPU JEeMMBbL

JleMmma 1. Fcau npamasn a OBYKPQIMHO OMPAKNCAEMCS OMm CIMOpOH Y214 @,
mo OmpascenHas npamas a, 6y0em napaninesvHa a 6 mom i MmoAbKO 6 MOM
cayuae, K020a Y204 ¢ NPAMOIL. 2
JlOKa3aTeNLCTBO BUAKO U3 puc. 2 o 8= (r — 28+ (n—2y) =T, pt+y= 5

kA
?:—2—.

PaccMatpupast puc. 2 Kak OpPTOrOHaNbLHYIO NPOEKIMI0 JIBYTPAIHOTO yIiia u
IOCNIe0BATNbHO OTPAKEHHbIX [OCKOCTEH @, @, @, B HAaOpaBleHUW, Neprely-
KY2sipHoM K peGpy Y, ONyYaeM aHajioTHYHOE yTBEPKEHHE OTHOCHTENBHO aBYy-
KPATHOTO OTPAWKEHMUs! MIIOCKOCTH OT CTOPOH ABYIpaH-
 HOTO yraa.

JlemMa 2. Tlyctb npamble @ u a,, newalilHe
B ILIOCKOCTH @, OPTOrOHAJbHO MPOEKTHPYIOTCS Ha

H
IUIOCKOCTh @’ B mpsMbie @’ u a, (puc. 3). TlposeseM
’
yepe3 Toukn M—=a X a, u M'=a’ X @, MIOCKOCTh
P, NEPICHAUKYIAPHYI0 K @ Ha', U 0603HAUUM [IpsMble
a X p 1 @’ X p COOTBETCTBEHHO uyepe3 m u m'. Toraa
’

&' u a, 6yoym e3auMnO ompasicenHsiMiL (T. €. CHM-
METPHYHLIME) HpSLMbLMIL OMHOCUMENLHO NPSMOLL
(& naocxocmir p) 6 mom u moaviko 6 mom cayuae,
Ko20@ @ I a, — 63QILMHO OMpAJCeHHble Npsiabie
OMHOCIMENbHO npAMoil m (L naocKocniut ).

Hokasateabctso. Eciu A u A, — Toukn,
Jewamue COOTBETCTBEIHO HA MPAMBIX @ U @; U OIu-
HAKOBO YJajeHHble OT IUIOCKOCTH , — MIPOEKTHPY-

’
Puc. 2. 10TCS Ha ILIOCKOCTb @’ B Touku A’ u A,, TO pasHo-
GenpenHbiil Tpeyroabhuuk AMA; npoekTupyetcs B
’ (1]
pasnoGenpennslii we Tpeyronbiuk A'M A, Ileficteutensbno, ecmu AN =A,N, 10
r ’ ’
AN =AN, (MN | p, M'N’ | p). Ecin e AN # AN, Tou AN’ AN,

JleMma 3. Ilyemy npamsie @ u @, & nAOCKoCMiy @ i o, 63AUMHO OmMpa-
yceHs. om naockocmu p. 1020a w3 mozo, umo a npuxHadaexcum a, caedyem,
umo i a; npuHadrexcum a,.

JlokasarenbcTs0 caenyet U3 omnperejeHus B3aMMHO OTPAWEHHBIX (T. €. CUM-
MEeTPHYHBIX) NPAMBIX ¥ [JIOCKOCTEH.
I o o -

>

. L . o
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loxasatenbcTBo upamol teopewmm. I[lyctn o B, Y — nomapuo
NepneHnukynsphele mnockoctd, OA—=f Xy, OB=7vXa, OC=a X B, noma-
Has aa,a,n, — NyTh Ny4a, MNOCJEJO0BATEIbHO OTPAKEHHOrO OT 5THX ILIOCKOCTEH
(puc. 4). CpoekTHpyeM 3TY JOMAHVI0O 12 ILIOCKOCTh a. Torga NMPOEKIMH TPAMBIX

Puc. 3.

a ¥ a; GynyT npogomxeHneM Onila APYTOi, NPOEKIKH MpPsMBIX a, u a, 6yayr (no
JeMMe 2) B3auMHO OTpaweHHbIMH 07 OC M npoekuuu npsaMbIX @, ¥ a, (1o Toi
He NeMMe) — B3auMHO oTpameHHbiMM oT OB. [To3ToMy B cuiy JneMMbl | 1poeK-
Uus a GyneT napanje/bHa NPOEKIMH (5. 3aMEHHB B 3TOM PACCYKACHUH IOCKOCTD @

Puc. 4.

TNOCKOCTBIO Y, MONYYHM, YTO MNPOEKUMM NPSAMBIX @ W @y Ha MIOCKOCTb Y TAKKE
GyayT napannesbsbi. [TostoMy a, || a.

IloxasatenbcTso o6patnofi teopemm. Ilycth [pH 10ci1enosa-
TebHOM OTpaweHHH OT TpeX ILIOCKOCTeH a, B, Y majaouwmi U oTpaweRHRI ayun a
M @, Bceraa mapamnesbHul (puc. 4); TpebyeTcss foKasath, YTO @, § W y MONAPHO
TepleHankysipHel. [TpoBeneM d4epe3 @ M @, WIOCKOCTb p M OTPaskM ee mocie-
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IOBATENbIIO OT IIOCKOCTEH B M y, MOTyYHM IIOCKOCTH B, ¥ 1y B cHny nemmbr 3
Py COAEGPWHUT @,, 1, COACPIUT @5 3aMEHHB JIYY @ UHBIM JYuOoM @', TaKKe Jewxa-
’

UMM B IUIOCKOCTH p, MBl [OAYYHM OTPAWEHHLIH OT a ayy a,, nexawuii B 70il Ke
ILIOCKOCTH g, 3aTeM OTpawenubiii or § ayu a; — B IUIOCKOCTH {1, W OTPAKEHHbIH
OT Y JyY @, —B mockocTu p,. Caelosatenbo, IIOCKOCTH & H {1y, COACPIKA-
lipe COOTBETCTBENNO Mapalieibhble NPAMbIE @, @' W @, @, NapaeibHbl MeXLy
coboii. Ha ocHOBaHMM jeMMbl i 3aK1i04aeM, uto yrom Memay f u y npsMOH.

AHaloruyilo fokasbisaeM, uto @ | fna | 1.
A. B. Jlyaanoe (Opexoso-3yeso)

11. Kaxue npasuiibibie MHOrOyroibHHKM MOXKHO HAauepTHTh Ha Gymare
B KAETKY TaK, 4TOOB BCE BEPIIMHLI MHOTOYrONBHUKOB JI€Xanu B y3nax
CeTKH KBaJIpaTOB?

lNepsoe pemwenne (reomerpudeckoe). 1°. Ecam otpesok, coeauusionmi
ABa y31a CETKH KBajipaToB, CIABHHYTb MapajjenbHO TaK, YTOOB OIMH ero KoHerl
CHOBa COBMAN C Yy3/10M, TO W Apyroii
KOHEll [ePEeHeCEHHOro OTpe3ka COBIa-
Aaetr ¢ ysnom cerkd. Bocnonb3yemcs
STUM AJISl AOKA3aTENbCTBA TOTO, YTO ApIL
n> 6 npasunvHbll n-ye0 MbHIK HE MO-
acem Oty Hauepuen ¢ cOOA00eHeM
veaosuii 3adaqu.

HonyctuM 1ipotuBHOE, M OYCTh
AA,...A, — upaBuIbHbi  n-yTOJBHUK
C BEPIUIMHAMU B y3/lax CeTKU KBaapaToB

Puc. 5. (puc. 5). Y13 npoussoabiioro yana O ceTkn
or1oxuM oipesxn OB,, OB,, ..., OB,,
paBible, NapannenbHele W OfHHAKOBO

Harnpasneibie ¢ orpesxkaMmu A4, A,A,, ..., A,A,. Hetpyauo y6enntues, uto
B,B,...B, — CHOBA NDaBUILHBI N-YIOABHUK, YAOBJAETBOPSIOMMNK yCAOBHAM 3aJayH.

[Ipu 370M KOsdPuiMENT noaobust k— 122 — 92 gin %OBZ = 2 sin % , OTKyn1a

-

cnenyet, 4to k<1, ecan n> 6. Hponm;{ anAIOrHYHOE MOCTPOCHHE MO OTHOIIE-
HUIO K 7-YyTOabHUKY 8,8,...8, u T. a, Mbl NOAYYHM [OCAEAOBATEABIOCTD yAoBJe-
TBOPAIOLIUX YCIOBUIO 3a1aull MPABKABHBIX 71-YTONBIHKOB,
CTOPOHBL KOTOPHIX HEeOTpPaHHYEHHO YO6HLBAIT,
4TO, PA3YMEETCs, NEBO3MOKHO (OTPE3OK, COCAMHSIOLME
1Ba y37a CETKH, lle MOXeT ObITh Melblie CTOPORbI KBaj-
paTta Cetku).

2°. Aua10rHulo MOXIO YOeTLCS B OMmCymemei
v006.1emBOPAIOUE20 YCAOBUIO 3AIAUL NAMILY20 AbHIKQ:
AN 3TOrO AOCTATOUHO 3AMETHTb, YTO ecaH Obl TAKOH
natuyronsiux A,A,A, A A, cyluectsobai, TO YCIOBHIO
3ajayn  yAOBIETBOPsiA Obl M (MeNbLIHK!) [NPaBUIbIbIEH
astHyroavhuk  8,8,8.8,8,, moopamenunii ua puc. 6
By ecTb y3en ceTkM Kpaipatos, u60 otpeskn A,A4, u .
A,B, paBHH, napaniejsbHN W OJHIAKOBO HANpaB.ieHkl, Puc. 6.
nockoibky  AA B, A, — napaaneaorpamm: A4, || 4B,
u A, A || A;B,; HETPYAHO MOICYUMTATH, YTO B STOM cayuyae KOIpPHUMENT 10106HS
h— 8,82: A482=3 — V5 <1
AA, T A4, 2 :
3° To, uT0 Ha cemue K6AOPAMOB HEAb3S PACNONONCUMb NPASILALHUIEL mpe-
YeOavrux max, wmobbi 8eplLiHbl €20 COBNAALL ¢ Y3AAMIL COMKIL, XOPOLIO U3BECTHO
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(cm., nanpumep, 1. O. Wl kaspckuii, H. H. Yennos, U. M. irao M, M36pan-
1Ible 3aa4Y8 W TEOPEeMbl 3JEeMEHTapHOH MaTeMaTHKH, Y. 2, M., 1952, peuienne
sanaun 37 a). OTclona BhITeKaeT, YTO U npu n1—==6 nocmpoenite  y006.1emeopsio-
uiez0 YCA06UID 3a0aull N-y20 ABHIKA HEB03MONCHO,

Wrak, sadaua usmeem peuwenus auwe npu n—4 (npmuuem CTOPOHBI KBanpata
MOTYT W 1€ COBHa.[aThb C JKHUAMH CETKH; CM. puC. 7).

Bropoe pewenue (ananmntuueckoe). H3sectHo, uto ecan Y204 ¢ cousate~

T T T
PUNM € T 1 OomalueH Oom 1 5 u —4——1—117 (20e n yenoe), 10 tg 9 uppayuonaren

{cm., wnanpnmep, JI. O. Wkaspckuii, H. H. Yennos, M. M. SAiraowm,
M36p. 3anaun u TeopeMpl snementapHON MareMatuky, 4. 1, M., 1959, 3anaua 2396).

(1 — 2)
n
HHK yIOBAETBOPAIET YCIOBHIO 3aja4qu, T0 tg¢, He MOKeT ObiTb HPPALHOHAIBLHBIM:

BuyTpemuuii yron npasuibHOro n-yropinka Py = - Ecnu takofl n-yroan-

= FN A
i —J—
- ” -—
! Puc. 7. Pruc. 8.

B CaMOM pqene, €CIH ¢ — YroJa Memay ABYMsl TIPOU3BOJbHLIMHA OTpe3KaMs, coe-

OUISIOLMMH  y3/1bl CeTKH, TO (puc. 8) tga :—’:— , g = % utgo—=—tg(afp=
_ tga-l-tgp m(n—2)

=T —igatgf paunoHanbubl. TakHM o6pa3om, - MOWET DaBISATHLCH JIHIID
% Win 37“, OTKYyAa n—4 uwix n—=—=_.

3aMe:umM Tenepp, YTO Y PaBHOGENPENHOTO TPEYFOJbHHKA, O6Pa3OBaHIIOrO
ABYMAi COCENIHMMU CTOPOHAMH HDABUABHONO  1-YTONBHHKA, Y/OBIETBOPSIOLIErQ
YCIOBHIO 32j1a4H, U COCIMHSIOUIEH KX KONLbI IMAroHa’blo, KBaLPaThl BCeX CTOPOH
ueiibie (OHH ABASIOTCS FHIOTEHY3aMH TIPIMOYTOJbIBIX TPEYTOAbHHKOB C [ENOYHC-
ACHHBLIMH KATETAMM, 31CCh 32 eMHMILY MBI NPHHHMaeM CTOPOMY KBajpata CeTKH).
Or1cona no TeopeMe KOCHIYCOB HMeeM

2__ 5.2
V=04 a*—2a%cos g, um cos:pnzl%,

rne b* u a® — ueaple yucna; Takum 06pa3oM, COS ¢, Doancen Gbimp POYUOHAEH.
Ho 3nauenue =28 1le ynosieTBopsieT STOMY YCAOBUIO, TaKuM o6padoM, n—4
A6AEMCS eOUHCMBEHHDLAL B03MONCHULM SHAUEHIIEM I,

B. JI. Pa6unosuu (Terponasnopck-Kasaxcrauckui)
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Jdonoanuuteabun#l cun COK IHI, IPACJAaBIIHX pelleHNs 3aj1ays

3anaua 1 — V. Acerpumos (SIpocnasnb) — reoMetpHueckoe pelueHue.

3agaua 8 — 3. I. Kupesayruii (Bunbiioc).

3anava 12 — E. H. Jlambuna (Muuck), 8. B. Masunun (Jlennurpag).

3apaua 14 — C. B. Ab6anaumos (Ypanock), E. H. Jumbuna (Muuck), B. B. Maan-
nun  (Jlennnrpan), 3. A. Yawmypus (Tomancw), C. Ulywbaes
(Tauikenr).

3anava 15 — C. Bb. A6asausos (Ypanock), E. H. Jlambuna (Mmick), B. B. Maau-
nun (Jlennnipan), 3. A. Yanumypus (T6numcu).

3anaua 16 — fO. M. Kysvaun (Mocksa), E."H. Jambuna (Muuck), I1. C. Mapzo-
aume (Sipocnasan), C. [lywbaes (Tamkent).

3anaya 17 — H. B. Apuwasa (Xapbkosckas 061.), E H. Jambuna (Munck),
B. B. Maauuun (Jlenuurpan), 3. A. Yaumypus (T6unncu).

3anava 18 — I1. C. Mapzoaume (Sipocnasnn), H. Masomuna (Yura).

b. 3anaun noBumeHHON TPyAHOCTH

1. Hailtn n tpeyronpuukos uamMeHbuiel BO3MOWHOH ofuiefi IL10YA A,
KOTOpBIMH MOXHO TOJHOCTBIO NOKPBITH OKPYKHOCTb paauyca 1.

Peienne sagayu 10cTaBiasieTcss CHCTEMOH PaBHBIX PaBHOGEIPEHHBIX TPEYIOJb-
HHKOB, OCHOBaHHSl KOTOPBIX MEPECEKaloT OrpaHHyeHHBIH OKPYWHOCTBIO KpPYyI 1o
CTOPOHAM 1IPaBHIBHOIrO BIIMCAHHOIO 77-yIOJIbHHKA, 2 GOKOBBIE CTOPOHBI KacaloTCs
OKDYHOCTH B CBOMX cepemunax (cp. JI. @eifiem Tor, Pacnonomem,ﬂ Ha I10C-
KoCTd, Ha cdepe W B mpocTpanctse, M., 1958, c1p. 81 u npumeuanue [43]).

3. OunTtuueckudi npubop, Ha3bBaeMbIH mpuneapnpusMoii, COCTOUT U3
TPEX NAOCKHX 3¢pKan, oO0pa3ylowmx npsmoii Tpexrpanuwil yroa. 3tor
HabGop 3epKaJ oTpaxaeT KawaplH namaoutudi Ha Hero Jyd CBeTa B Ha-
NpaBACHKH, CTPOrO NPOTHBONOJOKHOM NEPBOHAYUANBHOMY, YTO NO3BOISECT,
HanpuMep, 3aMeHHTb B HEKOTOPHIX CyyasX OCBETHTENbHYIO CHCTEMY
Masika TpHNenbupu3Moii (KOTOPYI B 3TOM cnydae TpeGyeTcsl OTHICKATD
NPOXEKTOPOM ¢ cynHa). HaiiTn Ble Bo3mOWHBIE CHCTEMBI NTOCKHX 3epKan,
OTPAKAIOIUME  KawIb najgaloumi nyd B CTPOrO  NpOTHBOIOIOKHOM
HANPaBJICHUH.

[TonoGuble cucTeMbl 3epkan 6bliM B 1953 r. mepeuncaenn M. B. Kenne powM
(CLUA); mmxe M3naralo1cst €ro paccymueHus.

1°. YcnoBHMcs MpemIEe BCEro Kawiblil ayu I zamensitb Takod toukoit L
enuuuuHoOl cdepnl ¥ ¢ ueHTpoM O, 4TO HanpaBieHHe Jy4a 3anaetcs BEKTOPOM
LO. InockoMy 3epkany m 6yneT oTBeyathb 6oAbLIOH KPYT p ChEpH, ILIOCKOCTE
KOTOPOTO MapajneibHa T, Ay4YaM [, NajalnMM Ha 3epkalo ¢ OTpaXatloue i
CTOPOHDI, OTBEYAIOT TOYKH L, 3a0AMSIIUINE OIHY M3 OrPaHHUYEHIDBIX p nony cep,
KOTOPYI0 6yneM Ha3blBaTh «OTMeyeHnoii». Ecau nyu [ orpamaercss oT 3epkaia m,
TO OTpakeHHOMY ay4y I, oTBeyaer Touka L, cdepb, cHMMETpHuHas Touke L
OTHOCHTEJBHO GO0JIbIIOrO Kpyra p.

2°. TlycTh ™ M p — 1BA IJOCKHX 3epKana Hamell CHcTeMbl 3epKasi, KOTOpbIM
O1BeYaloT Goublilve KPYrM p u r cdephbl; yepes D 00603HAYMM  IBYYTOIBHEKY,
06pa3oBaHIlblil NEPeceyEHHEM «OTMEYEHHBIXY ToNycdep, OTBEYAIOMMX 3€PKanaM
H p (puc. 9). Ilycth otpawenuplii ot © ay4 I, nagaer na p ¢ orpawaromeii CTOPOHHI;
npu 510M, BbiOpaB ! Tak, 4TOGB TOYKa ero maleHHs Ha 7 ObLia AOCTATOYHO
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6.u3ka K NUHHM § TlepeceyeHust T W p, MBI MOXeM JOGHTLCSH, YTOGHI any4 I, ne 6pin
3ajepianl 0 NafieHHsl Ha p HHUKAaKHM JPYrHM 3epKaioM HameH cuctemb. FEcau
OTpaWeHHblil OT ¢ nyu [, NanaeT Ha = ¢ oTpaxawuled CTOPOHDI, TO MBI TaKwe
Mo}eM ROOHTbCS, YTOGbl OH Opll OTpaKeH HMMEHHO STHM 3epKajJOM (3aMeTHM, YTO
€CiIH TOUKa Majenns [ Ha © oyelb Gauska K §, TO M TOYKA NajeHust [, na p Oyner
Gnuska k §). TakuM oOpasoM, MbI MOMeM HalTH Jyd JIauHOro Hampasiaenusi LO
(rne L — npoussonbHas TOUKa ABYyrosbHuka D), KOTOPHI 6yneT moc.er0BaTeNbHO
OTpaatbest OT 3epkal T M p, NOKa He OKAMETCS MalaloiMM Ha STH 3epKaia

/ Puc. 9.

€ 11e0TPAKAILEH CTOPOHBI, T. €. NOKa OTBEYAOMlas focnefHeMy Jay4y I, Touka
L, (nonyuenHas w3 ToukM L n-KpatHbM OTpaXeHHEM OT p U r), He 1OmNaneT
B CHMMeTpuunbiit D 1By yroabuuk D¥*,

3aMeTHM Temepb, YTO ecaW TOYKa L TIPHHARNEIKHT ABYYrozbliuky D, To Touka
L,, oTBevaiomlasi OTPAKEHHOMY OT T ayuy I, NPHHILIERMT [IBYYroabHHKY D,
ony4eHuoMy u3 D OTPaKEHHEM OT CTOPOHBI p IBYYIOMbHHKA, TOuKa L, otse-
Hawmasn nyyy l,, moayueHnomy M3 I, oTpaxeHHeM OT P, NPHHAINEKMT JABYYro.b-
Huky D, cuMmerpuytomy D, 0THOCHTEADbNO F; TOYKa Ly, oTeevawmas uiyuy I,
TIONYYENnoMy U3 [, OTpaXeHueM OT T, NPUHALIEHHT ABYyroabHuky D, cummer-
puyHOMY D, OTHOCHTENBIIO p W T. 1. PaccMorpuM Bce moayuarompmecs: takum
o6pasom nsyyroavuuku Dy, D,, D,, ... n uyctb D, — nepsblif U3 HMX, uMewouwmii
obutie Toukn ¢ D*, A priori BO3MOMXHBI B2 cayyast

a) Isyyroabuuk D, cosmanaet ¢ D* Ilpu stom, kKak Hetpynno

BHAETh (CM. puc. 9, @), y204 a devyzoabHura paser yeaoit vacmu | 1. e. a=::—

6) llepecekawmuiics ¢ D* AByyroabHuk D, ne copuapa-
et ¢ D¥* (puc. 9, 6). ITokaxeM, 4yto ecau ClucTeMa 3€pKan yi0BIETBOPAET yCao-
BUfIM 3ajlauM, TO cayuaii 6) He MOxcem umems mecma. B camom Iene, 1Mycth
9TOT Caywal uMeer MecTo W myctb L, — TOuKa IByyroibHuka D,, He npuuamie-
Walllag ABYYroibHHKY D¥*, wo BecbMa 6au3kasg K ero CTOpOHE; B TaKOM Clyuae
ClIC ONHO OTpa¥EeHue NepeBenet ee B Touky L., =K, IPHHA NN AN 1epe-
ceyenno Dy, ¢ D* Takum o6pasom, HaiilyTcss nBa Takux fyua k u [ Hallpase-
HHii KO u LO, 410 n-Kkpatiioe OTpakKeHHe OJLHOCO M3 HHX W (n + 1)-kpaTHoe otpa-
KCHHE BTOPOro MPMBOJAT K Jy4aMm K, W I, OIHOTO uanpaencHus. Ecan Terepn
flocacnywlllue m OTPaXeNui OT 3epkan Hawlel CHCTEMBI (Teleps yme He 06si3a-
TEJBHO JHUIB OT 3€pPKall T U p) EPEBOAAT AyY k,, B NYY, 110 HAHPABNEHHIO IPOTHBO-
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nonoxnelil £ (Tak uto nyu k nocne n-f-m oTpameHH#l MeHsieT HanpasieHHe Ha
IPOTUBOIIONONIIOE), TO STH e m OTpaKeHHH nepeBedyT ayu l,, B ay4, no Ha-
MPABJIeHi0 TPOTHBOMNONOKHBH HanmpaBleHHIO k YTO NPOTHBUPEUHT
HAIIEMY YCJOBHIO, COMIAaCHO KOTOPOMY Kawablil JyY nOJIKEH OTPamaTbCs CHCTEMOH
3epKal B IPOTHBOIONOXIIOM € MY HanpaBienul.

3° Ilycts nama cucteMa 3epkal CONEPWHT ¢ zepkai. MIM oTsewalor g totme-
YeHHbIX» 1oaycdep, B nepecedeHny KOTODHIX 06pa3yeTcsi Chepuueckuii g-vroib-
nuk M. Cornaco npeiblylieMy HNVIKTY,
g yrios 3TOr0 MHOTOYTOJNbHHKA PABHBI
ki T ki
'n—l, -’72—, ooy ’—1;, TI€ Ry, 11y, ..., Ilq—
yeable yucna, Godbmne 1. Ho cymma yrnos
CheprYEcKoro §-yroibHHKa, KaK WU3BECTHO,
601b11e CYMMBl VIJIOB IJIOCKOTO ¢-¥Tuilb-
HiKa'); TakuM o6pa3om,

T T T %
nF T > =2 o

Hepasenctso (¥) ne ynosaersopsiercs
OpH ¢ >3 HHKAaKHMM LEJbIMH  YHCJIaMH
My, ooy g (Cne 1;=2, i=1, 2,...,¢9)
eCiH e ¢-=—=3, T0 Mbl HMeeM clejyloliHe
yeThipe CHCTEMbBI peLlenui 3TOro HepaBeH-
CTBa:

Puc. 10. (ny, ny, 1)=—=1(2, 2, n), 1 — NPOU3BLIb~
HO; (2, 3, 3); (2, 3, 9) u (2, 3, d).

TakuM 06pa3oM, CKOMAS CUCMeMa RAOCKUX 3epKan MOzcem Alib 00pa-

306bL6aMb MPEXSPAMHHBLIL Y20/, 06V2PAHHLIE Y2Abl KOMOpO20 pPAGHbL

T T T b T oon b T T T, T b
(-2—. 5 7), (7, 3 3), (7, 3 —4~) aun (—2—,{ 30 g)

4°, PaccMoTpuM paBuobenpellHbi cpepryecknil Tpeyronbuuk 7, yriabl KOTOporo

T T T
paBilbl 58w (puc. 10). TocaeroBaTenbHO OTPaXasl STOT TPEYrGIbHHK 72 pa3

OTHOCHTENbHO PABHBIX €0 CTOPOH p W F, MBI IpPHIEM K IIPOTHBONONOKHOMY T
Tpeyroabuuky 7, «OTMeYemiof» Noaychepsl, 3aiapaeMoii TpeTbel CTOPONOH
oTpasus 3ateM T, OTHOCHTENLHO {, MBI TIONYYMM Tpeyroabhuk I, ,= T'*¥, npors-
ponoaoxneit I (cumMmerpuynblit 7 oTHocutenslio teHtpa O cdepbl). OnHako ecau
n HeueTHO, TO CTOPOHa p TpeyroibHuka I mocie n -} 1 orpameHuii cOBMECTHT-
€5l cO CTOPOHOE r* TpeyroibHuKa T %, CUMMETPHYHOH CTOpOIie r; TakuM 06pa3om,
touka L TpeyroapHuka I B pedysbrate 3THX r -1 orpaxennii, BooOlle roBops,
He mepeHner B [naMeTPalbHO TPOTHBONONOXHYIW el Touky L ¥ cdepwl H,
3HayuT, oTBeYawIlMid L nyy [ nocie n-1 oTpaxeHuH He M3MEHMT HalpaBieHus
Ha npotHsoronoxkHoe. Hanpotus, ecli 7 ye T o, TO TpeyroJbHUK I B pe3ynb-
Tate -1 oTpaweHHil (BBLINOJIHEHHBIX B J060M HOPsiKe, ONHAKO TaK, YTOOD Kaik-
IOe OTPaXeHHe OT p, F WiH ¢ IepeBOIMIO TPEYrOJbHHK C OTMEYEHIIOH IJ0CKOCTH,
orpeyawuled 93TOMy 60OABIIOMY KPYry, Ha IEOTMEYEHHYI0) COBMECTUTCS C IPOTHBO-
1I0N0KHBIM €My TpeyroabHHkoM I ¥ Ttak, yTo kampuas Touka 7 nepeHueT B AHamert-
panbHO efi mpoTHBONIONOXKHYW0. TakuM 06pa3oM, CUCTeMa TpeX IJOCKHX 3epkan,

06pa3yioliix NByrpalllibie yribl YIOBJAETBOPSET YCJOBHIO 3&71a4H,

F ﬂ“ﬂ
22 "om?

Yy Cm., Haupumep, K. Ajgamap, dieMentapHas reomerpus, 4. 2, M., Yu-
nearus, 1948.
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ki T T
B TO BpeMsi KaKk cHCTeMa 3epKas, 00pasywlux yrabl —, — pg ——" STOM
p pKan, obpasy M R R T y

YCIOBHIO He yOBAETBOpSIET.

[Nono6ubim e 06paszoM MOXHO I0Ka3aTh, UTO CHCTEMA 3epKal, 00pa3yIoIux yrik!
ki T
2’3
KaJl €My yIOBIETBOPSIOT.

Wrak, sce peutenus 3adautt daromes MPexZPAHHBLMIL «3ePKANBHBLMILY Y2iaMIL
¢ OeyepanHuiMll yenrarmu:

T T T
\2° 2’ 2m
o T
1Ml 9) u (?,

T
H —3—, He ynosnetsopsieT YCHIOBUIO 3aJlayy; nBe We ApPyrue CHCTEMbI 3ep-

o T T T
(yncno otpawennit 2m -1 1y; (7, 3 —4—) (4ucao otpame-
T T o
35 (4uclo oTpawéeHui 15).

9. TlpaBunbHBIM 7-yronbLHUKOM (na muockocTu nnm B NPOCTPaHCTBE) Ha-
SLIBACTCST  3aMKHYTast JIOMAHasl, COCTOSILLASl u3 7 PAaBHBIX 3BCHBEB M Ta-
Kasg, 4YTO yrbl MEHUIY COCCJIHUMH 3BEHLSIMH BCe PaBHB Mexny co6oil.
MsBecTno, 4T0 Ha nnOCKOCTH npaBMbHbIE 71-YTONLHUKH CYULECTBYIOT Npu
mobom z1. Tlpu kaxux n CYLLECTBYIOT HEMJIOCKHE NPAaBHIAbLHLIC MHOrOyrosb-
HHUKUP

B. H. Aproasd (Mocksa)

HMmeer mecto Teopema: npasuAvHbiil  npocmparcmeennpiii n-y20AbHUK Cy-
uecmsyem npuy n—=4 u npu n=>6 u ne cywecmeyem npu n=35. JlokasareabcTo
€e MPOBENEM B HECKOMBKO INATOB. P s

1°. Cymecmeyem npasunvnui npocmpancm-

BEHHbLIL  uemblpexy20MbHIK — TaKkoH YeThlpex- g— zﬂ
YTOJIbHHE MOXHO ronyyuTh meperufoM pomba mo
MeHbllled Auarouanu.

b - - ]

0
Puc. 11. Puc. 12,

2°. Cywecmsyem npasunvHpiii npocmpancmeentulil 2k-yz0nvHik, 20e k> 3,—
TaKOH 2k-yronbHuk (sce YUABL KOTOPOro MpsiMble) MOXHO IIONYYUTB, neperLyn
k—2 pa3 miockuii UPAMOYronbHUK, GOibilas CTOpPOHAZ KOTOPOTO B kI -pa3
Gonblie menbuteli (puc. 11),

3°. Cyvwecmeyem npagunvrpiii (2k -+ 1)yyeonvHur, 20e k>>3. Takoit mHOrO-
YTOJIbHKK (BCe Yrabl KOTOPOIO TaKe NpSMble) MOKHO NONYYHTh U3 H306pPaKEeHHOro
Ha puc. 12 1mockoro cemuyronbumka 1234567 c TPEMA MPAMBbIMH  YIJaMH

12 Maremar. npocsewenne, soin. 6



346 PEIIEHWS 3AJAY

(LI:L 4=/ 5:%), IATbI0 PABIbIMH cTOpOuaMy (J2—=23—45—67=171) wu

ABYMsl CTOPOHAaMH, B k—2 pa3 60AbIIUME OCTanbHBIX [34=156—= (k—2) 12, nepe-
TrHyB 9TOT CEMHYrOAbHHK ~—1 pa3 MO MyHKTHPHDLIM JHHUSAM.

4°. Tak Kak coBepIenHo sicho, YTO HeT HEeIAOCKOro TPEYrolibHHKA, TO OCTAETCH
NOKA3aTh, 4TO He Cyulecmeyem HenAOCK0z0 NPABUAbHOZO IISUMIY20AbHIKA.

Jomyctum, 4t0 Takol msrnyroabnuk 12345 cymiectsyer. JlokameM, 4To B Ta-
KOM Clyuae wembipe €20 GepuiltHbl (WM Mpll 1OCAe006amMeAbHbE CHOPOHDL) Ae-
siam 8 00HORL naockocmu. JlelcTBuTeNbHO, M3 1STH Touek 1, 2, 3, 4, 5, ue ne-
WALUX B ONHOH [IOCKOCTH, BCeraa HaHayTCsl TPK Takue, YTO OCTANbHbIE 1BE TOYKH Ne-

WaT TO OHY CTOPOHY OT 32/aBAEMBIX STHMH TPEMsl TOYKAMH INOCKOCTH. [lpu sToM
MOI'YT MUMETh MECTO JBa Clyyas. ’

£ 4 L3 4

é
) 4
Puc. 13.

a) Tpu Touky, onpejensioliie YKA3aHHYK ILI0CKOCTb, CYTh NOCAEROBATENbHDIE
BEPLIMHBI NATHYTOJbHHKA, CKaweM, BepwnHbl [/, 2, 3, (puc. 13, @). Torna B CUny
PaBEHCTBA TPEXrpauHLIX yrJoB € sepuiHHamMu J H 3 (O TPEM NJOCKHM yrian;
£315= /134 B cuny paBedctsa 10 TPeM CTOpOHAM TPEYTOJLHEKOB 315 1 134)
ToukM I, 5, 4, 3 newar B OnHON NIOCKOCTH.

6) Tpu TOYKH, onpejensiOIHe YKa3aUHYK TOCKOCTb, He SBASIOTCS IOCJAENO-
BaTeNbHbIMU BEPHIMHAMU NSITHYrOJbHUKA, CKaXeM, 9T0 BepluMHE! 1, 2, 4 (pHc. 13, 6),
Torna B cuny paBencTBa TPEXTpaHHbIX yrios ¢ Bepudamu / u 2 touku I, 2, 3, 5
JieKaT B OJAHOH IINOCKOCTH.

[1ycThb 4YeThpbMsl BepLIMHAMH ISTHYTONLHUKA, JEWKAUIMMH B OfHOH IIOCKOCTH,
Oynyt seplMHN 1, 2, 3, 4. B Takom cnyyae, noBepHys TpeyroabHuk 145 Bokpyr
JuaroHany /4 NSTHYroJbHUKa, Mbl CMOXEM MOJYYHTb TUIOCKHH SITHYrONbIHK 12345
C PaBHRIMH CTOPOHAMM K TpeMsi PaBHbIMM yraamu 2, 3, 5', BeNHYMHY KOTOpHIX
MBI 0003HayuM uepes a. [lpu sToM a priori MOryT MMeTb MeCTO TPH Cayuas.

a) a >% {(puc. 14, a). Tak kak 24 — 14 (13 paBencTBa TPEyroabHUKOB 154 u

234), 10 L421= /412, [423= [/ 4]5' W, 3uauuT, UNTHYroabHuK I2345° wupa-
BuibHEIH. HO M3 mpaBMNbHOrO IJOCKOrO NSITHYrONbHHKa NEPerHéoM 1o IHarona-
au 14 Henbas NONYYWTb MPAaBUABLHBIH IPOCTPAHCTBEHHBIH HSTHYTOALHUK (HE GYAyT
PaBHbIMKM YIJBI Me¥Jy CTOpOHaMH). 3HAuWT, STOT CAyuyail OTHajaer.

T
0) a =5 3nech Tpeyronbuuk 15°4 gonmen 6LTh ONHOBPEMEHHO PaBHOCTOPOH-

HuM (60 14 =23="15") ¥ NPAMOYrO/bLHKIM, TOSTOMY CAyyaii 6) TakxKe OTHanaer.
T o
B) a<-2—. 3nech HATHYroAbHUK 12345 MoxeT uMeTb TakoH BMI, Kak 5TO

n3o6pameHo Ha pHc. 14 6, 6. Onnako B cnyyae pHC. 14, 6 Mbl B TOYHOCTH Tak
We, Kak M Bblne, ybexnaeMcs, 40 /I=— /4=—qa, T.€. YTO @ — 5TO YroJ NPABHIb-
< HOI'0 NATHYIONbHMKE, H CAedoBaTenbHo, Ty no . B cnyuyae xe puc. 14, s takie
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umeem 24—=74 (=13), npu stom 23|/ 4], [ 42]1=/ 412=/ [23—a u
3 A 423) @ -+2a 4 22—, az—’s‘—; L2245 (= £ 315V =2+ at2a=m L e.
Zr 2n T

S R
€ro paBHbIX CTOpONax, Takue, 4to 5'4=25"1=23. Ho M3 Takoro Tpeyroabiuka

235" — 310 TPEYrOJbHHK C yriaamy 2¢=— a 4u J]—nBe TOYKM HA

| Puc. 14.

lepern6oM BOKPYT 14 TakKe HENb3s MOAVYMTh HEINOCKHH HpaBUIbHBIH msTH-

K
YPOIbHUK: 1St TOIO YTOOBI yrabl 4 W / cTaiu paBHBl BeAlUYHHE @ =g, Ha10

noBepHyTh A\ 145" BOKpYT 14 ma 180°, yTO CHOBa UPHBOAMT HaC K NJAOCKOMY
(3B€3MYATOMY) NPaBUNLHOMY MHSTHYTONLHUKY.

A. I1. TI'apbep, B. H. I'apsauruii, B. 5. Spmorenxo (Buuuuua)

Heckonbko  Gonee caomuno pemenue astopa sapaud JI. H. Becruna
(Mocksa), comepwxatiee, OANAKO, ONHO IPOCTOE coo6paxeHue, NO3BOJSIOLIEE
C CaMOro mavana HCKAWOYMTH ciydal, npusomsmuii 8 pewenun A. 1. Tap6epa,
B. . Tapsaukoro u B. A. SIpMosnesko k caydaro puc. 14, 8. A uMenno, B. M. ApHonbg
u JI H. Beckun 3ameyawt, 4To ecnd y NpaBUAbHOrO NPOCTPAHCTBEIIIOrO ISITH-

yroabHuKa /2345 puaronanu /4 win 24 Kopoye cropon (MMEHHO STOT cayuyail
H COOTBETCTBYEeT pHC. 14, 6), TO nMaroHanu sTOro [OATHYTOAbHHKa 00pa3syoT

TaKKe NPaBUNBHBIA nsiTuyronbuuk 13524, y KOTOporo ymwe Iuarodanb 12 I 1 H-
Hee CTOPOHB! (M MBI BO3BpallaeMcsi K cayyaw puc. 14, a).

g - Q jﬁ
SN 8
A4 4 ~
Puc. 15.

12. U3 ropona A B ropon B BeayT mB€ JOPOrH, KAWAasi U3 KOTO-
PrIX HE HMeeT camonepeceyenuii. JlokawuTe, YTO ecau JIBe MalluHbi
M; v M, moryT BbeXaTh OJHOBPEMEHHO M3 A N0 3THM IOPOraM M MPO-
exaTb B B TaK, YTO PacCTOSIHHE MEHUIY MALUMHAMH HH B KaKOH MOMEHT
nyT He Gyner npesocxomuth 20 . (puc. 15, cneBa), To mBe Kpyrnnie

12*
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mnardopmbl pagycoM B 11 4 HE cMOTYyT BHi€XaTh OJHOBPEMEHHO H3 A
B B uwus BB A u npoexaTe no 3TUM JA0POraM, He CTOJKHYBIIHCH
(puc. 15, cupasa)').

H. H. Koucmanmunos (Mocksa)

[MpuBonuM pellcHue aBropa 3anatH.
1°. Tlyctb monoxenHe MammHbl Ha mnepsod nopore I, uso6paxaercs Toykoil X
OCH X, a HONOXEHHe MalIHHbI Ha BTOPOH nopore I, — toukofl ¥ ocn y (OX — nyth,
npofinennbiii ToukoH, cuntas or A, OB; — AaMHa 1epBOH NOPOrH; aHANOCMYHbIH
cmpbica umeor OF u OB,). Torja monoxedue ABYX STHX MalMH (OnHOHA ua l,, npy-
roit Ha l,) uso6pa3ntcs TOUKOH Z 3aMKHYTOro

¥ npsimoyroibunka OB,CB, (puc. 16).

i 2°. Bce Touku Z, H3006paxawue I1oJo-
Bl c wenns MamwH M, u M, B Kawnbld MoMeHT £
2

JBHKeHHs], 06pa3yioT HEKOTOPYH0 HellpephbIBI VIO
KPUBYIO X =%, (f), y=1¢, (f), KoTOpasi Poxo-
aut yepes touku O u C.
3°. Bonpeku Tpe6OBaHHIO YCNOBHS 3amayqu,
MPEANONOKHM, YTO KaKHMM-TO O6pa3oM MOWKNO
OCYUIeCTBUTb YKa3aHHOE rnepelBixeHue Iar-
¢opM. Torna aHanoruyHO INOAYYHM KPHBYIO
x=1, (), y =19, (?), coenuumom)gc&Bg u B,
Ho nse HeunpepsbiBilble KpHBLIE H B8,
COENUHAKIIKUE TPOTHBOIONONHBIE BEPLUHHBI
z upamoyronvuuka OB,CB,, 0653aTelbHO RO~
HHI IlepeceybCcsi B HEKOTOPOH Touke Z (3T0 —
HEelnocpencTBeHHoe CJeNCTBHE He N p e p bl B-
HOCTH Haulux kpuBbiX). Touke Z oTBeuvaror
TaKHe TOYKH Ha Joporax l; M I, 4TO paccrtosn-
Hie MEeXLYy STHMH TOYKaMK He IpeBOCXOMMT 20 # (u6o 3Ta TOYKAa MPURANNEWKHT
muunu OC, usobpaxaomieit jpmxkenne Mammd). Ho 3T0 3HayHT, YTO emle 10 TOrO,
KaK mnatgopMbl (IBMIKEHHE KOTOPLIX H306paxkaetcH auuueil B,B,) NOCTHI'HYT 10J0-
WeHus,, M300paKaeMoro TOYKOH Z, OHH HEMHHYeMO CTOJKHYTcSi (HOO paccTosiHue
MeXNy LEeHTpaMH 1AaTQOopM AOJIKHO NpeBbIIATh 22 M).

e o e e e > 2P

o

Puc. 16.

13. Ecan muorounens P(x) n Q(x) (¢ BeuecTBeHHbIMH KO3(duLM-
€HTaMH) NPHHUMAIOT HEJble 3HAYEHHS B ONHHX M TEX ke TOYKax, TO JuOOo
cymma P(x) -4 Q(x), nubo pasuocts P(x) — Q(x) wocTosuHa.

Myctb, ans omnpesenenuoctd, lim P(x)= -} o u lim Qx)= - e,
X —> 00 X —> O

1. €. cTapune Ko3QQPUUHEHTH MHorouneHos P (x) ¥ @ (x) nonomutenbubl (B Apy-
rux Ciy4asix pelleHHMe aHajgornuHo). I1yctb, Janee, IpH x > x, ofa MHorounena
MOHOTOHHO BO3PACTalOT K TMPH HEKOTOPOM X, > x, HMeeM P (x)=p, Q(x,)=g,
rie p u g — ueable. B takoM ciyuae, ecin Px)=p-41, 10 Q(x)=¢g 1.
B camoM jene, mOmycTHM, YTO 3TO HE TaK, T. €. YTO Q(xz)Fq+rn, rne m> 1.
Torna npns HEKOTOPOro % e Xy < X < X, 6yAeM HMeTh Q (x)=¢ -} 1. Ho B 310M
cayvae p < P(x) < p-+1, 4To mpoTHBOpEYHT TOMY, YTO X MHorouneH P (x) non-
e NpH X=X HMETb HEJOYHCICHHOE 3HaueHue.

Ananoruyno nokasbiBaetcs, 4to ecau Pe)=p-+I—1 (rne x;> x,), TO
Q (x) =g +i— 1. Cnenosatenbmo, Muorouneubl P(x) — P(x) 1 Qx) — Q (x,)

1) Ycnosue 970# 3anauM, npuBeneHioe B BblL 2 «MaTeMaTH4eCKOI'O IIpOCBe-
AUEHHsY, COfepKano OleyaTKy.
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NPUHHMAIOT OJMHAKOBble 3HayeHuss Npu OCeCUYHCNEeHHOM MHOKeCTBe
3HaueHnd x; (rne /=1, 2, ...) u, auavur,

Px) — P(x)=Q (x) — Q(x)
P (x) — Q (x) = const.

. JI. Bapnaxoecruii (Mocksa)
Bnusko k stoMmy v pemenue JI. H. Becruna (Mocksa).

HWIH

14. TTOCTPONTDL TPEYrONBHUK NO BHCOTE H,, PAa3HOCTH b-— ¢ GOKOBLIX
CTOPOH M pPajMycy r BIHCAHHOH OKPy»HOCTH.

[lepBoe peulenue PaccMOTpHUM BIHCAHHDI M BHEBIHMCAHHBIH (KacaoONii-
Csl CTOPOHBI AJHHBI @) Kpyru. Jlerko mnokasatb, 410 BM—=CL, —=p — b (0603uaye-

HUsl CM. Ha puc. 17); neficteurennio, BK = BM:?1 (BA+BC — AK — CM) =
1
=5 (BA4-BC—AN— CN):% (ct+a—b); AQ=AP=p, w60 AQ=—AP—

= %(AB—]—AC—{—BP—]—CQ):%(AB—{—AC—]—BLl-|-CLl)=—; @+b+cy
CL,=CQ=AQ — AC=p —b. Tlostomy
MLy=a—2(p—b)=a—(at+c—by=b—c,

H, cTano Obith, oTpesok ML, Ham uspected. OTpesok ML —2r Takie u3BecTeH.
Touka A s1BARETCS NEHTPOM FOMOTETHH PAacCMaTpUBAeMplX KPYroBs, TOYKH L u L,,
KaK TOYKHM KacaHWs KPYroB C mMapaiielp-
HBIMH_KacaTtesbHbIM, OTBEYAOT IPYT APYTY
B 3TOH romoterHs; nostomy LL, mpoxomur
uyepes A.

[ToctpoeHumne. Crpoum A LML,
no KaretaM 2r u b—¢; LL, nponomxaem
0 1nepeceyeHuss B Touke A ¢ MpsAMOH,

Puc. 17.

napannenbnot ML, u ynanewHot ot ML, ua pacctosiive kg M3 ToYKH A TPOBO-
ouM kacatenbhbie AB u AC K Kpyry ¢ nuamerpoM ML.
Bropoe pemeunne. Paccrosuue toukn M 1o cepenuubt N ctoponnt BC

(puc. 18) pasHo BN—BM:% a—%(a—l—c—b):?(

JOTO OMMUCAHHONO 4ETHIPEXYrofibHiKa (B TOM YHCJAE W AN BHIPOWIEHHOr0) HMeeT
MeCTO TeopeMa HbBIOTOHA yenmp 6nucanHOilL OKpyscHOcmU Aexcum Ha

b —¢). lanee, nas xaw-
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npamoii, coedunsioueil cepednst Onazonareii'). IlpuMcHIB 3Ty TeopeMy K (BbI-
POXICHHOMY) yeThipexyrofbuuky ABMC, Mbl Haiinem, yto cepeauHa (Q oTpes-
Ka AM nexutr na npsmoit NO.

1
[Mloctpoenue. [lo kateram 5 (b —¢) u r ctpoum Tpeyroabunk OMN; 1ua

h
paccmﬂmm?" of MN npoBoauM CpENHION JHHHIO TPeyroJbHHKa M IOAy4YaeM

B HepecedeHny ee ¢ npaMoit NO touky ; Ha npamodi MQ naxonnm BepmHiry
A (QA = QM), u3 KOTOpOil NPOBOAMM /JBE KacareJbHble K OKPYXHOCTH C LelTPOM

O ¥ panuycoM r.
3. A. Croney (SIpociasanb)

Anrebpanyeckie pemenns sanaunt npucaam JI. H. Becrur (Mocksa), 3. I'. I'om-
sman ([leyepa), B. JI. Pabunosuu (Tletponasnosck-Kaszaxctanckui).

B. [Ipo6bnewmn

3?%). PaccMorpuM cxemy Turna u3oGpawenHo#t na puc. 19, cocTtosiutyio
U3 NPOM3BOABLHOrO YHCNA B CTPOK, COMEPIKALLNX COOTBETCTBEHHO b, g, .. .
..e, by KNETOK; k=), = ... =), (Ha puc. 19

/ 4171 ’5IZ"J k=6 u V=T, ).2:)\3:5, \ )\4:)\5:4,
), =2). O6o3nayuM ofLiee YKCIO KIETOK CXeMbl
S516 16|22 6

1717 (papoe » -+), - ...-2%,) uepes N u sana-
2 % IMMCSl 3anadeid pacctaBuTh B 3Tux N KIeETKaX
1011311923 yucna o7 1 go N tak, uyroObl B KamNOH CTpPOKeE
14118 125127 CXEMBLl YHCJIa BO3pacTajH CJIEBA HanpaBsO U B Kax-
20|24 qoM  cronbue— ceepxy Bum3. CopanmBaercs,

CKOJIBKUMH CIOCOOAMHU STO MOXHO CJIeNaThb.
Puc. 19. Mcnonb3yst KocBeHHBE cOOOpaxeHUs, CBSI3aH-

Hble ¢ TeOpHel npeactaBiaenuil rpynn, aBTOp Ha-
wea, YTo OTBET B 9TOH 3amade paBeH

M
ll! l2| i lk‘ i< ]( i ])’ rie ll )‘l k PN | 1’ 2) oo 0y k,

6pio Obl MHTEPECHO MOATBEPAUTL 3TOT PE3IyAbTAT NPSMBIM MOACYETOM.

¢. A. Bepesun (Mocksa)

1°, TIyctb rg (0. - o5 1) — YHCNO, YKA3aHHOE B YCAOBUU 3aiaul; Ry, (Ay,. . ., Ag)—
UCKOMO€ UHMCJO PpacCTAHOBOK, HaM Hajo JOKa3ath, 4T0 Rp (4, ..., W)=
=rp(y +..p M) TPU TOOBIX Xy, ..., hg

3aMeTHM, YTO BBIpaKeHHe rj, OIpeleleHO ANf JOCBIX HEOTPULEATENbHBIX
Y, ..., Az, a BrlpaweHHe Ry, — TONbKO B ciyyae A==l =...>==); > 0. Pacuwu-
puM obnacTb onpeneleHHst Ry.

") Cm., Hampumep, M. O. Wkasapckuil, H. H Yenyos . M. fr-
noM, Hsbpanuble sajaun u TeopeMbl 3jeMeHTapHOH MaTteMaTHky, 4. 2, M., 1952,
3anava 115,

%) Ycnosue 3anaul, 1aneyatanHoe B BB 2 «MaTeMatHyeCKOro MpoCBeLleH s,
collepano OWHMOKY.
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a) Hyete h=lh=...223,>0un )y, =0,..., A, =0. [Monowum B s71OM
ciydae

Rk()‘lﬁ ceey )‘k):Ra()lv vy )‘ll)'

6) Ecmi nas wexoroporo / b =13;y, — 1, T0 nonomum Rp(dy, ..., }p)=0.
(Jlerko Bunetb, 4YTO B 3TOM CJIyyYae rp TaKie PaBHO HYJIO.)

2°. JlokazatenbcTBO mpoBeneM uunykuuedi no £ u no V. Ipu k=1 u mo6om A
Ry () =r () (=1 HonyctuM, yto pasenctso Ry =r;, cnpasemiuso s Bcex
k<< k,— 1. JlokaeM, yTo oHO oCTaeTCs BEPHbIM M nas k=&,

Npu N—=k, Ry —=r, (=1). [yctb Temepb paseHcTBO Rp,=rp, cupasepn-
JMBO sl BCeX V<< NV, — 1. Hyxuo nokasats, uyto Rpo=rp, 1 1pp N=N,

3% IMyerb L =>...> Mo 4. Mgy =N,. Hucno NV, MOeT 3auHMaTh B
KaKIOH cTpoke MWL KpaiHiow NpaByi0 KJETKY (IpHYeM NOCNERYIOIIME CTPOKH
JOMIKHBI Conepxatb MeHbIle Kiaerok). Fciuu N, 3aHHMaeT NOCNEnHIoK Kier-
Ky i-f CTpokM, 10 ofulee 4YHCHO Takux (momycTHMBbIX) pa3Mellienuii paBHO
Rpp gy ooy i—1, ..., A.). 3uauut, ofiee yHCIO BCe X pa3meLlenuit

ko
Rko 0‘11 sy )‘ko): 2 Rku 0"1: AR )‘i - 11 ARRE )‘ka)r (l)
i=1
WIH, B CUNY Tpe]noiOKeHus HHOYKIHH,

Wo—it JT i —1p 4,

. L —t—1
i< H i .
Rpo Oy -ey )= LT ) Z lli;’i L—1 @
(=1

4°. O6oauaunm (x — L) ... (x — I ) uepea F(x). Torna

L—l—1_  F@;—1)

L—1y - Fr@)

VE

M CyMMa B mpaBoH YacTH (2) NpHHMMAeT BHX

ko ko
@l lt——lj—l_ Wl F(l,—])
I =Ry ®
=1 j#&i =1
ko
F (1. .
y'lHTblRﬂﬂ, yTO F(l,— l)= Z —p'Q(— l)P (HO (pOpMyne Tsunopa), npe-
p=1i
ofpasyem npaByi0 yYacTb (3) K BHRY
ko k&
oY Fg;—1) ey FPW@
=Xy = X N =
i=1 1=1p=1
kO kO kﬂ kD
- F" (1) _ ey W
_-Z li—ZZiF'(l,-)2!_ EZ( NP PrF )’ (4)
i=1 (=1 p=3i=1
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BocnonbayeMcst Tenepb GopMynoil DHnepa’), cornacHo KOTOpoH nns
moboro Muorounena F(x)k-fi crenenn ¢ pa3nMyHbIMH KOPHAMHU 1, ..., 1,

E oo
~ i __JOmpu p<k—1,
_}41F’ ¢)~ |l npu p=k—1
=
Orciona, et P(x)=ax"+ ... +a,, 10

k
Py [0 mpu n<k—1,
F’(l,-)—lao opy n=k—1.

i=1

Tenepb snerko npeofpa3osath Bhipaienue (4) K OKOHYaTelIbHOMY BHIY

ko ko
Zz,- —5(—’?-‘.;_—1)=21.-=Nm

i=—=1 i=1

OTKyIna, Hakonel, ciexnyer fcm. (1), (2)], 4ro

NVTT 6 —1p
i<
[N T

o

Rku ()‘]1 ey )‘ko) -

JI. A. I'ymnur (Mocksa)

M. Tep-Mrpmauan (EpeBan), Takie pemMBIIMH 3TY 3amady, YKa3sbiBaeT Ha-
PALY C pELIEHHEM, ONHPAaIMMCH Ha peKyppeHTHOe coothoueHue (1), Take
W IpPYyroe pelleHHe, HCXOAAILEE M3 SKBUBAJEHTHOCTH MOCTaBleHHOH 3amauu cie-
nyweil: u3 ypHot, codepacaweii N wapos k pasnsix ysemos, nocA€008aMmMeAbHO
U3BAEKAFOMCSL BCe uwapst; HALmiL 8epOSimHOCMb mo020, 4moO 8 KAancObLil MOMEHMm
YICAQ U3BAEHEHHBIX ULapos i-20 ysema (20ei=1, 2, ...,k — 1) 6y0em He meHbuie
yucaa ussaedeHHnx wapos (i 4-1)-20 ysema. BrpoyeM, sTo pelilenue, noapo6Ho
nposenentoe Tep-MkprayanoMm pmas cayvas k=2, B OOmeM CJlYy4yae NPHBOAUT K
BeCbMa TPOMO3IKHM BbIKJafKaM M MO3TOMY YCTYIaeT fpUBENEHIOMY Bbllile.

M. Tep-Mkprauan yxa3sbiBaeT Takie, 4T0 peulerue O6ojee OOWEH sagayu O
BEPOATHOCTH TaKOro M3BJEYEHHsi U3 ypHbI /V mapoB R pa3HblX UBETOB, NPH KOTO-
POM 4HCJO M3BJEYEHHBIX LIAPOB i-rO 1IBE€Ta BCe BpeMs NpeBOCXOnMaC Obl 4HCIO
M3BJIEYEHHBIX WapoB ({ 4 1)-ro uBera He Meibule YeM Ha a; (TRE Qy, Qg « o ., A _1—
3ajaHHble HEUTpHUaTeNbible YHC/a) MPEeACTaRJsN0 Gbl H3BECTHbI HHTepec Ais
CTAaTHCTHKH; OH e CTaBMUT 3agayy o6 onpeneneHud Bcex BOOOIe @ynxumi
ROy, b, ...y 0z) OT kB nenouHcAeHHBIX apryMeHTOB, YIOBNETBOPAIOIMX YpaBHe-
uuto (1).

B npoGieme 4 mpeasaranoch HaiiTH Takoe 4MCJIO R, 4TO Jo60e yHCIO n mo-
MapHO MEPECEKAOIMXCs BHIMYKInIX PUIYP «MOXHO NPOTKHYTb B HMriaMmu»; Apy-
TUMH CJIOBaMH, YHCJO B Takoe, YTO MOXHO HaiiTH £ TOYeK, XOTb ORHY M3 KOTOPbIX
3ajieBaeT Kawgpad u3 n ¢uryp. [Ipu 5T0M OTHENbHO NpeRJarajochb peuluTb 3afauy
LIS OKPYIKHOCTeH; I NpPOM3BOJbHBLIX PaBHBIX BbIMYK/ABIX QUIYD, [IA KaKHX

Yy CM., nanpumep, B. A. Kpeuwnmap, 3asauuuk no aiare6pe, M., 1959, sa-
naua 79,
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YropHO BBINYKIBIX QUIYP, B NOCAENHEM CJyyae OrosapuRajachk HeO6XOMMOCTb
OrpaHH4MTh KAaK-TO M3MEHEHHe NMaMeTpa W WMpHHBl ¢uryp. ITomo6Hasi orosopka
SIBHO HEOOGXOIWMa M B clyyae pasHbx GHIYp, B CaMOM jelle, [OCTaTo4no pac-
CMOTpeTh CETKY M3 n® yaXHX M JJIMHHBIX NPAMOYronbHuKoB (puc. 20), 1isl KOTOPBIX
notpe6yeTcs 7 «Mray, uTOObl YOemuthes B Heo6Xomu-
MOCTH OTPaHHYUTL OTIIOIIEHHE IHaMeTpa GHryphHl K ee
MIKpUHE (0T 3TOrO OTHOLIEHHS, NO-BHAMMOMY, IOJIKHO
33aBUCETh YMCIO R). C )]

Pejakuns nonydusia HECKOJIBKO THCEM, YKa3blBaio-
MX Hna sTo o6ctosTenbcTBO. B wactnoctu, A. Xennec
(Bynanewir, Beurpus) cyHTaet, 4To 3Ty 3ajauy BooOHIe
HEJb3s [MepeHecTH ¢ KPYroB iia NpOW3BOIbHble Bbl-
nykabie QUIypbl, MOCKONbKY 31eCh CYILECTREHHYIO PoNb
urpaer T0 06CTOATENbCTBO, YTO Kpy2 Ocmaemcs C6a3- [
HOLM MHOZCECMBOM, ecAu U3 Hez0 ydaaump nepece- L U
yeHne ¢ A00bLM Opyell M Kpy20rt, a Ais TPOM3BONbHBIX Puc. 20
BBIOVKABIX (QUrYp 5T0 ywe He Ovier BepHo. B stoif e
CBA3M OH VKa3blBael Ha CJepyiollee NpeuIoikenue, B
YCAOBHM KOTOPOFO OKasbiBaeTcsl cyluecTsesHol orosopka NOmoGuoro popa:
ecan A,, A, Ay, Ay Ag — marue nonapHo nepeceKaroujliecst CBA3HbLE MHOCE-
cmea Ha nAOCKOCmI, 4moO yOaaeHue u3 Kazxc00z0 U3 HILX €20 nepeceyenus
A06bLM OpYeuM OCmasasiem €20 C8A3HLLM, MO HAIOYMCA mpu 13 amux MHO-
gicecms, umewuie 00uyr0 mMoOYKy (TPH MHOMECTBa, KOTOPble «MOXHO NPOTKHYTb
ontiol urioiy).

— M oA
I |
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Cosepuienno sicHo, umo mpu mouku, He saexcaujie HG 00OHOILL
npaMoil, SBASIOMCS BEPUUHCMU  BHLYK 1020 mpeyzoarvhure (160
6Ce IMpeyzOAbHUKL 6binykabie). HTemoipe mouwu, wuraxue mpu u3
KOmopbix He aexcam Ha O0HOL npsamoli, mozym yce He obpaso-
66/6a1Mb GbILVK 020 4embipexyzoibHuKa; 00HGKO HempyoHo noka-
SQmMb, MO eCAU HUKGKUe mpu U3 NAmiU mouex He A€M HQ
OOHOL npsiMoli, mo us wux ecezda MOMCHO 8610peme wemsipe, s16-
ASIOMUEC BepULHAMU  BOINYK 020 wembipexyzoabriica. ModcHo
max nodobpame nsms, uecms, ceMb UL BOCeMb MOYex HE MAOC-
wocmu (ni0bsie mpu u3 romopeix no-npejicHemy He ALexcem Ha
O0HOIl NpAMOWL), 4mo HuKaKUe NAMb U3 HUX He SBASIOMCH gep-
liUHaMU BUNYKA020 NAMUYZOALHUKA, 00HAKO eCAl HUCAO IMOYEK
pasHo degamu  (uau, mem Gosee, Gosbue dessimu), mo ma-
Kue namb mouer 006s3cmensHo Heiidymces (00KA3aMerbCmEo rno-
Cae0Hez0  ymeepwdenus  cocmasasiem  omwIods He npocmyio
3a0aty).

Hssecmuoil senzepcruii mememamur I7. Ipdéw dorxasan, umo
HalateHbllee wUCAO0 modex (HUKGKUe MpU U3 KOMOPbIX He ./le&lt‘(lm'
Ha OCHOW npsAMOll), U3 4UCAQ KOMOPUIX 6Ce20a MONCHO 8o16pams
wecmb, SGAAIOUUECS  BePULUHCNI  BWNYKA020 HleCMUYZOAbHUKA,
Pasro cennoduamu (Ho smo yoce mpyonas meoperal).

Apoéu samemunr, wmo

8=2"41, 5=2"11, 9=2"41, 17=92"}1;

UCX00R U3 IM020, OH NpedNOAONUN, MO HAUMEHblLEe YUCAO Mo-
€K NAOCKOCMU, HUKQKUE MPpU U3 KOMOPbX He Aexcam HA O0OHOI
npsMOll, U3 4UCAC KOMOpbLX 8Ce20q MOMCHO sbOpamb N mouex,
ABASIOUULXCS BePULUHQNI BbINYKA020 N-Y2OAbHUKC, DGEHO -

9" 1.

3adaya  Ooxesameavcmea  uwau  onposepiceHus  2unomese.
Ipdéua no gopme CoOBEPULEHHO INeMEHMOPHA, 0OHAKO HA Cez00-
HAWHUD Oenb Mbl He UMeeM HUKAKUX HaOexncd He ee cropoe
peuenue!

H. 5.




VI. MATEMATHUYECKAS JIMTEPATYPA

3KCREPUMEHTAJIbHBI YUYEBHUK TEOPUM BEPOSITHOCTEM
U MATEMATHUYECKOH CTATUCTUKM IJII AMEPHMKAHCKHUX
CPEIHUX LIKOJI

A. M. Sleaom

(Mocksa)

Introductory Probability and Statistical Infe-
rence. An experimental course. Revised preliminary edition,
prepared for the Commission on Mathematics, College Entrance
Examination Board, New York, 1939.

Teachers' Notes and Answer Guide (Supplementary
material for the revised preliminary edition of «Introductory Probabi-
lity and Statistical Inference»), New York, 1959. .

Pasputie TeopnH BeposTHOCTEH ¢ MOMEHTA 3apOWIEHHA ITOH Hayku
H N0 HACTOALIEro BpeMeHH OBIO HECKONbKO cBoeoOpasubiM. tHa camom
11epBOM 3Tane ucTopud 370# nayki—B XVII B.— Teopua BepogThOCTEH
paccMaTpHBaNach KaK 3aHMMATEbHBIH MYyCTHYOK, KaK cOOPaHHE KyPbEe3HBIX
3a/lay, CBA3AHHLIX B TEPBYK) Ouepelb C a3apTHLIMK HrPaMH B KOCTH
¥ kapTel. B cnenywouem, XVIII B. BnepBuie NOSBHIKNCE CePbE3HbIE TPH-
MeHeHHs BEPOSITHOCTHLIX PACYETOB K CTATHCTHKE HAPOIOHACENEHHs, CTpa-
XOBOMY JieJly M HEeKOTOPbIM IPYrHM YacTHBIM BonpocaM; B nauane XIX B.
Ha ©$a3e TeopHu BEPOMTHOCTeH BO3HMKIA BecbMa BawHas JJIf BCEX
€CTEeCTBEHHBIX HAYK Teopus onmbok u obpabotku nHabmonennii. Bcenen
3a 3TUM, OLHAKO, HACTYMWI MJNTCAbHBbIH TEPHON OTHOCHTEILHOrO 3acTos,
B TeUeHHE KOTOPOro Y4Y€HHE O BEpPOATHOCTSX PacCMaTPHUBAIOCh KakK cre-
UHaAbHREI pa3nen MaTeMaTHKH CO CPaBHUTEIbHO y3KHM KPYrom mnpiio-
WeHH#; OOMbilHE YCNEXH B Pa3BHTHH MAaTEMAaTHYECKOH TEOpHH BepOITHO-
cteil B KoHue XIX — Hauane XX BB. ¥ IIHPOKOE NPOHHKHOBEHHE NMPHMEPHO
B TO € BpeMs CTaTHCTHYECKHX coobpamenuii B (H3NKY Malao dTO
H3MEHIIH B 3TOM OTHOLWICHHH, TaK KakK BHawase ofa mnpolLecca pa3BHBa-
JUCh H30JANPOBAHHO JPYr OT Hpyra. JIMib B mnociaenHHe necaTwieTns
€O Bce#l OYEBHIHOCTBI) BBLIICHWIOCH, YTO NOHSITHE BepPOSITHOCTH HrpaeT
Kpailne Ba}HYI0 pOJb OyKBaJbHO BO BCEX O0MaCTAX HayKH H NPAKTHUECKO!H
JIeATENBbHOCTH; B HACTORLIEE BPEMI MHOTMHE KpYilHble Yy4YEHbe CUYHTAIOT
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Jaxe, 4YTO B OCHOBE BCex BOOOILLE 3aKOHOMEPHOCTEH peanbHOro MHpa
JewaT OupelesieHHble CTATHCTHYECKHE 3aKOHHI.

EctecTBenHo, 4yTo B mocnemnhee BpemMs BO BCEM MHPe MHOrO reoBO-
puUTCd O TOM, YTO MEPBOHAYAIBHOE 3HAKOMCTBO C TEOpPHEH BepoATHOCTEH
IOMKHO ObiTh OOM3aTeNibHBIM JIIS  KawJoro 00pa3OBAHHOrO 4YeloBeKa, H,
cJleloBaTebHO, TEOPHs BEpPOATHOCTEH MOMKHA 3aHATL CBOE MECTO B
LIKOIBHOM Kypce MaTEeMaTHKH; MOKAa34TenbHO OOCyXIEeHHE 3TOro BOmpoca
Ha CeKIHHM [PEnonaBanuss MATEMATHKN mociennero Mewayuaponunoro.
MaTEMAaTHYECKOro KoHrpecca B JIaunbypre'). B HacTosiuiee Bpems
3NEeMEHTH TEOpHH BepofATHOCTeH BKKYEHB yXe B NpPOrpamMMbl CPelHHX
mron Snonur w HOrocaasui; B 3HAYHTENBHOM YHCJIE JNPYrHX CTPaH
TOPAUO  OOCYKAZRTCA BOMPOC ©  BOIMOKHOCTH  BIYULHEHS SACMRHTIOR
STOH TeOPHUM B CTApUIMX KJIACCaX INKOAbI ¥ TIPOBOLATCS NEPBOHAYAJIbHHIE
SKCMEPUMEHTHL B 3TOM Haupabiaenud. HemaBwo B MockBe 6Bl noayuenx
IK3EMIIAP TMEePECMOTPEHHOrO NPEABAPUTENBHOrO H3AAHUS 3KCHEPHMEHTANb-
HOrO Kypca Teopunl BepodTHOCTeffi M mMaTeMaTHUeCKOH CTATHCTHKH 1
amepukanckol high school (cooTBeTcTByIOUIEl cTapiuM KiaccaM Hamie#
CpellHe#l IUKOJK), NOArOTOBJEHHOTO TPyNNoO#i aBTOPOB — y4yeHbIX W ilela-
roroB (E. C. Douglas, F. Mosteller, R. S. Pieters, D. E. Richmond,
R. E. K. Rourke, G. B. Thomas u S. S. Wilks). B npenvcnosnu camu
aBTOPbl OTMEHAIOT, UYTO 3TA KHUrd JIOMKHA PACCMATPHBATBCH HE KakK
OKOHYATEAbHHIT yyeOHHK, a JHIIb KaK er0 NepBOHAYAJbHBIK HaOpOCOK,
KOTOPHIH OyleT elue MHOrO pas HCMPABASTHCA H NEPENC/LBATLCA H MO
conepwaHiio ¥ 1o ¢opme, B NepByl0 Ouepenb, HA OCHOBAHHH HENOCPEIN-
CTBEHHOro oOubiTa npenomaBanusi. K aTtomy Hamo po6GaButs eute, 4TO
u obbem khuru (VIII-}240 cTp.) 3aMeTHO NPEBOCXOAMT HAMGO/BILIHGH
oCbeM, KOTOPLI Ohl Obl HOMYyCTHM A8  y4yeOHHKA MO CPABMHTENLHO
crleHajJbHOMY npeiMety B mikosJe. TeM He MeHee KHHra U B 3TOM
ee BuIe BeCcbMa 0GONBITHA W BO MHOIOM MNOYYHMTENbHA: B Hel HalLIH
CBOE OTPAaXEHHE KAaK HEKoTophie CBoeoOpa3Hbie CTOPOHHI PA3BUTHSI TEOPHH
eposstiocTef B CILHA, Tak u HEKOTOPbIE€ HHTepeCHhIE TEeHIEHUHMH npe-
NOJABAHWA MaTeMATHKH B 3TOH cTpaHe.

Kuura oTkpeBaerTcds uHeOOAb1OH BCcTynMUTeNbHOR rnaBoit 1 (oGbemMom
oKono 2,5 c¢Tp.), Hocsiuel Ha3Bauve «YTO Takoe Teopus BepOATHOCTER
H MaTemaTHuecKad CTaTHCTHKa». 3jech HA ONHOH cTpanuue maiOTCst
BECbMa CKyNhi€ cBeneHHd 00 HCTOPHH TEOPHH BepOATHOCTEH (M3 y4veHBIX
HasBaHbl Jsmmb [lackans 1 $Pepma), a 3arTeM MNPUBOAATCH KOHKPETHHIE
npHUMepbl 3amad U3 TEOPHH BepPOATHOCTEH M MaTeMaTH4eCKOH CTaTHCTHKH
¥ Ienaercss BBIBOL O TOM, YTO TeOpPHH BeposiTHOCTEH — 9TO Hayka, no-
3BOJIMIOLAA BHIBOAMTDL M3 3aKOHOMEPHOCTEeH, OTHOCSILMXCH KO Bceil macce
OIHOPOMHKIX NpenMeToB [T. €. K reHepanbHoil coBokynHocT (population);
STOT TEPMHH BBOOMTCS TyT e]|, HEKOTOPHIE 3aKMOYEHHS O COCTaBe
BHIOOPOK 13 STOH COBOKYINHOCTH, a MaTeMaTHYeCKasi CTATHCTHKA — HAYKA,

1y Cm. «Martematnueckoe mpocBemleHue», Bl §, cTp. 223.
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HO3BOAIONAS MO HAHHBIM O COCTaBE BHIOOPKH M3 reHepalibHOH  COBOKYI-
HOCTH JenaTb HEKOTOPhIE 3aK/lueHHs O CaMoit 3TOH COBOKYHHOCTH.
Takoe onpele/eHHE TEOPHH BEPOSITHOCTEH 1 MaTeMaTHUeCKOH CTaTHCTHKH
3BYyYHT OYEHL NPHBJIEKATENLHO W BNOJHE JIOCTYIHO JUiS IIKO/IBHHKOB;
K COWAJEHHIO, er0 BPSI JH MOXHO MNPH3HATH NPABHLHBIM (BO BCAKOM
cayuyae B TOH 4acTH, KOTOpas OTHOCHTCH X TEOpHH BeposiTHOCTE#).
Beogs Takoe onpepejseHde, aBTOPbl KHHIH C CAMOro Hayana HEsiBHO
OTOWIECTBIASIOT BEPOATHOCTH € YaCTOTOH NAHHOrO MPHU3HAKA B HeKoTOpO#
OBGIHMpHOH  (HO, TNO-BUILMMOMY, BCE e KOHEUHOH) COBOKYNHOCTH; 9TO
MOXET ObiTb M HE TAK CTPAMIHO, €c/AH TEOPHIO BepOATHOCTEi paccMaTpH-
BAThL JMIIb Kak paboumil annapat MaTeMaTHYecKOH CTATHCTHKH, HO HHKAK
HEJOMYCTHMO, €CIM CTPEMMTLCH BHIPabOTaTL Yy yHAllMXCst NPaBHIbHAIE
IPeXCTABAEHH O MaTEMaTHYECKOM TOHATHH BepPOATHOCTH, O CTATHCTHYE-
CKHX 3aKOHOMEPHOCTSIX M HX 3HaueHHH.

Beaen 3a BBomuo# mayT npe raasel (40 cTp. Tekcra), (aKTHYECKH
He OTHOCSIMECS K TEOPHH BepoATHOCTEH (Y4TO OTMEYalT H aBTOPH
KHHrH); STH r/aBn Ha3wBaloTcsi  «llpnBenenwe B CuCTeMy M METOLHI
3anUcH  IAHHBIX; YacTOTHmE pacnpenesenps: o «IlomBemcnne WTOroB
pula H3MepeHuii; cpelHee 3HaueHHe W CTAHAAPTHOE YK/IOHEHHE). B nep-
BOH M3 STHX IAB KHBO M JOXODUHBO PACCKA3HIBAETCS O PA3MHYHBIX
¢dopmax TAaGIMMHOTO M TPaduuecKOro npeacTaBJeHHst COBOKYNHOCTH Nak-
HbIX; M3J0WEHHe CONPOBOXIAETCS XOPOMIO MOAOOPAHHBIMH NPHMEPAMMA
M KOHKPETHBIMM NPAKTHYCCKHMH yKasauusmu. OCHOBHYIO pOJb B riaBe
HCPAIOT MNOHATHS «IHArPaMMBl HAKOMJIEHHHIX cymM» (T. €. daKTHUECKH
SMNMPHUECKOM (yHKUMM pacrnpeleedns) W HACTOTHOH THCTOrPAMMEL;
NONYTHO OMPENE/SIOTCH TAKXKe MNOHSITHS MEIHAHBL, KBapTH/ell W KBaHTH-
neif (B COBETCKOH JMTEepaType 5TH MNOC/CAHHE MOHATHE MOXHO HalTH
JHWb B CEnHa’bHLIX KiHrax no ctaTctuke). B riase 11l obcyxnmaercs
BOMPOC 06 OCHOBHBIX YHCJ/IORHIX XaPaKTEPHCTHKAX MHOXECTBA ONHOPOIHbIX
IMOMPHYECKHX JAHHBLIX, W yualiHecsi eCTECTBeHHO MOABOAATCH K MOHA-
THIO CpelHero apHuQMeTHUecKoro H (4TO 3HAUMTEIbHO cJOXWHee) cTaH-
JIAPTHOTO (T. €. CPeIHEKBALPATHYHOrO) YyKIOHEHHS. Brenenne 3THX nO-
HATHI TEKWKEe CONPOBOMWIAeTcsl 3HAUYMTEAbHBIM 4YHCJIOM NPHMEPOB H PALOM
MPAKTHUECKNX YKa3aHuil OTHOCHTENLHO MCTONOB BRIMHCACHHA COOTBET-
CTBYIOUUIX BeAHuuH. 3jechb Xe€ JaeTcsl JOK43aTelbCTRO obiero Hepa-
BencTBa YeOnilieBa, PaccMATPHBAEMOrO KAK OIEHKA MHHHAMAIbHOH 10U
oBuIero YHCAA MAHHBIX, cOmpepwaileics BHYTPH ONPEAEAeRHOrO CHMMET-
PHYHOTO MHTEPBANA, OKPYMKAIOWEro CpeiHee APHPMETHUECKOE 3HANCHHE.
[lonyTHO yKA43hIBa€TCS, YTO Ha NPAKTHKE T4 LO/A OOLIYHO OKa3blBACTCA
MHOrO GOJDbIIE ¢BOEH OIlEHKH MO HepaBeHcTBy YeOminesa, o B KauecTse
SMIHUPHYECKOr0 MPABH/IA, 3HAYMTENbHHE OTKIOHEHHS OT KOTOPOro BCTPE-
yaloTes KpaiHe pemnKo, MPHBONATCH UM(PH, OTBEYAIOIHE PACTPENC/ICHHIO
Faycca. Caemyer OTMETHThL TaKwe, 4TO M B STHX [NaBax H BO BCEX
NOC/ACLYIOUHMX OYKBAJLHO KaWIblfi INar B H3/OWEHHH CONPOBOXIACTCA
PAZOM XOPOLIO NONOGPAHHBIX YNPaMHEHH#H JUIA  yJAUHKCS; 3HAUNTE/IbHAs
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4acTh 3THX YNPAWHEHHH COAEPKHT NPHUMEpPbl, 3aUMCTBOBAHHLIE H3 peab-
HOH MH3HH ¥ XOpOUIO NOSCHSIOILAE TPAKTHUECKOE 3HAYEHHME PAaCCMATPH-
BAeMOTO MaTepuana.

B crenywoweir rnape «MHTynTHBHOE MOHATHE O BEPOATHOCTH» BIEp-
BhIC NOfABIAETCH CaMO CJIOBO seposimuocms. B nayane stoif rnapw BrpaTile
ofcywnaeTcs BOMPOC O CBA3H MATEMATHKH M JefiCTBUTENLHOH KH3HH
(3mecn 3aTparMBalOTCH BOMPOCHL O MATEMATHYecKOH HIeaqH3aluy W O
PpeajbHOM CMbIC/IE MATEMATHY€CKHX MNOCTYJIaTOB); BCJEN 3a STHM aBTOPHI
TepeXOAAT K «KI3aCCHYETKOMY ONPENE/IEHHI0 BEPOATHOCTH» (KaK OTHOLIe-
HHsL OOLIEro YHc/a PaBHOMPABHBIX HCXOLOB ONBITA K YHCAY OJaronpusr-
HbIX HCXOLOB) M K NPOCTEHIIMM NpHMEPaM HAa 3TO onpejeseHue. Iloutn
Cpasy 3a KJACCHYECKNM ONpEene/ieHHEM BBONNTCS MOHATHE «BHOOPOYHOrO
[IPOCTPAHCTBA (MPOCTPAHCTBA, TOMKAMH KOTOPOro SIBNAIOTCH BCEBO3MOKHHE
«3JIEMEHTApHBIE HCXOABD» PAacCMATPHBAEMOroO OMNbiTa); ciayuaiiHpie cOOLITHS
ONUPENENAIOTCS B 3TOH C8A3H KaK MHOXECTBA TOYEK BHIOOPOUHOrO IPO-
cTpancta. [lasnee BBONATCH MNOHATHS «HECOBMECTHMBIX COOHITHH®, «10-
NOJHHTENbHBIX COOBITHI» W «HE3aBHCHMBIX COOBITHil» (HOCTAENHEE EHCTO
¢opmanbuo — npu nomouw pasercrsa P(A 1 B) = P (A)-P(B) 6e3 Bcskix
CJIOBECHBIX PA3BACHEHHH) 1 NPHUBOASTCH TEOPEMBl CIOKEHHS H yMHOWEHHS
BepoOsiTHOCTEH (BK/IIOUass M OnpeieneHde yclIoBHbiX BeposTHocTei). Obuiee
NOHATHE BEPOSTHOCTH (B C/iyuae, KOria K/IaCCHMYECKOE OnpeneeHue He-
NPHMEHHMO) WIMIOCTPHPYETCA HA TNPHMCPE «HENPABHALHOH MOHETH» (H30-
THYTOH H C OCTPHEM C OJHOH CTOPOHHI); MPH HTOM YTBEPWIAETCS TOABKO,
9TO M /Il TaKOH «MOHETH» CYILIECTBYET ONpPeNeTeHHas BEPOSTHOCTD Naze-
HAS TOH MAH HEOH CTOPOHOI; OreHKo# 3TOH BEPOSITHOCTH CAyKHT OTHOCH-
TCAbHA 4acTOTA B IJIMHHOH CEPHH BHINANEHHH (HO HHKAK He OGDBACHSETCS,
4rd We B BTOM CJAy4yae 3HAYHT CaMO CJOBO BepoaTHOCTH). Besen 3a
9THM MPHBOANTCH PAN NPAKTHYECKHX NPHMEPOB (HE BCErLa OYEHDb BAWHBIX),
B KOTOPHIX TpeOyercd pHuaTh HEKOTOPOH COBOKYNHOCTH cOGBITHH OmI-
HAKOBbIC BEPOSITHOCTH, H B 3TOH CBA3M 0ODbsicuAeTcs, 4Td Takoe TabGauLbl
clyuaiiHbIX upces, NPUBOANTCS 00paseil Takoi Tabinunl W yKa3wBaeTcH,
KAK aTOl Tabamue#t nonb3osaTbest. [lonmyTHO ra OnHOM sieMeHTApHOM
npuMepe naeTcs npeacrawicHpe o «mertone Mounre-Kapno», xapakxtepu-
3YCMOM, KaK «METOL pemieAns OOLIYHBIX (He BEPOATHOCTHBIX) 3amay
€ HCNOMB30BAHUEM NOHATHS BEPOATHOCTH». JlOGOMBITHO OTMETHTL, WYTO,
HECMOTPS HA CTPEMIIEHME K YPE3MepHOH CHATOCTH, ABTOPH BCE KE COMIM
BO3MOMHBIM NOTPATHTL HA PA3BACHEHHE BONPOCA O «Tab/MUAX CIlyyaifHBIX
yucea» Gonbiie 10 cTpaHHil TeKcTa.

Fnasa V nocesutena «PopmanbHOMY NOZXOLY K NOHATHIO BepoAT-
HOCTH». (AaKTHYECKH aBTOPHI MOHHMAKIOT MO STHUM AKCHOMATHYECKUH MNOJ-
XOl: YTBEPWIAETCH, UTO B ODUIEM CJyyae BEPOATHOCTb ONpeaensiercs
3a/1aHHEM  HEKOTOPOTrO  «BHIOOPOYHOrO MPOCTPAHCTBA» (COCTOSIIEIO H3
OTLENLHBIX TOYEK; BIPOYEM, BCE M3JOMEHHE CTPOUTCHA TaK, 4TOOH B By-
LyuieM OT 3TOr0 MpeAnonomennss Oblo OYeHb MErKo OTKa3aThedl), KAwIoi
TOYKE KOTOPOIO [POU3BOMBHHIM O0PA30M MPHMHCHIBAETCH ONpesieaeHHast
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BEPOSITHOCTL € TeM JHWDL OrpaHHYEHHEM, 4TO CyMMa BCEX OSTHX BEpPOSIT-
HOCTEH paBHA elMHHLE. 3aTeM CHOBA HAMOMHMHAETCH, UYTO COBBITHE — 5TO
HEKOTOPOE MHOXECTBO TOYEK BHIOOPOYHOrO NPOCTPAHCTBA, W EIE pas
IOKa3hBAMOTCA BCE TEOPeMbl, MpuBeleHubie B raaBe IV (¢ noGapnenuem
eule TEOpeMbl O BEPOATHOCTH CYMMBl COBMECTHMBIX COOBITHi), ¢ HCNOMNb-
30BaHHEM (OPMATBHEIX 0003HAYEHHI TEOPHH MHOWECTB (AUB, ANB u T. I.)
W yepTewedl, HArIgoHO WUNOCTPHPYIOLMX BBOAMMEIE COOTHOIIEHHS. B 3a-
KJIOYEHHE Tr/1aBbl CKa33HO HECKOJBKO CIO0B O IIOHATHH MAaTEeMaTHYEeCKOro
owuiaHns (6e3 ynoTpebreHnss TepMuHa «cCayuaiiHas BemUyHHAY).

B caenyiouwe#i VI riaBe paccmaTpHBaeTCHs  MOCJAENOBATENLHOCTD
ONMHAKOBBIX HE3aBHCHMBIX HCMBLITAHHH M Ja€TCA BLIBOA OHHOMHAIBHOrO
pacnpene/ienns s 9Toro ciayydas. Oco6eHHOCThIO, OTAHYAIOEH STy T/aBy
OT COOTBETCTBYIOUMX MECT COBETCKMX YUeGHHKOB MO TEOPHH BepOsiTHO-
cTel, ABasercs noapobHoe onmcanme «Tabauu GHHOMHAILHOTO pacipe-

n
IeleHHs» (ComepKanmx ZC":pk(l ——p)"'k NpH  pas3numiblx 7, p U rY);
k=r

nofoGusie Tabamun oas =25, 10, 15, 20 u 25 u p=—0,01, 0,05,
0,1, 0,2..., 0,8, 0,9, 0,95 u 0,99 npuBeneHH B KHHUre BMeCTE C pf-
IOM MPHMEPOB Ha HX HCNOJL30BaHUE (HEKOTOPbIE M3 3STHX NPHMEPOB
TPEOYIOT TaKKE WATEPHONANNH BHYTPH TaG/Hlbl WIH HCKyCCTBCHHOIO
NePexona K NOHOJHHTEIbHbIM 3HAYEHHSM /7).

[nasa VII nocesilieHa cTaTHCTHYECKHM 3a1ayaM O NPHEMOYHOM KOHT-
posie 0 O HPOBEpKe ruiloTe3. B Hayane raasel noapo6uo paccKasbBaETCH
O MNPaKTHYECKOM 3HAYEHHH HPHEMOYHOrO KOHTpoAs (wik, obuiée, cTaTH-
CTHYECKOTrO KOHTPOJA KayecTBa NPOLYKUNH) A8 NPOMBIULIEHHOCTH, U B 3TOH
CBAI3H TPHUBOMATCH HEKOTOPHIE BBIPA3HTENbHBIC UMDPBI: BO BpeMs BTOPOH
MHPOBOM BOiHBI Ynpasnenue BoenHOH mpombimicHHocTbio CIUA  auums 3a
nepron Mewny 1943 n 1945 rr. 33 pasa opranusoBano KPaTKOCPOUHHIE
KypChl ISl CTATHCTHYECKHX KOHTPOJEPOB KAuecTBA; CPasy Mocie BOHHBLI
Ob10  Oprann3oBaHo AMeprkaHckoe OOLWECTBO 1O KOHTPOJAK KayecTBa
npoAyKiuH, KoTopoe B 1957 r. HacuuthiBano ywe 9671 unenon; Buroza,
noayqennas 3a 1957 r. amepuKaHCKON NPOMBIIIIEHHOCTHI0 OT MPHMEHEHHS
CTATUCTHYECKHX METONOB KOHTPOJS, Obuia oueHeHa B 4 mmudappa nos-
napoB. Bcaen 3a stuM nepeuncidgercss GOnbiIOE UYMCAO TMPAKTHYECKH
BAXHBIX BONPOCOB (THna «MoxeT an depmMep yBeaHYUTL CHHMaEMbIH ypo-
Waif, yBENHUHB KOJNYCCTBO BHOCHMBIX A30THCTHIX ymoOpeuuii?»), pelue-
HHE KOTOPbIX CBOIMTCS K MPOBEPKE IHNOTE3B O TOM, 4TO B OnpeneneH-
HBIX YCJOBHAX BEPOATHOCTH P HEKOTOPOro COOLITHA NPHHAMAET 3HAYEHHE,
NPEBOCXOMALIEE HEKOTOPOE 3alaHHOEe 4YHCI0 (WM, B OPYrHX 3aj1avax,
PaBHOE HEKOTOPOMY 3anaHHOMy uucay). anbueiimag uacTh r1aBel NO-
CBSILI[EHA METONAM PEMICHHH 337134 O NPHEMOYHOM KOHTPOJE H O TPOBEPKE
THNOTE3bl O 3HAYEHHH HEU3BecTHOH HaM BeposTHocTH p. [lpH paccmoTpe-
HHH 33layK NPHEMOYHOTO KOHTPOJSI MPewAe BCero JAeTcd npeacTaBlieHHE
O HpocTednieM JUIaHe KOHTPOMS, 3aK/AYAKUIEMCS B TOM, YTO H3 OOMb-
LOH MapTuM u3femuéi nposepsieTcss HeGOAbIEE YHCJIO 7 ¥ BCSl TapTHs
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OTBEPraeTcsi WIH MPHHUMAETCd B 3aBHCHMOCTH OT TOro, OyNeT /U cpenu
NPOBEPEHHBIX  U3JEAUH  4HCI0 OpaKOBAHHBIX  MPEBOCXOMHTL 3aLAHHOE
4nca0 @ win HeT. Jlasee Ha KOHKPETHHX YMC/IOBBLIX TPHMEPAX [OKA3bi-
BAETCA 33KOHHOCTL MCNOJAbB30BaHuA B TOH 3apmave OGUHOMHAALHOTO pac-
fipeneaeHns (CBOLSALIETOCS K MPEINOIOKEHHIO O TOM, 4YTO KaXI0Oe mnpo-
BepfieMOe u3NeNue moc/ie MPOBEPKH CHOBA BO3BPALAETCH B NAPTHIO, TaK
4TO BEPOSTHOCTL u3BAEeYb OpaKoBaHHOe w3nenwe naa Bcell  BLIOOPKH
oOcTaeTcs OnHOH M ToR e). [locne sTOro BBOANTCA NOHATHE «Onepa-
THBHOM XapaKTEPUCTHKH JIAHHONO METONd KOHTPOAA» — JHArPaMMEl, Xa-
PAKTEPU3YIOLLEHl BEPOATHOCTDL TOr0, 4TO OymeT MPUHATA MAPTHS U3ILeauil
¢ nosnelt Opaka p; NPU ITOM IIPHBOLATCH KOHKPETHHIE 00pasibi TAKHX
ONEPATHBHRIX XapaKTEPHUCTHK, YKAasbBAOTCA OOLLHE METONB HX pacyera
# OOCYmIaeTcs BONPOC O NPHHLMIAX BHOGOPA TOrO WAH MHOTO [wiaHa
KOHTPO/S B 33BHCHMOCTH OT MPAKTHYECKHX 3aNpocoB 3amaud. B 3aksnio-
YeHHC raBbl paccMaTPHBAETCsA THIIOTE3d O TOM, YTO BEPOSTHOCTH p NpH-
HHM3eT 3aJaHHOE 3HAaYCHHE p,, U TNoApoOHO pa3bupaeTcss BOMPOC O ee
CTaTHCTHYECKOH NPOBEPKE; B KAUeCTBE KOHKPETHOro NpHMepa 31ech BHGpaHa
HE C/HIIKOM cepbe3Has 3a1a4a o pa3o6iaiyeHH MalbYIKa, yTBEPWIABIIErO,
4TO OH MOWET He BHAs OTrajiaTh IBET MAacTH BHIOPAHHOH W3 KOJOmHI
KapTol. B 5TOH CBY3M aBTOpPH BCNOMHHAIOT, 4TO TOLOGHOTO e pona
3anaya O pasob/ayeHHH «JaMbl — JIerycTaTopa 4as ¢ MOJOKOM», yTBep-
WIaBIeH, YTO OHA MOWET IO BKYCY ONpEAeNHTDb, ObIAO MM MOJIOKO Ha-
JHTO B HAlIKy JIO 4asg WIH moc/ie 4as, 00CyXLanoch B NepBoil cepbesHoii
KHHCE MO [UIAHUPOBAHHMIO CTATHCTHYECKHX SKCNEPHUMEHTOB, HAMHCAHHOMN
Kpynueimm auraniickuM ctatuctukom XX B. P. ®uumepom.

[Mocnenaunss VIII raaBa xuurd nocssinieHa Boripocy o6 oOreHke cpen-
HEro 3HAYCHHUSA MO NAHHBIM KOHE4YHOH BHIOOPKH. 31€Ch MNOACYHTHIBAIOTCS
CpenHee 3HayeHnHe H CTAHIAPTHOE YK/IOHEHWE BHOOPOYHOrO CpenHero,
OUCHHBAETCH PaA3/MHYNE HTHX YKIOHEHHH Jisi ciayyad noBTOpHO# 1 Gec-
NOBTOPHOH BHIOOPOK W rpHBOASTCA (POPMYJH JUISi CPEIHEro 3HAYEHHs
¥ JHCnepcH OHHOMMANLHOTO pacnpenenenus. B 3akmouenne Ha 1,5 crpa-
HHLIAX H3/1araeTcd 3aKon OONBHIMX  YHCEN (CO CCHUIKOH HA HEpaBeHCTBO
Yebwunena, nokasanioe B ra. IlI) m KpaTko OGDBACHACTCH €ro CMbICI.

Khura sakawumpaercsi yeThpbMi NONOAHEHUSIMH, B [EPBOM H3 KOTO-
PbIX TPHUBOAATCA NpOCTEiine mosaTud (1 0603HaUEeHHS) TEOPHH MHOXECTB,
BO BTOPOM H3/1araloTcsl JEMEHTH KOMOMHATOPHKH (BK/IHOYAs CIOA H Teo-
peMy o Ounome HbloToHa, mpuuem pawe W 118 HEUeNWX nokasaTenei
H C KOHKPSTHHIMH TpPHUMEPAMH HCNONb30BaHHA 3TOH 0O0Lell OHHOMHANBLHOR
TEOpeMbl JUIsi NPUOTMKEHHBIX BBHIYUCAEHNH), B TPETLEM, HA 7 CTPaHHIAX
€O MHOTMMH [pHMEPAaMH H YIIPAXHEHHAMH, pPa3bACHACTCS METOm MaTeMa-
THYECKOH HHIYKUMH M, HAKOHel, B YETBEPTOM NAITCA OOLME yKA3aHHs
00 HCroIb30OBAHHM HHIEKCOB M 3HAKA CyMMHPOBAHHSK 2 (v MHIEKCH
M 3HaK 2 IIHPOKO TNpUMEHAIOTC B kuure). B camoM KoHue npHBOouTCH
TaKKe CNHCOK AOMNOJHHUTENbHBIX ynpawmHenu#, KpaTku#l mepeyeHn OTBETOB
Ha BCE YNpaXHEHHS M yKasaTelb HCIIONb30BAHHBIX B KHUCE CHMBOJIOB

3-G01
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U crneunansHelx TepmunoB. Kpome toro, k kewre npumioweno eue cre-
UHanbHOE nononnenwe gns  yuwrens («Teachers’ Notes and Answer
Guide» of6bemom B 123 CTP.), COmEPXallee PHI METOLHYECKHX W JIUTe-
PATYPHEIX yKazaHuH W OOUONHEHMil, a TaKKe MOJNHOE pelieHyue Bcex
HMMCIOLIHXCH B OCHOBHOH KHWre yIpawHeHwui.

B nenom knura csumetenncteyer o 6Gonbiiom 3HaYeHuH, MPUIABAEMOM
B CLUA KOHKPETHHM MpPaKTHYECKHM 3ajauaM BoOOIIE U MaTeMaTHueCKOH
CTATHCTHKE B 4acTHOCTH. Kak sneMenTtaphoe BBenenue B MaTEMAaTHYECKYIO
CTaTHCTHKY, KiWra obnajaer GONBIUMMHM METONMYECKHUMH [0CTOMHCTBAMY:
OHa HBO W JIOXOAYMBO HAIWCAHA, COIEPKUT MHOMO MONE3HBLIX (PAKTH-
HECKUX COBETOB M SIPKHX TPHMEPOB W B LIENIOM AT N0CTATOYHO OTYET-
JIMBOC  MMPEACTABIEHUE O COLEPWAHUM MATEMATHYECKOH CTATUCTHKH KAK
Haykn u 0 ee upunoxenusx. BooGuie, ynaunoe ocBeulenue BOIpOca
O NPWIOKEHNAX MaTeMaTHKH Ge3ycJOBHO SBNAETCH CHIbHEHLIEeH CTOPOHO#M
KHUMM — 3HAYNTE/bHAR 4YacTb CONEPXALLEroCs 37ech Marepuana (nanpu-
Mep, COBeTH 00 HCMO/B3OBAHMM B PAGOTE CIEIMANBHAIX Tabaui, o uene-
€o00pA3HOM PACHIONOKEHUH BHIYHCACHUR U O IpUMEHEHHH TPHOIMKEHHBIX
METONOB cueTa) OyneT OueHb MONE3HOH 1S LIKONBHHKA [aXe M BHe
CB5i3M C TeopueH BEPOATHOCTEH M MATEMATHYECKOH CTATHCTHKOL. Cyry-
60OMY «NPAKTHIM3MY» aBTOPOB HECKONBKO NPOTHBOPEUYUT HX CTPEMJICHUE
HIHPOKO (HO MHOTHA, NOWanyi, CAMILKOM (hopManbHO) HCMONL30BATH OGILME
TCOPETHKO-MHOKECTBEHHBEC KOHILEMIMY; 3/1eCh,  O-BHAMMOMY, 6onbuiyio
PO/b CHIPPAany  OMpejeleHHBe O6LIMe TEHIEHIMH LIMPOKOro BHEIPEHUS
B LIpEIONaBaH1e TEOPETHKO-MHOXECTBEHHBIX PEICTABNCHHi, XapaKkTepHbie
st COBPEMEHHOH amepHKaHckOB nemarorvku. C IpYroil cTopoHwn, sTa
KHUra — KOHEYHO, HEe Y4YeOHHK TEOPHH BepOSITHOCTEH; MPHHIMIMAMLHBIM
BOMPOCaM  TCOPHHM 3[€Ch yNENEHO 3HAYMTENBHO MEHbINE MecTa, ueM
B TOpasno mewnbuied no o6bveMmy kumwke B. B. Tnemenxo u A. 1. Xun-
YMHa  «INEMEHTApHOE BBEIECHHE B TEOpHI0 BepOsiTHOCTEHY. B nepsylo
O4epelb 31€Ch C/ENYET OTMETHTb OTCYTCTBHE YETKOrO pasbsicHeHHS
CAMOTO CMBICNI2 TIOHATHS BEPOSITHOCTH W MOJIHOE HMTHOPHPOBAHME BOIIpOCA
O CTATHCTHYECKHX 3AKOHOMEPHOCTHX B (PH3HKE M €CTECTBO3HAHHM; SIBHO
HELOCTATOYHOE MECTO YAENEHO OOCYKAEHMIO MOHSTHH 3ABHCHMOCTH U He-
34BHCHMOCTH ¥ 3aKOHAa OOIbLINX yYuCen; OTCYTCTBYCT Jawe H CaMmblit
TEPMUH «C/lyyailHas BeNuYMHA» (UPH HAdMunM GONBIIOFO YHCIA criennanp-
HBIX CTATHCTHYECKHX TEPMHHOB).

Bpsn nn Meoxno comueBaThes B TOM, 4YTO MEped COBETCKOH WIKONOK
TAKIKE OHCHb CKOPO BCTAHET BOMPOC O BK/IOYEHHH B KyPC MATEMATHKH
S/IEMEHTOB TCOPMH BEPOSITHOCTEH; OJHAKO pewaTh STOT BOMPOC y Hac,
MO-BUANMOMY, OynyT coBceM uuauve. Ilpu Bcém Tom LIUPOKOE 3HAKOMCTBO
HAIICH 1e1arorMyecKoll M HayuHoil OGINEecTBEHHOCTH CO BeeM 3apy6exHnv
OINEITOM B 3TOM OTHOLIEHHH 6€3ycnoBHO 6bLiio0 6H BECHMA WEATENBHBIM;
B HaCTHOCTH, HAM KaXeTCsd, 4TO MEPEBO/ PELEH3HPYEMOH 34eCh KHHIHU
Ha PYCCKHH fI3bIK MOXHO OBUIO GH TONBKO NPHBETCTBOBATD.

S ——————_




«THITHYHAS 3AIAYA»
710 TEOPFHH BEPOSITHOCTEE

Ha one zayborxozo cocyda
Jlexcam cnokoiino aH wapos.
llonepesentno ux ommyoa
Tacrkarom 0Osoe O0ypaxos.

3auamee 3mo uM NpuUsMHo,
Onu mackaiom m3 Munym,

H raxcowii wep onu obpamto,
Ezo uccaedosas, xaradym.

Beudy sansimus maxozo
Karx seposmruocme gesura,
9mo 6bin 00un zayneli Opyzozo
H umo wmapos on sviHya ra?
M3 ponvrropa

MEXAHUKO-MAMeMAMIULecKo20 paKysvmema
Mocroscrozo yHusepcumemna

CMATEMATHK CHEJIAET 3TO JIVULLIE»

Hazgecmnbiil noavcruii mamesnamur I'yeo [llmeinzays uymaugo
ymeepycOaem, 4mo cywecmeyem 3aKoH, KOMOpPbil opmyiupyemcs
marx: mamemamux coeaaem 3mo aAY4ule. A uMeHHO, eCAu
nopyuume 06yMm A1005M, OOUH U3 KOMOPBIX — MAMeMQMUK, Bbi-
nonnenue 210000 HeIHAKOMOIL UM pabomsi, mo pe3yivmam 8cezda
Oyoem caedywouun: mamemamur coeraem ee Ayuuie.

ypnan «lloavway, 1960, Ne 10




UHTEPECHASI KHUT'A 1O METOIUKE MATEMATHKU
0. M. laiidyk

(XapbkoB)

André Fouché, La pédagogie des mathématiques,
Paris, 1952, 134 ctp.

HeGonemas kuura A. dyuwie He €BISeTCS CHCTEMATHUECKHM pyko-
BOLCTBOM M0 METONHMKE NPEMNONABAHHS MaTeMATIKH B mikone. Ckopee ee
MOYXHO CYMTATH BBEINEHHEM, 3HAKOMALIUM C OOLUMHM METOMMKO-MATEMATH-
HECKHMH  IPHHLMMAMH, M MIPEXJE BCEr0 H3/I0KEHHEM  (BHLIEPKAHHLIM
B YMCTO fIO3UTHBHOH, HO TeM HE MeHee HBOH MaHepe) flearornyeckoro
kpeno aBTopa. Kuure mpesnocsano, onHako, npeauciosue K. Hedopwa —
FCHEPa/IbHOrO MHCMEKTOpa HapomHoro o6pasosanusi PpaHIum, U TO 006-
peHHe, KOTOPOE OHAa HaXOMMT Y 9TOr0 O(MIMAIBHOTO JMI@, fIPHAAET il
3HAYCHUE JIOKYMEHTA, OTPANAIOWIErO B M3BECTHOH CTEMEHH XapakTep 110-
CTAHOBKH MATEMATHYECKOTO mMPerofaBanus BO (PaHIY3CKOH cpenHel
wrone.  OTMeueHHoe OGCTOATENBCTBO  [OBHILIAET UHTEPEC  HMHOCT-
PaHHOro, B TOM 4YuCJ€ COBETCKOrO, 4YMTATENS K KHHIe (Dpamily3cKoro
aBTOpA.

Conepxanne KHHIHM COCTOMT u3 «BeTynnenusty M JByX wacTei:
yacTb 1— «AnreGpax», yacts 11 — «Teomertpusiv.

Bo «Betynnenanny» mana o6ugas XapaKTePUCTHKA SBOJIOUMH [Ee1aro-
THKM MATEMATHKH. 3IeCh, BIPOYEM, HET HUKAKHX UCTOPHYECKUX MOAPO6-
HOCTeH (B 4ACTHOCTH, HHUKAKUX MMEH); 3TO — CKATHIH JTOrMdyeckuii uTor
MCTOPH'ECKOrO Pa3BHTHS, HEM3OEKHO CXeMATHUHBLIH, HO B OGLIEM BepHmil
u oOneuenHwii B 06pastyio opmy.

ABTop of6pallaer BHuMaHHME yWTaTenef: npexae Bcero na GoppOy
JBYX NPOTHBOMOJIOWHBIX MO NyXy METONOB MPENOAaBaHMs — MOrMaTHYe-
CKOro M SBPHCTHUECKOTO, MOOYCPEAHO CMEHSBLIMX [PYr NPYra Ha aBai-
CUEHE NENArOTMYECKHX MCKAHMI.

CypoBEIM MacThipeM, MAYUIMM BO [JIaBE€ CBOEr0 CTaja M 6e3pazny-
HEM K cynabOe OTCTaBWIMX (OCTABASEMBIX B WEPTBY «3/I0My BOJKY — He-
BEWECTBY»), u300DaxaeT aBTOp HorMatuaM. JIeBU3 3TOMO MeTOxa —
«CHayana Bely4HTb, NOHATL MOTOM». OT yuaumxcs Tpebyiorcs Heorpa-
HUUCHRAZ BEpa, CTPOrOe BHIONHEHHE MPaBW/, 3aMOMHHAHME HAM3YCTh
TeOpeM, aBTOMaTHueCKas OwicTpoTa mekctBuit. Owmbka yuauierocs — ero
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HE[POC TUTENILHOE MPECTYIVIEHHE. Y YUTENb — CBEPXUEJIOBEK, OKPYWKEHHBIH
OPEOJIOM HEUOTPELIMMOCTH M BCEBENCHMS.

B uHOM cBeTe MpenCTaBIEH MEAaror-3BPUCTHK. ITO — GJaroayLIHsiit
HETOPOMJMBHH MAaCTHPb, 3aMLIKAIOLUMH LWECTBAE [ACOMHWX © CHOKOHHBIH
3a ux uenoctb. «CHauana mnoOHATb, a BHYYHUTH INOTOM» — TAaKOB LEBU3
9BPUCTHKOB. Bcé o6yueHue NpuAMMAeT XapakTep OTLICKAHUA HCTHH CaMUMH
yuaumucsi. Owmnbka — AMwb  Nerko HcnpaBuMas CcnyyaHHOCTh, TMPHHO-
caulas Hawxe M0/b3y, KOria OHA aHAIM3UPYeTcs. Y uutenb — JIMUIb 4YeJso-
BEK, MOYTH CTApPIUMH TOBapull yuyaluuxcs, CMOCOOHLIH HMHOH pasu omH-
OUTbCS, HO Bcernaa MNOMHSAIMMHA O TOM, uTO MOXET 3aTPYAHATH M MY'HMThb
peGeHKa.

B ycnoBusix maccoBo# uikossl o6HapyXunach Hes(hheKTHBHOCTh Kax-
I0r0 M3 STHX ABYX «YHUCTHIX» METOJOB: C/HUIKOM MHOTO XEpTB TpebyeT
yucTHIH orMaTusM, mnpeHebperaluuil MNPHPOHOH NETCKOro BOCHPHSITHS,
B CAMIIKOM O6OJBIIOM BpPEMEHH — NaJIeKO [PEBOCXOASLIEM HOPMbl  yuel-
HHIX TJIAHOB — HYXOAETCs uyncTas 3BpucTuka. [lostomy B npaktuke
IIKOJBHOrO MpErnonaBanusg BCE CHbHEE YKPEIfeTCs CTPeMjeHHe K rap-
MOHHYECKOMY couYeTaHui0 OGOHUX TPAaNHUIMOHHLIX METOAOB: MACTHIPL —
yuuTe b HOJDKEH 32aHATH MECTO [Je-TO MOCPeiH CTaja, 4TOOR yCIemHee
PYKOBONMTH [BHXEHHEM Bnepel kawpoil ero uyactu. Ho sTo npennona-
raeT AaKTHBHYIO MNCHXOJIOTMYECKYX) YCTAaHOBKY BO BCEH NeSITENbHOCTH
yuuTens, ¥ ¢paHIy3CKHH [enaror MpU3LIBAeT € OCOOOH CEephE3HOCTHIO
OTHECTHCHh K [MCHXOJOTHYECKOMY A4CNEKTY MeTOINMKH MaTeMmaTukd. Janb-
Helllle 3aMeuaHnd aBTOPA NOKAa3HBAIOT, YTO, NMPOMATaHAMPYS TMPHBE/EH-
Hoil ceflyac Te3auc, OH He BMAjaeT, ONHAKO, B TOT BYJIblApHbLIA IICHXO-
JIOTH3M, KOTOpHI, runeptpodupys ONHH U3 ACMEKTOB METOAHKH MATEMaTHKH,
WUrHOPHPYET B TO e BPEMS APYroil ee aCneKkT — Hay4YyHO-MaTeMaTHYeCKHi.
Hanportus, ®yiwe mnonuepkuBaet HEOOXORMMOCTE MOJHOTO ydeTa 060HX
aCMEeKTOB, yuyeTa CYUIECTBYIOLUMX MEXIY HHMH TI1yOOKHX M MHOrOCTO-
POHHMX CBfi3eii:

«Hoeefllupe wccnenoBanus, TpOBEIEHHbIE B HEKOTOPHIX KJiaccax, CBsl-
3aHHBle C DpejocTaBieHueM Henopeueckoil npupoae 6onabuieli cBO6OIb! po-
ABJAEHHMS, BLIACHIN, 9TO HE TOJbKO NpelQlaBaHHe HYXIaeTcsl B nepeMeHax.
CiaenoBano 6bl KOe B 4€M NEPeCMOTPETb W JOTHYECKYK) CTPVKTYpPY camoit
mateMaTuku. [lopniieHne 3Q@PeKTHBHOCTH NpenojaBaius — 3TO0 BOMPOC He
TONBLKO NCHXOJOFMYECKOro TOopsjKa, Kak AYMand mnpexje, Ho M npobnema
u3 06aaCTH yucTOM NOrHKIy ).

Kak yxe ortmeuanoch, riaBHoil npoGneMoii MAaTEMaTHUECKOH HHNAK-
tikn, no dyule, HOMKHO C€TATH OTHICKAHHE MPABHJILHOH KOMOMHALMH
SBPUCTHYECKOrO M [OrMaTHyeckoro metonoB. Hameueusoe camnm dyuwe

Y K cowanenmo, Pyuie He npusoant 3nech npumepos. Co CBoeil cTopoiml,
MBI MOI'JM OBl YKa3aTh Ha WCCJIeAOBaHKWsl N0 SMIHMPUYECKOH (MM «HATYpanbHOMy)
reoMeTpud M3BeCTHOrO JATCKOrO MarteMmaTuka EnbMcnesa kak HanpuMep uHTe-
pecHoil MaTeMaTnueckoi pa3paGOTKH KICHXOJOTHMHECKOrO 3aKasa», CBS3aHHOTO
¢ npoGnemoil HayaJbLHOTO NPENOAABaHMs] FEOMETPHH.
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pellenne 3710i npoGsiembl MpenycMAaTPHBAET NPEUMYIUECTBEHHOE MPHMe-
HEHHE 3IBPUCTHYECKOrO METONA B psilie Hanbosiee BaXHHIX MOMEHTOB Kypca
(B nmauaie W3yuyeHHs Kaw0ff HOBOH TeMB TEOMETPMH H B HEKOTOPWIX
y3/I0BHIX BONpocax ajreGpel), HCOONB30BAHME YHCTOrO IOCMATH3MA NPH
M3YYCHUH PSiAA MPABHJ BbluuC/IEHHH B apudMmeTuke u obpalleHue K Mpo-
MEXYTOYHOMY MeTOAY (KOrana ycTAaHABIMBAEMOE MOJIOKEHHE CcHAuana
¢opmynupyetcsi, a 3aTeM OOGOCHOBHBAETCHA) B JAPYrHX 4YacTax Kypca.
ABTOp OTMEYae7T mnpH 3TOM, YTO KOMOMHUPOBAHHE PA3NUYHLIX METONOB
IOMKHO OHITb T'MOKHM, W MHOrO€ OCTAeTCs MPeaOCTABICHHBIM MERArOrH-
YECKOMY HCKycCcTBY YuuTens. Bo3MOWHO mnonHee nOMKHBI YYHUTBLIBATHCH
WUHIMBHAYaANbHEIE OCOOEHHOCTH YUALLMXCH: AETAM ¢ CO3eplaTeabHbM
CKA21OM yMa, NacCHBHbIM, HHAHMQPEPEHTHEIM HYHHO PEKOMEHHAOBATL YCH-
JICHHBIC O3Bl 3BPUCTHKH, JAOCMATH3M W€ CJENYeT HCHOJb30BATH KaK
JIEKAPCTBO nn NeTer ¢ runepTpodUpOBaHHOMH, GONE3REHHON aKTHBHOCTHIO.

B konne «BeTymnenns» aBTop (OpPMyNMPYeT TJABHYIO LEb CBOErO
COUMHERHSl — MPOAHA/M3NPOBATL MOTHBE ¥ TPHYHHBL  FOCHOACTBYIOUIGH
cpenu yvalmxcs 60sS3HM MATEMATHKH W yKAa3aTh MENArOTHYECKHe Cpejl-
CTBA, HAHAQEHHBIE &/ MpPeonoNeHHs TOH 6osi3Hu. ABTOP PELIMTEIBHO
OTBEPraeT Te3uC O MNPUPOKACHHOM XAPAKTEPE MATEMATHYECKHX CIOCOG-
HOCTeEii:

« . Huxakot Matematnyecko#f omapentiocT He cYmecTByer, s1a 3ara-
nouHas W MHQHYECKas cnocOGHOCTh — JIMWE MPeApacCyNoK, TPHBOIALLHIT
B YHHIHME JleTeH, JHIWAOMUi UX BEPHL B CBOM CHIBI».

Bo3HNKHOBEHHE y yuyaLIMXCS HENPUSI3HH K MATEMAaTHKE M MOCHENYIO-
LLYI0 HECMOCOOHOCTh MX K HeH Pylie 06bSCHAET PAAOM MCHXOIOrHYECKUX
H (U3HONOrHYECKHX MPHYHH; M0 €r0 MHEHHIO, 9TA MATEMATHYECKAs MAMO-
CHHKPA3Hsl BIOJHE NOCTYNHA JICYEHHIO H NPOdHIAKTHKE.

Octaeu «Berynneunne», o6paTumcs Tenepb K 0630py OCHOBHOTO Ma-
Tepuana KHuru. BenencTsue CKpOMHOrO 0GbEMa COYMHEHHS aBTOP Orpa-
HUYHJICS TOYTH HCKJIIOYHMTENBbHO HayanpHOH anre6poit u  3jneMenTamu
IIaHUMeTPHH; [PaBAa, 3aTPOHYTH W HEKOTOPHLIE HPYrH€ BOMPOCH, HO
JMIIB MOCTOJIBKY, NOCKOJABKY B OTHOLUEHHM 3THX BONPOCOB ABTOD HaILeN
HYWHBIM CHENAaTh CHEIHANbHBIE 3aMeyaHus.

ITeppast, anre6pauvyecKas uyacTb KHMIM OXBATHIBAET B MSITH
OTHOCSILIMXCS ClO/la [JlaBax BOMPOCH apuguerTnyeckoro u anreGpande-
CKOro cuera, pAa3BUTHE MOHATHA uyHcna (LPOOHHE ¥ OTHOCHTENbHRE ')
YHC/Ia), SAEMEHTH YyueHus O (YHKUMOHANBLHON 3aBHCHMOCTH ((yHiiluu,
NIPOU3BOANKIE, UAesH OECKOHEYHOCTH).

OcCHOBHYI0O TPYIHOCTb PH YCBOEHMH yyalMMucst anre6phl aBTOpP BH-
OHT B TOM, 4TO uM OOHIKHOBEHHO OCTAETCsl HENCHOH «JIOTHKA KEJI0roy
anrebpanyeckoil  cuctemb ). 3Ta  HESCHOCTb  NMOABEPraeT THIKENOMY

Y) Tlo ¢paiysckolf WKONBGHOW TEPMUHONOTHH — «anreCpaHyeckHes.

%) Kak mepexnukalorcs ¢ stuM sameuannem A. Pywe socnomunanus Y. Jlap-
BHH2 00 M3yueHun uM B IOHOWeCKue Fombl Matematuku! Jlapeud c yBicuelnem
wryaupoBan «Havana» Eskanma, HO ucnbiTeiBal, Ywe O6ynyyd cryneutom Ksm-
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UCIBITAHHIO 3OPABHIE CMBIC YYALMXCS U IPENSTCTBYeT NPHOOPETEHHIO MU
NPOYHLIX HABHLIKOB. IS MCKOpEHEHH§ 3J1da aBTOP fonaraeT HEOOXOZMMBEIM
fpewne BCEro BHECTH €AMHCTBO B [OHMMAaHHMe CMHICJA anreGpanyecKux
3HAKOB, YCTPaHMB TPAIMIMOHHOE NPOTHBOMOCTABJEHHE IPYr HPYyry PpOJH
3HaKOB, OGO3HAYAIOLMX 4YMCJiA, H PO 3HAKOB, 0003HAYAIOLUMX NEHCTBUS,
TaK Kak Takoe MPOTHBOINOCTABJIEHHE «HCKAXaeT HACI YuC/Ia B CO3HaHMU
yuaulerocst, nejas M3 4uces] MHEPTHHE MaTepuasn, OTMAHHBIA BO BJACTh
3HAKOB HEHCTBHI, TOrA KaK YyHCJO. .. SBAMAETCA CAMBIM [EPBHIM M3 BCEX
onepaTopoBy. BhickazaBumch Takuv 06pa3om B MONb3y ONEpPaTOPHO#
TPAKTOBKM MOHSTUA uuCJAa B LIKOJe, aBTOp ¢ OO/BIIOH Moc/ienoBaTeb-
HOCTBIO MPOBONWT €€ B CBOEM HaJbHEHLIEM H3JIOWKEHHH.

W3 npyrux ocobennocteii meronuku Pyme otMermm Ty OGOMbLIYIO
ponb, KOTOPYIO OH OTBORHT B Hauyajge Kypca aareOpbl ynpawHEHHAM
B nepeBoje C anreOpanyecKkoro f3wka Ha cjaoBecHbl#t (M HAOOOPOT)-

OcTanoBuMcsi HAa METOOHYECKMX PEKOMEHIALMAX aBTOPAa, OTHOCHLIMXCS
K M3y4eHHI0 (bYyHKIHMOHANBHOH 3aBucumocTH. OH nonuepKMBAET 3HAUYEHHE
STOH vYacTH Kypca, PaBHO KaKk W TeCHO CBA3aHHOrO ¢ Hel yuyeHud
06 ypaBHEHHWSX, INA BOCIHTAHHS MATEMAaTHYECKOH aKTHBHOCTH y4dalluxcs.
C o6wuM floHsiTeM (YHKLUHM y4alMXcs OuyeHb INMOJAE3HO O3HAKOMHTHL (Ha
npuMepax W3 (U3MKH) cefiyac we INocje O3HAKOMJIEHuS € TOXICCTBEH-
HbIMH TPeo6pPa3oBaHUAMU.

«3nech yuaupecss BCTPeyaroTcd ¢ HOBBIM MBLICJUTENbHLIM TIpoUEeCCOM
CHJIBHO 3aTPYAHSAIOUIMM MX, TaK KAK HM TIDHXOJAHTCH OTBaXHBaTbCHy Ha CBO-

6oxHbIl BLIGOpP 3Hauenuil nepemenHod. KX nyraer s10 BHe3anHoe OTCYT-
CTBHE OlPaHHYCHHHY.

Bosnbliioe BHUMaHHE yreleHO MeTOAMKE H3Y4eHus JMHEHHBX (yHKUHUH.
ABTOp crmpaBensMBO HacTauBaeT Ha TOM, YTOOH XapaKTEPHOE CBOHCTBO
STHX  (pyHKUMi# — ITPOMOPLMOHANBHOCTL TpHpallenus ') dyHKuun npupa-
ILIEHHI0 HE3aBUCHMOH mNepemMeHHOH — GHUI0 BO3MOmHO OHICTpEe YyCBOEHO
yuallmMucsi. B KauecTBe [MOME3HOTO MNpUMEHEHHS JHHEHHHX (QyHKIMH
yka3nBaeTcs o6liee ypaBHEHHE PABHOMEPHOrO NBHMEHHS.

INpencrapnsiiorT GONBIIOH MHTEPEC 3aMedyaHus (K COXANEHHIO, CIHLIKOM
6ernnie) 06 M3yuenuu MOHATHA MPOM3BONHO K. [lo muenmo A. dyuwe,
STOMY TMOHSITHIO AOJKHO TpeNLIecTBOBaTb mnoustue nugdepeHnnana Kax
[N1aBHOH 4YacTH mpupanienus (MPOM3BONHAA BBOIMTCH 3aTeM KaK «aug-
¢depenumanpibil  koadduuuenTy). ABTOp peKOMeHAyeT 3amucaTh fipupa-
mwenne Ay kak QyHKumio npupailenus Ax W OOAy4YeHHOE BHIpaXeHue

6PUMKCKOTO YHHUBEPCHTETa, «OTBpalllenney K anre6pe, B NEPBHIX Ha4aTKax KOTO-
poii oH, Gnarosaps «TYNOMYy yuYMTEN10», HE MOT «HalTH HHKaKoro cMmmicinay. (CM.
Astobuorpaduio Y. lapBuna B 1-M TOMe MINIOCTPHPOBAHHOI'O COGpaHusi €r0 COYM-
nenuit non pen. K. A. Tumupszesa, Mocksa, 1907).

") Bo ¢panuysckoil tepMmuHonoruu Ay HasbiBaeTcsl <«usMeHeHuem» (variation)
nepeMeHHON y. Bblio 6b Lesecoofpa3Ho mepeHTH Ha STOT TEPMHH H Y Hac, OTKa-
3aBIIKMCb OT TePMHHA «NPHpPaLleHHe», BUYLIAKLIEro YyyamMMcs Mbicib 06 06a3a-
TeJbHOM BO3pacTaHuu NepeMeHHOi, nonyyalomel «IpupaleHney.
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Npeo6pa3oBaTh Takum 00pasoM, uTOOH BLIEAHTH 3 HEro JHHEHHYIO
q9aCTh.

«Tor ¢akr, 4To 3areMm npHpaieHHe 3acTABIAOT CTPEMMTBCSL K HY IO,
COBEPLICHHO BTOPOCTENENEH, U il CPEJHNX YHaIMXCsl Ty Yllle IPeAroyecTs
TOIL3OBATLCS OuEHb MANbIMHM NPHPAEHMSMH, KaK STO NEAAOT (HIHKMY.

HameuenHas ¢paniysckuMm aBTOpoM MeTonmka U3YueHUsi MPOU3BOAHBIX
OTIHYACTCS, KAK BHOMM, MONYEPKHYTO anrebpaunyeckum XapaKTepoM u
UMEeT OYEBHIHOH UENbi0 u36eXaTb, HACKONBLKO 3TO BO3MOMXHO, MPHBE-
YeHusi NOHATHS upenena. Pasymeercs, crporoe mposemenme Takoro mnon-
XO#a BO3MOXHO, /MHIL €CH OTPAHHYHTBLCS PACCMOTPEHHEM OpoCTEeHUIHX
¢yHrumit (pauMOHANBHBIX), U3yuyaeMHX B HAUANBHOM anre6pe.

He ocrtanaBnuBasice Ha npyrux meTtommuecknx peKoMeHnauusx, Hocs-
UMX YACTHRIH XAP4AKTEP, yIOMSHEM €U(E JMWb 06 OXHOM NPUHUMITH-
anbHOM  3amedanuu, Peub wuper o PA3/IN4EHNH  aBTOPOM [BYX TH-
f10B 110K233TENbCTB B yY€OHOM KYPCE — «IOTHYECKUXY M « TEXHHYECKHXS.
K nepBemM oTnecenn nokasaTtennbctsa, UCMNOJB3YIOUINE TONBKO Te Mpen-
JIOXEHHS, KOTOPHIC NPHHATHI B IaHHOM Kypce 3a akcuombl. Ko BTOpBM —
AOKa3aTeNbCTBA, B KOTOPHIX HCHONB3YIOTCS MPENIONEHUS, BHBEICHHBIE
u3 akcnoM. Pyuie nomuepkuBaeT 66nbIIYIO yOennTenbHoCTh s yuya-
LiMXCs OKA3aTC/NBCTB  «/IOTMYECKOrO» THIA H MPERJAraeT [0 BO3IMOM-
HOCTH MIHPE MOJb30BATHCH MMH (KOHEYHO, MPH YC/IOBMH, YTO OHH HE
OKaXYTCSl C/IMIIKOM TPOMO3AKHMH).

[Tepeiinem ko BTOpOI, reoMeTpudeckoi vacTn peuensupyemoit
Knurn. B cemu rnaeax sto# wacTtu TIONYyYHil OTPaXeHHe CHAERyIoumil
Kpyr BOMPOCOB: 3BOMIOUMS H CTPYKTypa TIeOMETPHH, JOKA3aTelbCTBA
CBOHCTB reOMETpHYecKkux (huryp, sanauu na reoMeTpHYEeCKHe MeCTa, KOH-
CTPYKTHBHBEIE 3a/1auu, OOLIME 3aAMEYaHHS O Kypce reoMeTpmm, reoMeTpHs
u anrefpa (yuenne o nopobum), reoMeTpusi B NPOCTPAHCTBE.

ABTOp HaumHaet c BBIICHEHHS CNeUn(HKE NPENoNaBAHNSA TEOMETPHHL.
B oTanume ot anre6pe, B reometpmu aGcTpaKTHOE BCErza TECHO CBS3AHO
¢ KoukpeTHhM. [losTomy, Kak 6H Hn Gl cnowen xon reoOMeTPHYeCcKOH
ACLYKUHH, «anantauus» K €e pes3y/lbTaTy HUKOTAA HE COCTABMSET TPyil-
HocTH. B reometpuu saTpymuenusi cBsizainl He npuoGpeTeHueM HOBLIX
HaBHIKOB, a, Ha060pOT, € HEOOXOAMMOCTHIO OYNCTUTH BOOOpaXeEHHE OT BCEX
npenyGexnennii, HayuUnThCH XOpOLIO BHIETH.

Onna W3 raaBHEIX 3a1a4 YuHTeNs, [0 MHEHMIO dywe, coctout B TOM,
YTOOH OTYYHTB YYAlIMXCH CMOTPETh HAa TreOMETPHI0 KAK Ha cobpanue
«TOTOBBIX», CYXHX JIOKA3aTENbCTB, MNOLJEWAINX 3ay4YMBAHMIO: HYWHO
NOOYyINTh Y4alluxXcsi CaMMX CO30ABATH «CBOIOY reomeTpuwo. [ns atoro,
[MLIET aBTOp, CJelyeT «yOenuTb yuwalwxcsi € CaMOro Hayamna, 4To,
obnanasi TeprenueM, BOOOPAKEHHEM M HCKPEHHUM WEeJaHNeM, Kawnbii H3
HUX CMOXET nOOHThCH ycmexa B STOM mesey. Bawuo pasyBeputb yua-
LMXCS B TOM, GyATO AJSl YCTEIIHBIX 3aHATHH MO FEOMETPHH HYXHO 3a-
panee o6naaTh «reOMETPHYECKOH MHTYMUMEH» — 3TOH 34ramounoli Clo-
COOHOCTEIO, MpHCyllell MaTeMaTHKaM.
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«MIHTyuuns npugeT K 1M N03)e, NOCAE MX NEPBHIX ynay, u6o oHa —
MX TOYTH HenocpejicTBEHHBIH Pe3ynbTaT, HO He UX npuuuHa. Kawxmmi Mo-
WeT pa3sBuib B ce0e MHTYHLHIO, B TO BpPeMsl KaK TOJNBKO G0f3Hb OLUMOUTHLCS
napanisyeT HOPMAlbHOE PAa3BUTHEY.

[naBuoit opmoit paboTH yyaulHxcs NO Kypcy reomerpun Pyiue
IeMaeT «HAXOWIEHHE ¥ pPEllleHHe 3amau». TeopeMel, HeOOXOMuMbIE IJisl
pelleHns 3anav, JOMKHE ObiThb TaKkKe «OTKPHTHY yuauumucst. [Ipn
3TOM 1eNeco06pasHO OTKA3AThCH CHayana OT HAOKA3aTeNbCTBA TEOPEM,
SIBIMIOIIMXCS JJIS  YYauluXcsi OYEBHMAMBIMM,— K TAKUM Teopemam Jiyylie
BEPHYTBHCS B KOHIE Kypcd, KOIIA y4HallMecs, C YXKE Pa3BUTHIM 10 HEKO-
TOPO# CTENEHH JIOTMKO-NE€NYKTUBHLIM MBILUICHHEM, CYMEIOT Jyylle ole-
HUTb CMBICJT HX AOKa3aTejbCTBa.

Jnsi BLIICHEHHSI OEIArOrHYecKoM pOJM TIeOMETPHUYECKHX 3ajay M s
PA3BUTHS Y YyualMUXcsl HABHKOB MX pellenus Pyuie npennaraer pasnuyuarb
yeThipe THra 3amad. K mepBomy Tuny oOH OTHOCHT 3anayd, B KOTO-
pux TpebyeTcs «OTKpLITL BCe cBOHCTBA nanuoli ¢urypbly. ABTOp OTME-
4yaeT, 4yro TOT THUO 3amay, FA€ pedb HIET O KYHUCTOM OTKPHITHHY», MAJO
Mo0UM yyaluMHCs, TakK Kak, HE 3Hag OMpeleJeHHOH 1E/H, OHM HEe BHUAAT
B mpouecce paGoTH KOHIA CBOMM ycwiuaM. Bropok Tun obpasyior
3ajlauM Ha HOKA3aTENbCTBO: AOKA3aTh, YTO HEKOTOpas ¢urypa, obnana-
101148 NAaHHBIMH CBOHCTBaMM, O0NajaeT TaKkKe APYrHM OlPENEeSEHHbIM
CBOHCTBOM.

«3nech ¥UMeeTcs CpaHHua sl younuil, HO €€ CYIUECTBOBAMHE CO3MaET
HEepBHOE HanpsKeHWe, jenalollee 3TH YCuaua HeectecTBeHHbMH. Crela
NOCTHYb ULefd, MilorHe Yuyalliecsl BeyT cefsl MOojo0HO MHHBOTHOMY, IONaB-
WeMy B JOBYLIKY: CTPEMSITCSl CKOpee YyrajaTb, YeM HaHTH pelleHue».

K TpeTbeMy THIYy NMPpHHAATEWAT 3amauH, B KOTOphX Tpebyercs
MOCTPOUTL (PHIYPY, HMMEILIYI0 HEKOTOPOE CBOHCTBO. JTO — 3amauu Ha
CUHCTOE HCCIENOBAHMEY; 3HECh leNb BRIOJHE OMNpelelneHa, HO CpPencTBa
ee NOCTHwenus He ykasann. Hakowel, ¥ deTBep TOMYy Tuny dyme
OTHOCHT 3aJ4UYM O TEeOMETpUYECKHX MecTax (Bhpa)ensne B ¢Qopme:
«kaKkol 6ysneT (urypa, Bce S/MEMeHTE KOTOpOH 001alaloT LAHHEIM CBOii-
CTBOM»); 0% OTMEY2eT, 4YTO STH 3ajauyd C COBEPIIEHHO HEH3BECTHHIM
WCKOMBbIM OOBEKTOM yualluecss uvaule, ueM Jobne [apyrue, ObHTAOTCS
pemarthb NPOCTHIM yraanBaHueM.

Ananu3 ykasamHHX 4€THIPEX THIIOB 3alad NPHBOIMT aBTOPa K (op-
MYJUMpPOBKE «MepBOro paouero MNPHHLHMOA» €ro METONMKH [eOoMeTpHn
«8 zeoMempuu HYHHO He Yzadbieamv, a OMKpHLEAMbY. -

Ias kawporo u3 Tunos 3anay dywe mpeanaraet ocoOyio cxemy nei-
CTBHH IS HaxOxpeuusi peuwienus 3apauu. [IpuBeneHbl TaKKe xapakTep-
HLIe MPWUMEPHl pelleHusi 3a1ay BTOPOro, TPETHEr0 ¥ YETBEPTOrO THIIOB.

He Bnapasich 3mech B MoApoGHLIH pa3bop 3TUX CXEM, OTMETHM JIMILIb,
4TO OTNPaBHLIM MYHKTOM DPEILEHHS 3ajayd BTOpOro Tuma (nocne, pasy-
MeeTcsl, TWATENBHOrO O3HAKOMIGHHS C ee YCJIOBHEM) CTaBuTCA Mapanok-
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canbHoe Ha MepBulit B3rnfj TpeboBaHue — «3aObITH TO, 4YTO HYWHO IO-
Kazath». Lleqb 3TOro TpeGOBaHMS — PACKOBATH MbICIb (M 3SHEPruio)
peliaioilero, MO3BOAUTh €H [POWYNATb BCe BO3MOXHEIE MYTH, HUCXO1d-
IMUE M3 HAHHBLIX 3anayu,— OINHUM CJIOBOM, HANpaBUTh IIPOHECC PELICHUSA
He cToNbko MO MyTn noucka (recherche), ckosbKO 0O NyTH omMKpLIMUSA
(decouverte).

Muoro Buumanusi yneneHo y ®dyme TtakoMy MOMEHTY, Kak cOCTaBle-
HHE ydYallUMHCH OKOHYATEAbHOH peNaKIMM pelleHHs 3a1a4H, [pUyYeM
NONYEpPKHYTO 3HAaYeHHe STOH pabOoTH KAK ¢ TOYKH 3peHus (popMUPOBa-
HUSl JIOTMYECKOrO MBILLJIEHHS, TAK H C TOUKH 3peHus BOCIIUTAHHA XapikK-
Tepa yuauterocs. PekomennyeTcs mpucTynathe K 3TOMY 3aK/IOUHTEIbHOMY
3TANy HE Cpa3y Noc/e OTHICKAHMS pELIeHHsi, a COYCTH u3BecTHOE (OniTh
MOXeET, 3HAYMTEJbHOE) BpeMs, KOraa yme ynsxkercd a(QeKTHBHOE BO3-
GyxneHue, BHIBBAHHOE MEPUIIETHSIMM Mpouecca pewenuss. ns pasuTus
KPUTHYECKOrO (M, B 4YaCTHOCTH, CAMOKPHUTHYECKOTO) 4yBCTBA 1101€3HO
NPaKTHKOBATh TaKXe KOJNIEKTHBHOe OOCYMNeHHE yyalluMHcA CPABHHTEJib-
HOTO NIOCTOMHCTBA MHIMBHAYAJbHO HAHAEHHBIX HMM CHOCOGOB pelleHns
M KOJUIEKTHBHY10 e pa3paGoTKy OKOHUYATENbHOrO Bapuanta Haubosiee
11eJ1ecO00pPa3HOro peLUeHHs.

TTocne paccmoTpenusi BONPOCOB, OTHOCAWIMXCA K 3anayam, aBTOp
OCTAHABIMBAETC Ha METOAMKE HNENYKUMH (8 KOHHe Kypcal) OYEBHIHbLIX
TeopeM. JTO CHENAHO HA [IPUMEpax TeOopeMbl O BEPTHKAJBHBEIX yrjax H
TEOPEMH O EIHUHCTBEHHOCTH MEePIeHANKYIApa, OMYUIEHHOrO Ha MpSMYI0
u3 naHHoi Toukn. Takoro poma paccMOTPeHus aBTOP PEKOMeHI1yeT B Ka-
YEeCTBE «IPEKPAcHOro BBENECHHS B AKCHOMAaTHKY». XapaKTepHO, ORHAKO,
4TO, OCTaBasicb 34€Ch HA TPAAMIMOHHOH MO3WLMH (PPaHIy3CKHX METOIH-
ctoB (Bocxonsued k beprpany n Joameno), OH CUHTAET MPEWNEBPEMEH-
HbIM 3HAKOMHTb y4auluxcsi [«[0 KpailiHeH Mepe BToporo ') Kjacca Juliees
H KomneweM»] ¢ «yorndeckoll akpobaTukoH, CBSI3aHHOH € MOCTY/IaTOM
EBknuna».

3acnyxHMBalT Cepbe3HOro BHMMaHHS pekoMenganun Pyine no sompocy
-0 3akKpemieHud MaTepuand, NpoHIeHHOro B Kypce reomeTpuu. B ocHosy
5TOH paGoThl (ppaHLY3CKHH Menaror KJaneT CUCTEMATH3ALMIO y4YaUuMMHCS
nproGPETEHHBIX MMM CBEleHHH MOoA OOLMM, HO OTHIONb HE WKECTKNIM
DYKOBOICTBOM yuuTensi. Marepuanbnoe Bomnomienue Takas pabota noi-
KHaA TMOJYYUTH B M3rOoTOBJICHUN Y4YalUUMUCH Ta6!11/lll, CBOOSAUIMX BOENHHO
cBOficTBA TEX WIM APYIrUX TrEOMETPUYECKHX ¢QHryp, B COCTABIEHHH HMH
cxeM JIOrMYecKOH B3aMMO3aBHCHMOCTHM TeOpeM H T. 1.

Ha "ppyrux 3ameyanudi B 9TOH 4acTH KHUMM OCTAHOBHMCSH €LI€ TOJBKO
Ha TEX, KOTOPbie BHICKA3aHW MO TMOBOAY HEKOTOPHX BOMNPOCOB Kypca
reometpun B npocTpancte ?). OcHOBHYO 3amauy TPH M3y4yeHUM 3TOH

") To ecCTb npeanocnelHero.

%) TepMuHBI «IIAHUMETPHA», KCTePeOMeTpHN» BO (PPAHLY3CKOH TEPMUHOJOIHH
Bcé Gonee yxomt B mpownoe. MoxHo 6bMO Obl JRIIbL MPUBETCTBOBATb allasioruy-
HbIH MepecMOTP PYCCKOH LIKONbHOH MaTeMaTHYyeCKo# TEepMHiONOTHH.
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4acTH Kypca TIeOMETPHH dBTOP YCMATPHBAGT B PA3BUTHH y yWUALLETOCS
«BOOOpamenusi MIOTHAKA» — YMEHUST BHIAETH HAPKAY C «BHUAHMBEIMHY TaKWkKe
«HEBMJIUMBIEY 37CMEHTH MPOCTPAHCTBEHHOH ¢uirype. PasBuBath 3710 yme-
HHE.yullle BCErO Ha perieHnd OOJDbILOrc KONMYECTBA 3ajay C mepece-
KAIOUMMHUCS IUIOCKOCTAMM ¥ MpsiMbiMi. He caenyer topomuTees ¢ mepe-
XONOM K M3YYEHHID Mapa/yielbHOCTH, n[AOBl HME COBMEIATb C CaMOro
Hadana TPYAHOCTH MPOCTPAHCTBEHHOTO MPEACTABJICHHA C TPYHHOCTSAMH
A0rHYECKOro Mopsinka. XOpOUIO YIPANHATH YUALMXCS B PELICHUH HECI0X-
HBIX CTEPEOMETPHYCCKHX 3anay «B yme» — Ge3 ueprexa’).

B 3axkmouenne, roBops O KHUIE B LIEJOM, Mbl CYHTAEM HYWHEIM OT-
METHTb Menaroruyeckunii IHCMOKpPAaTH3M H OITUMH3M dDyme, €ro BoyMuu-
BYIO ICHXOJIOTHYECKYX0 YCTAHOBKY, €ro CTpeMileHHe K B3auMHoMy cOmn-
WEHMIO MeWIy Nearorukod MAaTeMATHKH M MaTeMaTHYECKOH HAayKo#
sawmx gHed. Henb3s ne NpuBeTCTBOBATH OCHOBHOIO MPHHIMMA aBTOPA —
ero TpeGOBaHWS yYUTb B IUKOJIC He MOALLKO IHAHUIO, HO U NOHUMAHIIO —
AKMUBHOMY MBOPYECKOMY NOHUMAHIIO — MameMamuru ®).

Onnako w#e BCE B kuure Pylle OnMHaKkoBO npuBJekaTennHo. Tak,
3/10POBHE B CBOGH OCHOBE IICHXOJIOTHYECKME YCTaHOBKM (DPaHIly3CKOro
enarora BBHICTYNAIOT MOPOH B 06JayeHHH TEPMHHOJIOTHH, 3aMMCTBOBAH-
HOH M3 HEKOTOPBIX MOAHBIX Ha 3anane OypxyasHnnx (QHIOCO(PCKUX H
ncuxonoruyeckux Teopuil. Cnepyer Takke cka3aTh, 4TO HaNeKO He Bce
METONMYECKNE PEKOMEHJAIMH aBTOPAa MOXHO cuuTaTh OeccnopHnimu. Ha-
KOHell, PSR CHenManpHHX yKadanuit Pyiie MpuMeHUM b B yCJOBHSX
cnenuguIecKoi opranu3auni (paHIy3CKOH cpenHed IUKOJbI.

Kak 660 TO #u 6nino, «[legaroruka MaTemaTHKHM» — NpOM3BENEHHE
CTHMYJIMPYIOLIEH MENaroruyecKol MHIC/IM; 3HAKOMCTBO ¢ HMM MpHHECO Gkl
NoJb3Yy M YAOBONLCTBHE TaKke IUMPOKOMY KPYTY COBETCKHX Mpernona-
paTened MaTeMaTHKH.

!y Tono6HHI npueM B cBoe BpeMsi npomnaramnmuposan M. B. Ocrporpanckuii.

%) IT0T NPUHLMD TeCHO cOMIKAET YCTaHOBKH Pywe ¢ NepelosbIMH nefaro-
THYECKUMH UAESMH BBUIAIOILEToCs (paHuysckoro ¢guauka, 6opua 3a AeMoKpaTH3a-
IO GpanLy3CKOro Hapoalloro npocseiuenus Iloas Jlamxesesa.




K CBEJEHHIO ABTOPOB

locynapcTBenHoe M3NaTenbCTBO (PH3MKO-MATEMATHYECKOH IHTEPATYpH
JOBOJHT N0 CBENEHHs AaBTOPOB, 4YTO IUECTHIM BHINYCKOM 34KAHYHBACTCSH
u3naupe nepsoll cepun cOOpHHKOB «MaTeMaTHYECKOE NPOCBELICHHEY.

[pucTynas k Buinycky HoBo# cepun, Manatennctso ofipaulaer BHH-
MaHHe aBTOPOB Ha TO, 4TO cOOpHMKH «MaTemaTnueckoe npocBelieHHe
HE FIBAFIOTCST MO CBOEMY XAPAKTEPY CHENMANBHBLIM TNEPHOIHYECKUM H3/a-
HHEM W He CTasaT nepel co0OM 3amaynm nepBHYHON NYyO/HKaluy OpHrH-
HaNbHBIX HAYYHBIX PE3Y/bTATOB, KAK 3TO IENalOT MAaTeMaTHyYecKHe xyp-
Hanb M COOPHHKM HAYYHBIX TPYNOB BoICIMX YuelHBIX 3aBefeHnil u
HAayYHO-HCCNIEIOBATENIbCKUX  HHCTUTYTOB. Henpuugroie pepakiuell  co-
OCLIEHHST H 3aMETKH, NOCBALICHHbIE HACTHHIM BOHpOcaM, OYIYyT BO3Bpa-
aTbes aBTOpaM 0e3 MoTHMBHPOBKH. Bo MHOrux cayuasx Bo3spautenne
NPHCHAHHBIX  cOOOLLEHHH He OYNeT O3HAYATb HENPHU3HAHKS HX HAYYHBIX
HIH METOIHYECKHX IOCTOWHCTB, a OymeT NHlUlb BLIPAXKATH NPABO peRaK-
LUHK OTKJOHATH MaTepuan, nyGiuKalus KOTOPOTrO noj CHIY TOJBKO pery-
JHPHO BBIXOMSILIHM MaTEMATHYECKHM XypHanam winn «Tpymamy, «YuennM
341UCKAM» M IPYFHM NEPHOJHYECKHM HAYUYHBIM H3JAHMAM.

BynyTt npunoxenn Bce ycunusi K TOMY, uTOGH CHENAaTb U JanbHeliumne
BLINYCKH «MaTeMaTH4eckoro fpoCBeLIEHHs» KAK MOXHO 6onee HHTEpec-
HLIMH, TNOJE3HBIMH W NOCTYMHLIMK [N yuTaTesned, W3ydarmolluX, M[penofa-
IOLUKMX M NPHMEHSIOUINX MATEMATHKY, & TAKXKe Ui LUMPOKHX KPYros Jio-
Outeneil MaTeMaTHKH.



COJEPAHUE ")

TNAMATH A. 5. XMHYNHA

B. B. THenenko. Anekcaugp SlkoBneBny XHHUHH . . o o o o o . . . .
A. Sl Xubsunn O BocnuraTelbHOM sdQexre YPOKOB MaTEMaTHKH . . . .

A Sl Xunuud, O Tak Ha3biBaeMbIX «3afayaX Ha coofpaxeHHe» B Kypce
APHPMETHKH & o ¢ ¢« v v ¢ v o o o o o o o o [

I. OB30PH K1 CTATHH

P.JI. Jo6pymuu MaremarHyeckKie METOAbl B JHHTBUCTHKE . . . « « .
M. M. Siraom KoMniekcHble 4MCJa M HX IPUMEHEHHE B FEOMETPHM . . .

B.I. Boartsnckuii u B. A. EGpemoBuy. Ouepk oCHOBUBIX Haell TO-
NONOTHH. (OKOHHAHIE) « « . « © © o v v v i e e e et e e e e e e

IO. M. bea6oponos u B. B. OpaoBb Mammua urpaer B mwaxMatsl . .

1. HAYYHBIE COOBILEHNS

IO. . Byparo. 3anava o kpyre HOura mnst cpepsl . . . . . . . . . .
A. E. T'eabMaH. PekyppeHTHBIH MeTonl BRIYHCIEHMS KOpHell anre6panyecko-

TO YPABHEHHS . . . v v v v v e h v vt e e e e e e e e e e e
1. C. Jly 6 noB. Monenb eBkJMIOBOH reoMeTpHH Ha runepbonnyeckofi mioc-

10T v
B. A, 3anraanep. Kak suiitn us neca? (O6 onHo#l 3anaue Bennmana) .
J. 1. UBnes. O nBoHHbIX YHCA2X M HX QYHKLUHAX . + ¢« v o o o o o « &

Kpatkue coobmenus:

L P. I'. bunz u H. AI. Kazapunos (CLLIA). O xoHeyHOCTH uuCna oTpa-
Wenull, NepeBONSIIME IVIOCKUH NEBBINYKAbH MHOFOYrOAbHHK B BEI-
OYKABIE . . . . . .. Lo ool o e e e e

2. A. I'. Hoppman. PouGOKyGOOKTasApbi W B3aHMHBiE UM MHOTOTPaHHUKH

3. M. A. Kasxcoan 1 C. C. Maceko. BapuaiT NOHATHS CTENEHH TOYKH
OTHOCHTEJIbHO OKPYMHOCTH . &+ « « & v o« = & o o o 4 o o v o o s

4. A. B. Kyxcens. Viccnenosanve kophelt ypashennsi x4 px*4-q=0

5. 3. A. Croney. lNpoektusHoe obobuieHne TeopeMbl CuMcoHa . . . .

6. 0. 3. T ‘eneclH. O npejctaplenus HaTypajiblibIR YUCEn B BHE CYMMBI
3HAYEHHH KBAAPATHOTO [ABYUNEHA .« & o « o o o o s s o o o o o« =

29

37
61

107
139

181
191
197

205
207
208

210
211

214

') Matepuantl, noMemenHsle Ha crp. 170, 196—204, 236—266, 296, 310—328,

354, 362, B conepaHue i€ BKJIOUYEHDI



CONEPYAHUE 373

. HAYYHO-METOJINYECKHWE COOBLLEHVSI
OnbTnpenonaBaHWd M NENaroruyeckudl SKCHepuUMeHT)

MW XMorun Ocpeanvx . . . . . v v v v i v v ie et v e v
W.Il. Hatancon Kpusbe [leano . . . . . . . . .. ... .....

JI. 3. Pymuiuck v i Buuncanteabnbiit naéopaToprm Hpal(THKVM no Kypcy
Boicliefi MaTeMaTHKH BO BTy3aX

M. 4. Uupkun. K Bonpocy 06 onpeneneHHH Tle‘OHOMETqueCI\H‘( (I)yuxuma
C NOMOWbIO QYHKUHOHAJbHLIX ypaBHeHu#t . . . . . . . . . . . .. 2

Kpatkne coobmenus:
1. B. A. Efjpesosny. Harasaubili BoiBon ¢opmyanl JloGauesckoro aus

yria napaaienbHoCTH . . . . . . . .. e e e .. 28
2.8.1/[../7e31m.0lmcnee....................256
3. I'. Mapxaces. BrluncieHne noytd Tpeyronbubix onpegenurenedt . . . 257

4. E. Onogpaue. (Pymbinus). Onno oGoGuierive 'reopeMbr o6 yma'( paBHO-

227

237

6eapEHHOro TPEYFOJAbHHKA . . . . . . . . . . . e e ... 260

(1]

.KBompocy o pewenun ypaBHEHHH MEeTONOM HuTe-
pauuit
a) JI. M. Pu6akos. Meton nocnenoBaTenbHOFO BBIMHCIEINHS BCeX nelt-

CTBUTEJbHBIX KOpHEH ypaBuenums . . . . . . . . . .. L. . 262

6) B. Jl. 3azyckun. BuiuucauTenblas cxema mis ycxopelmoro Bblyn-

cileunst BCCX KOpHeH ypaBHeHMst . . . . . . . . . . . .. ... 263
OTpenaKunn..........................

IV. HAYYHASI W TMEJATOrM4YECKAS XPOHMKA

sl. N. Puskuua Kpywok no MaTeMaaneCKOMy aHaJmsy BrpOﬂHeHCKOM

[1e1aroruyeckoM MHCTHTYTE . . . . . .. 267
E.Il. PosenbGaywm (CLIJA) ﬂpenonasalme aneMeHTapHou MaTEMaTHKH B

CLIA (Tlepesod ¢ anzauiickozo M. [1. Hanunaosa) : 281
. f. Jeunmau. lloarotoska ylmreneu MaTeMaTHKH 14 cpemlen [LIKOJIbI

3 Hopeerun . 297
B.T. boantsHcku#i 119 P PoseHnopu XXImKoanaﬁMaTemarmecxaﬁ

onmuMnuaza 8 Mockee . . . . . L L L . L L ... L. ... ... 801
Coofuienus 0 ‘UIKOAbHBIX MaTeMaTHYECKHX ONMMIHAHaX:

1. Moanasckas CCP (K. Cnamap) . . . TR0 |

2. Bearoponckan obnacte (/0. K. Baczmeulco) e 1 k4

3. Top. Jibeos (A. C. Kosaubro) . e e e e e e e e e e e ... 314

HosocTu MmaTemMaTuueckoili Haykm
LIL 2pném, I TypaH # 1p. Hexoropele HOBbIE pesyanaTbl B 00-

265

nacTH annutusHOH Teopu umcen (/1. Jpozw, Benrpus) . . . . 315

2. E. B. ber, A, Tapcxufi. PaBHoctoponHull TpeyronbHUK — OCHOB-

HOe MonsiTHe reomMeTpun B mpoctpaHcTee (M. M. Sleaom) . . . . 319

3. Ipumenenue sAEKTPOHNBIX CYETHBIX MALUMH AJ1S OTHICKAHMS COBEpIIEH-
HBIX unced (M. SL JenMaH) . o v © v v v v v v vt v e e e e

324



374 COIEPYAHWE

V. 3AIAUN
Non penakuveit U. M. Sirnoma

BAOAYH @ v v 2 e o s o o s s s e e et e e e e e e e e e
PEelIEHHUA 3AMAY v « « « o o o o o o o o o « o o o o v o o o o s

VI. MATEMATHUYECKASl JIMTEPATYPA

A. M. irnoM DxcnepHMeHTaAbHBLIH yueOHHK TeopHi BeposTHOCTEH M Ma-
TEMaTHYECKOH CTaTHCTHKM AJS aMEPMKAHCKHX CPCAIIMX IUKOM . « . . .

JO. M. Tafi ay k. VluTepecHasi KHHra O MeTOAHKe MATEMATHKH . « . . « .

K CBEOEHHIO @BTOPOB  « v v v « ¢ + o ¢ o o 4 o o o o o s o o v 0 o o

355
363

S B ewow,



F'OCYOAPCTBEHHOE M3OATEJBCTBO
SPUBHUKO-MATEMATHUYECKOM JIUTEPATYPH

«PUSMATIM3»

Mockpa, B-71, Jlenuucknét npocnexr, 15

Bl M3 [EYATH

D. Bopens, BeposTHOCTH M NOCTOBEPHOCTD.

H.$l. Buasenkun, MeTon nocienoBaTeibHBIX npuiaumenni (ccpus
«llonysspuble JeKUHH NO MaTeMaTHKE).

M. T. 'aasze-Panonoprt, ABTOMaTbl M YHBEIE OpraHu3Mbl.
A.Tl. Nomopsan MareMaTHyecKHe HIpel M paspieyeHus.

Jdw. Mak Kuucwu, Beenenue B TEOPHIO UI'p.

A. . Mapkymesuu, Panp.

B. A. Tpaxten6poT, AIFOPHTMH H MalIHHHOE pelende 3ajpad.
A. TowpuHr, Moxwer ou MallMHAa MBICAHT.

A.Sl. Xunyuu, llenune apotu.

Kuuzu npodaromcest 8 KHUNCHBLX MA2Q3UHAX, @ MAKIHCE BbLCHLARION-
€5l HANONCEHHBLM NAAMENCOM pecnyOAUKaHCKUMIL, Kpaeswmn 1 06-
AaCmHbI MU OmOeneHusamit «iKHuza — noumoiiy.




I'OCYIAPCTBEHHOE M3JATEJNLCTBO
OHUBUKO-MATEMATHUUYECKOW JIMTEPATYPH

«PU3IMATIN3»

Mockea, B-71, Jleuunckuit npocnekr, 15

FOTOBSITCH K BBINYCKY

sI. C. ly6unos, Viamepenne otpe3koB (cepuss «Bubamoreka ,Mate-
MaTHYECKOrO IPOCBEIIEHHS“Y).

A. V. Xy «koB, BBenenre B TEOpHIO OTHOCHTEILHOCTH.

Jdx. Jlutabyn MareMatnueckas cMmech.

B. MTutumau, [ne ommbka?

O. Ope, 3aMeuatenbunblit MateMatHk Hunbe Xeupux AGens.

J. Xenkun, O MateMaTHueCKOH MHAYKUMH (cepus «Bubamorexa ,Ma-
TEMaTHYECKOTO INPOCBELIEHHS “>).

M. M. firnowM, KommnekcHble uncia (cepus «Bubamorexa ,Matematu-
YECKOTO MPOCBEIEHHS ).

Tpedsapumenvrble 3aKa3v. HA MUl KHUZI NPUHIMAIONM MA2Q3UHbL
Kuuzomopeza. Ofiopmus 3arxa3 Ha noumosoil OmKpuimKe AUYHO 68 Ma-
2a3uHe, Bot noayuume usseuieHiie 0 nocmynaeHilt KHi2lL 8 Maza3uH,
B cayuae omwxaza 6 nplieme npedsapumenvH0z0 3aKa30 nNPOCUM
coobuiimy BeecorwsHomy 066e0uHeHnIo KHUICHON mopzo6.an no adpecy:
Mocksa, Jlenuuckuii npocnexm, 15.




B CJIEJYIOLIIEM (CEIbMOM) BHITTYCKE
«MATEMATMUECKOT'O TTIPOCBELLIEHVS»
CPEIV JIPYTMX MATEPUAJIOB
BYIYT HATTEYATAHBI:

Hoknag . Tunwv6epra Ha MeXAyHaponHoM MareMaTH-
yeckoM kKoHrpecce 1900 ropa B Ilapuike (c npeaucsioBueM akaji.
M. C. AnekcaHapoBa) ¥ TeKCT ueThipex npobneM Iunp-
CepTa C KOMMEHTapHSIMH.

Crates noawckoro akagemuka B. CepnuHckoro ¢O He
KOTOpHX HepelleHHABX 3ajauax apH(QMeTHKH».
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